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Preface 


This book originated at the University of Pennsylvania in the 
Spring of 1968 as a set of lecture notes addressed to undergraduate 
math and science majors. It is intended for an introductory one-semester 
or quarter-and-a-half course with minimal prerequisites; it is neither a 
reference nor a handbook. 

We approach complex analysis via real plane calculus, Green’s 
Theorem and the Green’s identities, “determination by boundary 
values,” harmonic functions, and steady-state temperatures, The 
conscientious student will compute many line integrals and directional 
derivatives as he works through the early chapters. The beautiful 
Cauchy theory for complex analytic functions is preceded by its har- 
monic counterpart. 

The young student is likely to assume that an arbitrary differentiable 
function defined somewhere enjoys the remarkable properties of complex 
analytic functions. From the beginning we stress that 


(i) the analytic f(z) = u(x, y) + iv(x, y) is much better behaved 
than the arbitrary function encountered in freshman calculus 
or the first e, 6 course; 

(ii) this is because u(x, y), u(x, y) satisfy certain basic partial dif- 
ferential equations; 

Gii) one can obtain much useful information about solutions of 
such equations without actually solving them. 


In developing integration theory, we emphasize the analytic aspects 
at the expense of the topological or combinatorial. Thus, a complex 
function f(z) is defined to be analytic at a point if it is continuously 
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complex differentiable in a neighborhood of that point. The Cauchy 
Integral Theorem is thereby an easy consequence of Green’s Theorem 
and the Cauchy-Riemann equations. Goursat’s remarkable deepening 
of the Integral Theorem is discussed, but is not proved. On the other 
hand, we make much of the standard techniques of representing a 
function as an integral and then bounding that integral (the MZ- 
inequality) or differentiating under the integral sign. The integral 
representation formulas (Green’s Third Identity, the Poisson Integral, 
the Cauchy Formula) are the true heroes of these chapters. 

The second half of the book (Chapters 5-8) is motivated by two 
concerns: the integration of functions which possess singularities, 
and the behavior of analytic mappings w = f(z). Power series are 
developed first; thence flows the basic factorization 


f(z) = (2) + (2 — 20)" B(2); 


from this comes all the rest. The book concludes with a discussion (no 
proof) of the Riemann Mapping Theorem. 

The author recalls with pleasure many, many hours spent discussing 
complex analysis with Professor Jerry Kazdan at the University of 
Pennsylvania and nearby spots. Particular thanks are due Professor 
Kazdan and Professor Bob Hall for reading the manuscript and making 
many usable suggestions. Finally, the author is happy to record his 
gratitude to the staff of Allyn and Bacon for encouragement and prompt 
technical assistance over the months and miles. 


FRANCIS J. FLANIGAN 


COMPLEX VARIABLES 
Harmonic and Analytic Functions 


1. 


Calculus in the Plane 


Section 1.1 DOMAINS IN THE xy-PLANE 
1.1.0 Introduction 


Here’s what we’ll do in the first few chapters: 

1. We examine the geography of the xy-plane. Some of this will be 
familiar from basic calculus (for example, distance between points), 
some may be new to you (for example, the important notion of domain”). 
We must also consider curves in the plane. 

2. We consider real-valued functions u(x, y) defined in the plane. 
We will examine the derivatives (partial derivatives, gradient, direc- 
tional derivatives) and integrals (line integrals, double integrals) of these 
functions. Most of (1) above will be necessary for (2). All this happens in 
this chapter. 

3. We next focus attention on a particular kind of real-valued 
function u(x, y), the so-called harmonic function (Chapter 2). These are 
very interesting in their own right, have beautiful physical interpreta- 
tions, and point the way to complex analytic functions. 

4. At last (Chapter 3) we consider points (x,y) of the plane as 
complex numbers x + iy and we begin our study of complex-valued 
functions of a complex variable. This study occupies the rest of the 
book. 

One disadvantage of this approach is the fact that complex numbers 
and complex analytic functions (our chief topic) do not appear until the 
third chapter. Admittedly, it would be possible to move directly from 
step (1) to step (4), making only brief reference to real-valued functions. 
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On the other hand, the present route affords us 


(i) a good look at some very worthwhile two-variable real calculus, 
and 

(ii) an insight into the reasons behind some of the magical proper- 
ties of complex analytic functions, which (as we will see) flow 
from (a) the natural properties of real-valued harmonic 
functions u(x, y) and (b) the fact that we can multiply and 
divide points in the plane. In the present approach the in- 
fluences (a) and (b) will be considered separately before being 
combined. 


One effect we hope for: You will learn to appreciate the difference 
between a complex analytic function (roughly, a complex-valued func- 
tion f(z) having a complex derivative f’(z)) and the real functions 
y = f(x) which you differentiated in calculus. Don’t be deceived by the 
similarity of the notations f(z), f(x). The complex analytic function f(z) 
turns out to be much more special, enjoying many beautiful properties 
not shared by the run-of-the-mill function from ordinary real calculus. 
The reason (see (a) above) is that f(x) is merely f(x), whereas the complex 
analytic function f(z) can be written as 


f(z) = ulx, y) + ivlx, »), 


where z = x + iy and u(x, y), (x,y) are each real-valued harmonic 
functions related to each other in a very strong way: the Cauchy- 
Riemann equations 


In summary, the deceptively simple hypothesis that 
f'(z) exists 


forces a great deal of structure on f(z); moreover, this structure mirrors 
the structure of the harmonic u(x, y) and v(x, y), functions of two real 
variables. 

All these comments will make more sense after you have read 
Chapter 4. Let us begin now at the beginning. 


1.1.1 The Algebraic Structure in R? 


Throughout these pages R denotes the set of all real numbers. By 
R? (read “R-two”) we mean the set of all ordered pairs (x, y) with both 
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x and y in R. “Ordered” pair means (x, y) = (x;, y1) ifand only ifx = x, 
and y = y;. We call these pairs (x, y) points. Some points in R? are 
(8, —2), (1, 0), ©, 1), @z, —1), ©, 0). It is customary to denote the typical 
point (x,y) by z; thus, z = (x,y). We'll also use 2p = (%, Yo) and 
¢ = ©, n). Here, ¢, €, 7 are the lower-case Greek letters “zeta,” “xi,” 
“eta,” respectively. 
We may add and subtract points in R?. Thus, if z = (x, y) and 
¢ = (, m), we define 
z+T=@+ey+m), 
z-C=(@-Gy-— 7). 


For example, if z = (1, 2) and ¢ = (3, —1), then 


z2+¢€=(1+4+3,2+ (-1)=@4), 
z—= (1 — 3,2 — (-1) = (—2,4). 


We may also multiply a point of R? by a number in R. Thus, if 
z= (x,y)¢RandceR, we define 


cz = c(x, y) = (cx, cy). 
For example, if z = (1, 2) and c = 5, then 
cz = B(1, 2) = @, 10). 


Note how strongly the definitions of addition, subtraction, and 
multiplication in R? depend on the corresponding operations in the real 
numbers themselves. 


Preview 


In Chapter 3, we will define the product z{ of points z and £ in R? 
(note that in the product cz above, the factor c was required to be in R). 
When this new product is defined, the set R? will be called the complex 
numbers and thereafter denoted by C. Although it would be easy to 
define the product z{ now, we feel it is more instructive and dramatic to 
squeeze as much as we can from the familiar real calculus first. 


Pictures 


The representation of R? as the xy-plane should be familiar to you. 
It is standard to denote the origin (0, 0) by 0. This leads to no confusion, 
a8 we will see. Note that if we draw line segments from 0 to z and 0 to ¢, 
then the sum z + ¢ is the fourth corner of the parallelogram determined 
by the two segments. You should examine Figure 1.1 (geometric!) and 
the definition of z + ¢ (algebraic!) until convinced of this. 
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2zt¢= («+8 y+n) 


Figure 1,1 


Exercises to Paragraph 1.1.1 


1, Let z = 2, —2), ¢ = (—1, 5). Compute 
(@z+6 
&) ¢- 2, 
(oe) 22-4, 
@e+ 4 
2. Given z, ¢ as in Exercise 1, solve the following for w = (u, v): 
(a) z+ 26+ 3w =0, 
(b) 22+ w= -f 


1.1.2 The Distance Structure in R? 


Let z = (x, y) € R?. We define the norm (or length, modulus, absolute 
value) of z (denoted |z|) by 


jz| = Vx? + 9. 


For example, if z = (1, —2), then |z| = Vi + 4 = V6. 

Note that the norm is a nonnegative real number (square root!), 
|z| = 0, and, in fact, |z| = Oif and only ifz = 0 (= (0, 0)). The definition 
of |z| agrees with the famous Pythagorean theorem for right triangles, 


le? = 27 +9, 


as Figure 1.2 shows. 

Now we use the above to define the distance between z = (x, y) and 
Zo = (Xo; Yo) as the norm of their difference z — 29; that is, distance 
from ztoz) = |z — Zo|. See Figure 1.3. Since z — 29 = (x — Xo, — Yo)s 
we have the formula 


Jz - 20] = Ve — x0) + (y — 90)” 
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Figure 1,2 


Figure 1.3 


For example, if z = (1, —2) and 29 = (2, 5), then the distance from z to 
Zo is 


Jz — 2ol = VG — 2)? + (-2 — 5) = V1 + 49 = V0. 


Exercises to Paragraph 1.1.2 


1. Let z = (—1, 4), 20 = (2, 2), Compute: 


(a) |zl, 
@) |zo|, 
(©) |z — zo), 
@) |z0 - al. 


2. Compute the distance from zo to z, with z, Zo as in Exercise 1. 

8. Sketch in the plane the sets of points z determined by each of the following 
conditions. Here, 2) = (1, 1). 
a) |z| =1. 
(b) Jz) < 1. 
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(ce) |z— 20] = 1. 
(d) |z — 20] = 1. 
4, Establish the following useful inequalities, Sketch! 
(a) |z + ¢| < |z|+ |¢| (triangle inequality). 
(b) |x| < lz] lyl < zl where z = (x,y). 


1.1.3 Domains in R? 


We intend to define a “domain” to be an open connected subset of 
R?. Hence, we must first make sense of the words “open” and “con- 
nected.” The notion of distance will be crucial for this. 

Let Zo be a fixed point in R? and r > 0 a given positive number. 
We denote by D(zo; r) the disc of radius r centered at Zp, defined as the 
set 


D(Zo; r) = {z€ R? | |z — ol < r}. 


Read this as follows: D(z; r) equals the set of all points z in R? such that 
the distance |z — z,| is less than r. Note that its “rim,” the circle of 
points whose distance from 2g is exactly r, is not included in D(Zo; r). 

Now let © be any subset of R?, and suppose z € Q (z is in 9), See 
Figure 1.4, We say that z is an interior point of Q if and only if there 
exists a disc centered at z and contained entirely inside 9; that is, if 
and only if there exists r > 0 such that D(z; r) c 9. 


Figure 1.4 


Examples of Interior Points 


1. Let 2 = R?. Then every point z is an interior point of R? because 
any disc around z will surely be contained in R?. 

2. Let 2 be itself a disc, Q = D(zZo; r). If z is any point of D(z; r), 
then we may find a smaller disc D(z; r;) contained inside D(zo; r); see 
Figure 1.5, Thus, every point of D(z ; r) is an interior point of D(zo; r). 

3. This time let Q consist of a disc D(z; r) together with its “rim,” 
the set of points z satisfying |z — z9| = r. Now not all points of Q are 
interior points. More precisely, the points of D(zp; r) are interior points 
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D(z; 7) 


Figure 1.5 


of Q (why?), but no point z on the rim of Q is an interior point because 
we cannot surround such a point (on the borderline) with a disc that fits 
inside 2. Perfectly reasonable. See Figure 1.6. 


interior point 
of closed disc 


Figure 1,6 


not an 
interior point 
of closed disc 


At last we may define “open set.”’ A subset Q of R? is open if and only 
if every point of 9 is an interior point of Q, Thus, every point of an open 
set is “well inside” the set; none of its points are on its boundary. 


Examples of Open Sets 


1. The entire plane R? is open. 

2. The empty set @, the set with no points, is open. Since there are 
no points, we needn’t worry about discs around them. 

3. Each disc D(z; r) is open. From now on we may refer to these as 
“open discs,” to distinguish them from discs with rims included (“‘closed 
discs”), 
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4, The upper half-plane, the set of all z = (x, y) satisfying y > 0, is 
an open set. It is essential for openness here that we do not include any 
points on the x-axis (y = 0). 

5. Let 2 be the set D(zo; r) — {zo}, that is, the disc with the center 
point z) removed (called the “punctured disc”). You should convince 
yourself that this set 2 is open. More generally, if we take any open set 
S and remove a point z, the new set S — {z} is again open. 


You should be able to give an example of a set that is not open (see 
the third example of interior points under the preceding topic (Figure 
1.6). 

In case you are wondering, a subset S of R? is closed if and only if 
its complement R? — S (the set of points in R? but not in S) is open. 
One example of a closed set is R?, since its complement R? — R? is the 
empty set @, which is open. Similarly, the empty set is closed (why?). 
Jt can be shown that the only subsets of R? which are both open and 
closed are R? and the empty set @. Some sets are neither open nor 
closed. 

Another important example of a closed set is the following: Let 
D(zo; r) denote the set of points whose distance from Zp is less than or 
equal to the positive number r; that is, 


D(zo; r) = {ze R? | |2z — zo] <r}. 


This is the “closed” disc (rim included) of radius r centered at zo. We 
discussed this set in Example 3 under interior points. See Figure 1.6. 
You should convince yourself that it is closed in the sense that its 
complement R? — D(zo; r) is open. 

Now we continue our definition of “domain.” We must define what 
‘we mean for an open set to be connected. Actually, it is possible to 
define connectedness for any subset of R?, not just the open subsets, but 
this takes more work and would be superfluous at the moment. 

Let 9 be an open subset of R?; © is disconnected if and only if there 
exist nonempty open sets 2,, 2 which are disjoint (no points in common, 
Q, MQ, = B) and whose union is 2. Thus, a disconnected open set 2 
may be decomposed into two “smaller,” nonoverlapping, nonempty, 
open sets. An open set Q is connected if and only if it is not disconnected. 
See Figure 1.7. 


Challenge 


You might try to prove that an open set Q is connected if and only 
if any two points in 2 may be linked by a path made of a finite number of 
straight-line segments lying entirely in Q. 

Thus, there are two equivalent notions of connectedness for an 
open set 2: (1) it can’t be broken into disjoint open pieces, or (2) any 
pair of points may be linked by a path in Q. Both are reasonable. 
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path 


connected disconnected 
Figure 1.7 


At last we make our basic definition. A subset Q of R? is a domain 
if and only if it is open and connected, The domains we will encounter 
most frequently are R? itself, the open discs D(z); r), the punctured 
discs, and the upper half-plane (see the fourth example under the preced- 
ing topic). Not all domains, of course, are quite so symmetric as these; 
this is fortunate or unfortunate, depending on your point of view. 


Exercises to Paragraph 1.1.3 


1. (a) Sketch the set S of points z = (x, y) satisfying x > 0. 
(b) Verify that the subset of interior points of S is determined by the condition 
x>0. 
(c) Is the subset in (b) a domain? 


2. (a) Sketch the “annulus” Q = {z|1 < |z2| < 2}. 
(b) There is a hole in 9, Is 2 connected? 
(c) Verify that 9 is a domain. 


8. Rather than designate one of the standard domains by a capital letter, we often 
speak of “the unit disc |z| < 1,” “the punctured disc 0 < |z| < 1,” and so on. 
Sketch the sets determined by each of the following conditions and decide 
which are domains. Here, zp is an arbitrary but fixed point. 

(a) |z| > 1. 

(b) 1 < J2z| < 2 
(c) |z — 20| < 1. 
(@) |z — 20| < 2. 

4, Let © be a domain and let S be a nonempty subset of 2 satisfying (i) S is open, 
Gi) its complement 2 — S is open (sometimes stated as S is closed in Q), Prove 
S = Q; that is, Q — Sis empty. 
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5. Challenge question. Let 2 be open. Prove that © is connected if and only if 
any two points in 2 may be linked by a path consisting of a finite number of 
straight-line segments lying entirely in Q. 

Hint; Given Q connected and 29 € ©, prove that the subset S consisting 
of all points of 2 which may be linked to zo by the specified type of path is not 
empty (clear!), open, and also closed in , By Exercise 4, S = , whence any 
two points of 2 may be linked. Constructing the set S (the points for which 
what you wish to prove is true) is an important method in dealing with 
connectedness, 

6. Is a disc a circle? 


1.1.4 Boundaries and Boundedness 


These are two quite unrelated concepts which we will use frequently. 
Bourtdedness first. A subset S of R? (open or not) is said to be 
bounded if and only if it is contained in some disc D(zg; r) of finite 
radius r; see Figure 1.8. The point is that a bounded set does not “escape” 


i -: 


bounded unbounded 
Figure 1.8 


to infinity. Examples of bounded sets are any open disc, any closed disc, 
a single point, any finite set of points, and (of course) the empty set @. 
The plane R?, the upper half-plane, the x-axis are each unbounded. 

The bounded domains (the open dise again) are an important sub- 
family of the family of all domains. 

Now let us discuss the notion of the boundary of a set. Let S be 
any subset of R?. A point z of R? is a boundary point of S if and only if 
every open disc D(z; r) centered at z contains some points in S and also 
some points not in S. Note that we do not require a boundary point of S 
to be an element of S. In fact, if S is itself an open disc, then its boundary 
points are precisely those on the rim of the disc, and none of these is a 
member of the disc. 

It is worthwhile noting that, given a set S, a point z is a boundary 
point of Sif and only if it is a boundary point of R? — S, the complement 
of S. A brief meditation should convince you that this is a reasonable 
property for a boundary point to possess. 
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Figure 1.9 


Finally, we define the boundary (or frontier) of a set S to be the 
collections of all boundary points of S. The boundary of Sis denoted aS. 
See Figure 1.9. 


Examples of Boundaries 


1. Let S = D(z; r), an open disc as usual. Then @S is the circle of 
points z satisfying |z — z9| = r. 

2. If 5 = D(z; r), the closed disc, then 08 is the same set as dS in 
Example 1, namely, the circle of radius r centered at zo. 

8. If Q is the punctured disc D(zg; r) — {zo}, then 9Q consists of 
the circle |z — 29| = r together with the point 2p. 

4, The boundary of R? is empty. 

5. The boundary of the upper half-plane (y > 0) is the x-axis 
(y = 0). This is an example of an unbounded set with a nonempty 
boundary. Don’t confuse the two notions. 


Preview 


Our model of a nice bounded domain is the open disc D(z; r). Its 
boundary is a very nice curve, a circle. In Section 1.2 we continue our 
study of domains by studying curves in the plane. In our applications, 
these curves will almost always arise as the boundaries of certain 
domains. Once we have completed our study of these boundary curves, 
we will begin at last to discuss the functions that live on our domains. 


Exercises to Paragraph 1.1.4 


1. Which of the following sets are bounded? 
(a) |2| 21. 
(b) A subset of a bounded set. 
(©) 0 < |z— 20) <1. 
(d) The graph of y = sin x. 
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2. Determine the boundaries of the following sets. As usual, z = (x, y). 
(a) x >0,y>0. 
b) |z — 20] < 2. 
(c) 0 < |z— a] < 2. 
(d) 0 < x < 1, y arbitrary. 
3. Prove that a plane set S is bounded if and only if its closure S (that is, S 
together with its boundary 2S) is bounded also, 


Section 1.2 PLANE CURVES 
1.2.0 Introduction 


Curves—we know them when we see them, and yet to get an 
adequate terminology is surprisingly troublesome. First, therefore, let 
us look at the most important example, the circle, in some detail. This 
should make us more willing to accept the technical definitions to follow. 

We let 0 = (0, 0) denote the origin of R? as usual, and C = C(O; r) 
be the circle of radius r > 0 centered at the origin, that is, the set of 
points z satisfying |z| = r. So far, C is a “static” set of points. Now we 
“parametrize” C as follows: 

Let [0, 2z] denote the interval of real numbers satisfying 0 < f < 27. 
Let a = a(é) be the function that assigns to each f¢ in [0, 27] the point 
a(t) of R?, given by 

a(t) = (x, y) = (7 cos ¢, rsin Zt). 


We note first that |a(t)| = r (recall sin? t + cos? ¢ = 1) so that each 
point a(t) does in fact lie on the circle C(0; r), We indicate this last 
statement briefly by writing 


a: [0, 2x] + CO; r). 


We can say even more. As the real number ¢ increases from t = 0 
to ¢ = 2z, the point a(t) travels once around the circle in a counter- 
clockwise direction. See Figure 1.10. Note for instance that a(0) = (7, 0), 
the starting point, and then 

nt 


+(5) =@n, a) =(—n0), 


o(F) = © -, ae = (0), 
and we’re back where we started. Note also that the number ¢ is the 
angle (in radians) between a(f) and the x-axis. 

Now things are no longer static. The function a has imposed a 
direction of travel (counterclockwise) around the circle. We emphasize 
this by differentiating a with respect to its variable t. Let us write 


a(t) = (a1), a2(¢)) 
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ys 
a(n/2) 


a(t) =(r cos t,r sin £) 


— 
a(r) (0) = (r, 0) x 


(34/2) 


Figure 1.10 


so that a,(¢) = rcos t, a,(t) = rsin ¢ (the “coordinate functions” for a). 
We differentiate a(t) by differentiating its coordinates: 


a(t) = (a's), a’2(t)); 
that is, 
a(t) = (—rsint, rcost). 
The pointed brackets here remind us that a’(t) is to be regarded as a 


vector (arrow), the “velocity vector” of a, This is usually depicted with 
tail end at the point a(é); see Figure 1.11. The velocity vector points 


y 
a’ (1/2) 


Figure 1.11 


ky 
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in the direction of motion of the curve at the point a(t). In the partic- 
ular case ¢ = 7/2, for instance, we have 


PESV de Pcapenin EN ae go 
«(5) ( rin 5.1005) {-r, 0). 


Thus the arrow that we affix to the point a(z/2) = (0, r) points r units to 
the left (since —r < 0) and zero units up or down. That is, a(t) is moving 
directly to the left (counterclockwise!) at the instant t = 2/2. 


Caution: There are many ways to run around a circle. For example, 
let f: [0, 2x] + C(O; r) be given by 


B(t) = (7 cos 3¢, r sin 32). 


‘You should convince yourself that as t increases from 0 to 2z, the point 
B(t) travels three times around the circle in a counterclockwise direction. 
This new parametrization f is essentially different from a, even though 
the point set C(O; r) is the same in both cases. 


Here is a clockwise parametrization of C(Q; r). Let y: (0, 1] + C(O; r) 
be given by 
xt) = (r sin 2zt, r cos 2nt). 


Then (0) = (0, r) is the “starting point” in this parametrization. By 
locating the points 7(3), 7G), v@, v1), you should convince yourself 
that 7(é) traverses C(0; r) once in a clockwise manner. Note also that y 
was defined on the interval [0, 1], not on [0, 2z]. 


1.2.1 Piecewise-smooth Curves 


Now we make our definitions in the spirit of the preceding examples. 

Let F be a subset of IR? and [a, b] an interval of real numbers t, 
a <t < b. (Note: T = Greek capital gamma.) A function a: [a, 6] + I, 
a(t) = (a,(¢), a(t), is called a parametrization of T if and only if 


(i) ais continuous; that is, «,(é), «2(f) are continuous functions of t; 
and 

Gi) a maps [a, 5] onto I; that is, each z € I is of the form z = a(t) 

for at least one t € [a, b]. The variable t is called the parameter. 


Tt can be seen that this definition of parametrization is too general 
for our purposes, There are too many continuous functions! Hence, we 
single out a particularly well-behaved class of parametrizations. We say 
that the parametrization a: [a, b] + T is smooth or continuously differen- 
tiable if and only if three further conditions hold, namely: 


Gii) the coordinate functions a, (t), @2(¢) are smooth in the sense that 
both derivative functions a’,(é), a’,(¢) exist and are continuous 
for all ¢ € [a, 6]; 
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(iv) for each ¢ € [a, 6], the velocity vector a’(t), defined as (a’;(£), 
a’,(t)), is different from the zero vector <0, 0); 

(v) if, moreover, a(a@) = a(b) (the curve is a closed loop), then 
a’(a) = a’(b) as well. 


a’ (t) (= the velocit; 


Figure 1.12 


/ 
Pig ¥ 
cae 2) oe 28 
( e 


Let us discuss this definition; see Figure 1.12. Condition (iii) assures 
us that the velocity vector exists and depends continuously on the param- 
eter £. We remark also that, by the derivatives a’ (a), a’2(a), a’,(b), a’2(b) 
at the end points = a and¢ = 6, we mean one-sided derivatives only. 
For instance, 


ax(@) = tim 0-2 > @, 


Condition (iv) may be interpreted as follows: If we regard a(t) as a 
point moving along I’, then its instantaneous direction is pointed out 
by the velocity (or tangent) vector a’(t). The vanishing of this vector— 
say, «’(t,) = <0, 0)—would mean that the moving point a(t) stops when 
t = t,. It simplifies things greatly if we rule out this possibility. 

We saw above three examples of smooth parametrizations of the 
circle. Note that each of these examples satisfies condition (iii) because 
sines and cosines can be differentiated again and again. How would 
you prove that the parametrization a(t) = (rcost,rsin#) given in 
Paragraph 1.2.0 satisfies condition (iv)? Hint: Use the Pythagorean 
theorem sin? ¢ + cos? t = 1 to derive a smashing contradiction from the 
assumption a’(t) = <0, 0). 

The most important plane curves for our purposes are the circle and 
straight line. You will find these treated at some length in the exercises. 
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Here are some more useful notions. The parametrization a is simple 
if and only if the function a restricted to the “open” interval (a, b)— 
that is, for ¢ satisfying a < t < b—is one-to-one. In other words, if t, 
and t, are strictly between a and 6 and if a(t) = a(é,), then t; = t. 
Geometrically, this means that the curve doesn’t cross itself, except 
perhaps at the end points. If the end points are equal (that is, if a(a) = 
a(b)) then we say that a is closed, or a loop. See Figure 1.13. 


EO VX 


simple, not simple, simple, not simple, 
closed closed not closed not closed 
(a loop) 

Figure 1.13 


The parametrization a(t) = (rcost,rsinf) for 0O<t<2n is a 
simple closed smooth parametrization of the circle C(Q; r), On the other 
hand, f(é) = (r cos 8t, r sin 3¢) for 0 < ¢ < 22 is not simple because 
each point on the circle corresponds to three values of ¢ (except for the 
starting point (r, 0) which corresponds to four values). 

Actually, smooth parametrizations are not quite general enough. 
We wish to allow curves with a finite number of “corners” such as 
triangles and rectangles. At a corner, of course, we would not expect a 
unique direction or velocity vector. Again let a: [a, b] + I be a param- 
etrization, a(t) = (a,(¢), a2(t)). We say that a is a piecewise-smooth 
parametrization of T if and only if there exists a finite set of values 

= do < a < a, <+*:'< a, = b such that the function a restricted to 
the intervals [ao, a], [a,, @2],.--, [4,-1, @] gives in each case a smooth 
parametrization of the subsets Ty, I,..., [,-1 of I defined by IT, = 
{att) | t € [ag, dps 1]}. 

Thus, a piecewise-smooth parametrization is one built up from 
smooth parametrizations joined end to end. In particular, a smooth 
parametrization is piecewise-smooth (let m = 1 in the definition above). 


Example 


We will parametrize the right triangle [ with vertices at the points 
(0, 0), (0, 1), (1, 1); see Figure 1.14. It is simply a matter of building a in 
three parts. Thus, let a: [0, 83] + I as follows: 
(é, 0) for ¢ € [0, 1] 
a(t) = ((1,¢ — 1) for t € [1, 2]. 
(83-—#3-1t) forte [2,3] 
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(1, 1) =a(2) 


Figure 1.14 


0=a(0)=a(3) (1,0)=a(1) % 


You should let ¢ increase from 0 to 3 and check that a(é) travels once 
around the triangle in a counterclockwise direction. Now we examine a 
corner point, say, a(2) = (1, 1). By differentiating a(t) = (1,¢ — 1), we 
see that the velocity vector a’(2~) in which ¢ approaches 2 from the left 
(t < 2) is given by a(2~) = (0,1). This points upward; the point a(t) 
is climbing in the y-direction as ¢ increases fromt = 1 tot = 2, Likewise, 
by differentiating a(t) = (3 — t, 3 — 4), we compute a(2*) = (—-1, -1). 
This vector, with tail end fixed at the corner a(2) = (1, 1), points toward 
the origin (0, 0) as expected. 


Comments 


1. We have not yet defined “curve.” Let’s attend to this now. 
Suppose a: (a, b] > is a piecewise-smooth parametrization of the set I. 
Then the pair (I, a) is termed a piecewise-smooth curve. However, it is 
common practice to speak of “the curve I,” omitting mention of a, or 
“the curve z = a(t).’’ We will use both terms, 

2. We are claiming that the set T is a curve if it has a piecewise- 
smooth parametrization (roughly, a velocity vector). This corresponds 
to our intuition. Things are more delicate than you may imagine, how- 
ever, It is possible to find a continuous a; [a, 6] + T, a(t) = (a,(¢), a2(t)), 
where I is the two-dimensional unit square! A space-filling curve! An 
example was given by the mathematician Peano in the nineteenth 
century. In Peano’s example, however, the coordinates a,(¢), a(t) were 
not differentiable functions. Of course most of the familiar functions of 
calculus are infinitely differentiable. (Can you think of any that are 
not?) 

3. Some authors omit mention of the function a(t) and write simply 
“Let x = a,(¢), y = a2(é) give a curve....” 
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Exercises to Paragraph 1.2.1 


1. Write down a smooth parametrization «: [0, 2x] -+ C(0,1) such that a() 
traverses the unit circle five times counterclockwise as ¢ varies from 0 to 2, 

2. (a) Describe the journey of A(t) = (cos kt, sin kt) with O< ¢ < 22 andka 
nonzero integer (which may be negative). 

(b) Compute the velocity vector A’ (t) and observe how its length and direction 
depend on k. 

8. Let I be the unit square with corners 29 = 0, z; = (1, 0), 22 = (1, 1), 23 = 
(0, 1). Write down a counterclockwise parametrization 7; [0, 4] + F such that 
0) = Zo. 

4, Let f(x) be a continuously differentiable function, a < x < b, 

(a) Verify that the graph y = f(x) is parametrized smoothly by the mapping 
a(x) = (x, f(x)), a < x < 6. Compare x = t. 

(b) Compute the velocity vector «’ (x). How is it related to the slope of the graph 
y =f)? 


1.2.2 Length of a Curve 


Let a: [a, b] - I be a piecewise-smooth parametrization of the curve 
T. As ¢ varies from a to b, what distance does the point a(t) cover? The 
following definition offers a quick answer to this question—and one 
that is reasonable as well. We define 


bh 
Tength (a) = [ la'@| at. 


We remark first that since the coordinate functions a,(¢) and a(t) 
are piecewise-smooth, the integrand 


lo'()| = {@'.@O) + @ PH? 


is bounded and piecewise-continuous, and so the integral exists as a 
finite positive number; this is a standard result of calculus. 

Why does this integral deserve to be called a length? In answer, we 
note first that the integral definition agrees with the usual distance 
formula in the case of parametrized line segments. For example, if T is 
the line segment from zp to z, in R?, then the function a: [0,1] + T 
given by 


a(t) = z + t(z, — 2) 


parametrizes a journey from zy = a(0) to z; = a(1). It is easy to see that 
a(t) = z,; — 29 so that 


4 
length (a) = jf lz, — 20] dt = |z, — Zo] 
° 


as desired. See Figure 1.15. 


Sec. 1.2 Plane Curves 19 


a(t) =20-+-#(21—20) 


PP  - § poe ia 
vf ae 2=a(1) 
i ail 
0 t 1 
Figure 1.15 


A second justification of our definition of length is this: The 
quantity |a’(t)|, being the length of the velocity vector, gives the in- 
stantaneous speed of the moving point a(é), provided we interpret the 
parameter ¢ as time. Thus, |a’(¢)| dt is the product of instantaneous 
speed by the differential of time and (we recall happily) distance = 
speed x time. 

It is also possible to define length (a) using polygonal approximations 
and taking limits. Our present integral definition becomes a theorem in 
such an approach. The approximation method makes better geometric 
sense, perhaps, but requires more work. 


Example 


Let a: [0, 2x] + C(O; r), a(t) = (rcosé,rsiné), be the standard 
parametrization of the circle of radius r. It is easy to see that |a’(¢)| = r 
(Pythagoras!), whence 


2: 
length (a) = al : dt = 2zr, 
0 


as expected. 

If, instead, we parametrize C(0; r) by the function A(t) = (r cos 3t, 
rsin 32), we get Bt) = (—8r sin 3t, 8r cos 3¢), so that |f’(¢)| = 3r and 
length (f) = 6zr. This underscores the fact that the moving point A(¢) 
travels around C(0; r) three times. That is, our definition of length via 
the integral gives actual distance traveled (compare the mileage gauge 
in an automobile). 


Exercises to Paragraph 1.2.2 


1, Compute length («), where «: [0, 3z/2] + C(O; R) is given by a(t) = (R cos 2t, 
R sin 2t). 
2, Compute the length of the graph of y = f(x) = x7,0<x<1. 
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8. Suppose a curve is given by x = x(t), y = 9(¢), with a < ¢ < b, Write x, » for 
dx/dt, dy/dt (Newton’s notation). Verify that the length of the curve is given 
by the formula 


b 
i) X()? + Ht)? de. 


1.2.3 Parametrization by Arc Length 


Thus far we have defined the notion of a piecewise-smooth param- 
etrization a: [a, b] + I of a curve, and have a formula for total distance 
traveled along the curve, namely, length (a) = f° |a’(t)| dt. We refine 
this slightly as follows: If t is any value in [a, 6], then the distance 
traveled by the point a(t) as ¢ varies from f = a to t = t is given by 


{ “la'(@)| dt. 


Thus we get the distance traveled by integrating with respect to the 
parameter (variable) ¢. 

Now we are going to improve this situation. We will construct a 
new parametrization of I which is “equivalent” to the original param- 
etrization (we will make this precise in a moment), but which is more 
natural in that it takes into account the geometry of I’. More precisely, 
this new parametrization (we call it ¢ = a(s)) will have the property 
that the distance traveled by the moving point o(s) between two points 
a(s,) and o(s2) is equal to s, — s,. That is, the function a, considered as a 
mapping from an interval of the s-axis onto I’, preserves distances or 
“arc length.” See Figure 1.16. 


Figure 1.16 
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First some terminology. Let [a,, b,] and [a2, 62] be intervals on the 
s- and t-axes, respectively. A function E: [a,, b;] > [a2, b2] is an equiv- 
alence if and only if it is one-to-one, onto, increasing, continuous, and 
piecewise differentiable with an everywhere positive first derivative. 
This means that E(a,) = a2, E(b,) = 62, and as s increases from a, to 
b,, t = E(s) increases from a, to b2. 

Now we obtain a result to be used continually. 


‘THEOREM 1 


Let a:[a,b] +I be a piecewise-smooth parametrization of the 
curve, and let length («) = L > 0. Then there exists a unique piece- 
wise-smooth parametrization o:[0,L] + T equivalent to a (in the 
sense that o(s) = a(E(s)) where E: [0, L] > [a, b] is an equivalence) 
which satisfies 
@) the tangent (velocity) vector o’(s) has unit length, |o’(s)| = 1; 
(ii) the distance traveled along T from a(0) to o(s) is exactly s. 


Note: Here the parameter s is called arc length. The unit tangent 
vector o’(s) will be frequently denoted T's). 


Proof: (a) It is clear that if o exists, then it is unique. 
(b) Also, if a function o exists satisfying (i), then it is not hard to 
see that it satisfies (ii) as well, for the distance from a(0) to o(u) is given 


by 
[ora = [as =u, 


since |o(s)| = 1. Thus, it suffices to construct o satisfying (i). 

(c) It is sufficient to prove the result for smooth parametrizations a, 
for if we obtain an arc length parametrization on each smooth section of 
the curve I, then it is not hard to see that we may fit these together 
“end to end” to obtain a piecewise-smooth parametrization of the full 
curve I’. You should convince yourself of this. 

Thus, we assume that a is smooth for the remainder of this proof. 

(d) Now we get E(s). Define F(t) = Ji |a’(t)| dt for t € [a, 6), We 
have F(a) = 0, and ast increases from a to b, F(z) increases from 0 to 
F(b) = L. By the Fundamental Theorem of Calculus, F(t) = |a’(z)| 
and hence is positive and continuous. Thus, F: [a, 6] + [0, L] is an 
equivalence (though it goes in the wrong direction!). 

Let E: (0, L] > [a, 6] be the inverse function of F. That is, H(F(z)) = 
t, F(E(s)) = s. You should convince yourself that E’(s) = 1/F(E(s)) 
(just differentiate the relation F(E(s)) = s, using the Chain Rule). We 
may now conclude that E’(s) > 0, and hence E is an equivalence. 

(e) As mentioned above, we next define o(s) = a(E(s)); that is, 
a(s) = (a;(E(s)), «(E(s))). It is straightforward to check that cis alsoa 
piecewise-smooth parametrization. 
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(f) We have o(s) = (a’,(E(s))E“(s), a’,(E(s))E(s)) by the Chain 
Rule. This implies |o“(s)| = |E’(s)| |a’(E())|. But 


bie ate 
FO = Fo 


(see above) and E(s) = t. Hence, |o‘(s)| = 1. The theorem is proved. 


Comments 


1. Note how often we used |a’(t)| > 0 in the proof. 

2. This result is absolutely basic, both in function theory and in the 
differential geometry of curves. The reason is that arc length s is a 
“natural” or “intrinsic” parameter, coming from the geometry of the 
curve itself. Hence, the remarkable fact that the tangent vector o’(s) 
always has unit length. 


Parametrizing the Circle by Arc Length 


Let a: [0, 27] + C(O; r), a(t) = (r cost, rsin ft) as usual. We have 
seen that |a’(¢)| = rand L = length (a) = 2zr. As in the proof above, we 
define 


a= Fy = [ro dt = [irae Sate 
0 lo 
Thus, the inverse E of F is given by E(s) = t = s/r, and finally, 
a(s) = a(E(s)) = “(:) = (- cos *, rein’) ¢ 
r, r r, 
By differentiating o(s) with respect to s, you may verify that |o’(s)| = 1. 


Moral 


We may assume that our curves are parametrized by arc length s 
and have unit tangent vectors T(s). This is convenient for theoretical 
work. Admittedly, for a particular curve (the circle, say), other param- 
etrizations may prove even more useful than arc length. 


Exercises to Paragraph 1.2.3 


1. (a) Parametrize the semicircle |z| = R, y => 0 by the usual counterclockwise 
angle @ measured (in radians) from the positive x-axis. 
(b) Reparametrize this semicircle by arc length in an equivalent way. Write 
down the equivalence function E. 
(c) Compute the velocity vectors in each case and compare their lengths. 

2. Given a parametrization «: [a, b] + T such that |«’()| = k is constant for 
ast<b. 
(a) Compute L = length (a) in terms of the given information. 
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(b) Write down an equivalence E: [0, ZL] > [a, 6] such that o(s) = a(E(s)) is 
the arc length parametrization. 

3. Parametrize the straight-line segment I from zp to z; by arc length, as follows 
(here, 20 # 21): 

(a) Verify that ¢ = (2: — Zo)/|z: — 2o| has unit length. 
(b) Verify that o; (0, Z] + TF with L = |z; — zol, o(s) = zo + st, is the desired 
parametrization. 

4, Suppose «: [a, 6] + I is a smooth parametrization with the property that 
|«’@| = 1 for a < ¢ < b. Verify the following: 

(a) Length (2) = b —a. 

(b) If we write L = b — a, then the map a: (0, L] + T defined by o(s) = 
a(a + 8) is the arc length parametrization of [ equivalent to a. The point here 
is that o is essentially (up to a rigid change of parameter) the arc length 
parametrization because |«’(é)| = 1. 

5, Reversing the parametrization. We will want to “travel backwards” along a 
given parametrized curve without worrying about details. The example with 
which we begin should provide the necessary intuition. 

(a) Let fF be the unit semicircle |z| = 1, > 0, parametrized as usual by 
a: (0, x] + I, a(¢) = (cos t, sin ¢). Verify that the point «(é) travels from (1, 0) 
to (—1, 0) as ¢ increases from ¢ = 0 tot = z. 

(b) Now write ¢ = 2 — t. Check that, as t increases from t = 0 to t = 2, the 
value of t decreases from t = x tot = 0. 

(©) Define (zt) = (cos(x — 1), sin(a — 1)). Check that »(r) traverses the semi- 
circle I starting at (—1, 0) and ending at (1, 0). Thus »(z) is the reverse of a(é). 
(Picture!) 

(d) This procedure generalizes to any curve (I, 2(é)); that is, «: [a, |] > r. 
First verify that if we put ¢ = 6b — (t — a), then increasing r from a to b 
causes t to decrease from 6 to a. Can you derive this relation between t and r? 
(©) Verify that y: [a, 6] > T, ~) = a(b — (« — a)), defines a parametrization 
of the set I that reverses the journey taken by a(é). 

(f) Explain why the parametrizations o(t) and »(é) of the curve T are not 
equivalent. Why is this geometrically obvious? 


Notation: Given a curve I with parametrization a(t) understood, it 
is standard to denote by —TI the curve with the reverse parametrization 
y(t). Thus, the notation r + (—I) indicates a journey over the curye 
from start to end, followed by the reverse journey back to the original 
starting point. 


1.2.4 Jordan Curves and Jordan Domains 


Now we put Sections 1.1 and 1.2 together with an eye toward the 
future. We wish now to define “Jordan domain.” In later sections our 
functions will frequently live on such domains. 

A Jordan curve is.a simple, closed curve (piecewise-smooth, of 
course). Thus, a Jordan curve looks like a loop (closed) that does not 
cross itself (simple). Examples: circles, triangles, rectangles. 

Here is an intuitively plausible theorem about Jordan curves, 
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JorDaN Curve THEOREM 


If T is a Jordan curve, then its complement R? — T consists of two 
disjoint domains, one bounded (the “inside”) and one not (the “‘out- 
side”), each domain having the curve TY as its boundary. If a point 
inside T be joined by a path to a point outside I, then the path must 
cross T. 


This is one of those geometrically obvious theorems that are quite 
difficult to prove. It takes a fair amount of rigorous topology to give a 
complete proof (more than the French mathematician Jordan had at 
his disposal in the 1890s when he pointed out that the obvious fact 
required a proof!). We will use this theorem without proof. You might 
enjoy the challenge of proving it in the special case where I is a circle 
CQ; r). See Figure 1,17. 


Is there 
an “inside” 
and an 
“outside”, 


both connected? 


Figure 1.17 


One theme of the chapters to come is the relation of the behavior of 
a function defined on some domain to its behavior on the boundary of 
that domain. To accomplish this gracefully, we wish to rule out domains 
with unpleasant or pathological boundaries. Therefore, we single out 
the class of Jordan domains for special emphasis. A Jordan domain is a 
bounded (contained inside some disc) domain 2 whose boundary 2Q is 
the union of a finite number of disjoint Jordan curves, with each curve 
parametrized so that, as a point moves along the curve in the direction of 
parametrization, the domain Q is always lying to its left. In this case 
we say that the boundary curves are positively oriented. 


Examples of Jordan Domains 
1. The open disc 2 = D(0; r) with the standard counterclockwise 
parametrization of the circular boundary. 
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2. The annulus 
2 = {ze R?|0 < 7 < |z| < mH} 


Note parametrization of boundary circles. Q is to the left of a point 
moving counterclockwise on the outside circle or clockwise on the 
inside circle. 

8. Figure 1.18 shows a Jordan domain with several holes. Note 
orientations. 


the open disc the annulus several holes 
Figure 1,18 


Warning: Some authors define a Jordan domain to be a bounded 
domain whose boundary consists of precisely one positively oriented 
Jordan curve, and not finitely many such curves as we have done. To 
these people the annulus is not a Jordan domain. 


k-Connected Jordan Domains 


The Jordan domain 9 is said to be k-connected, where k is an integer 
21ifits boundary consists of k distinct Jordan curves. This is equivalent 
to its complement C — Q consisting of k disjoint connected components. 
Thus, the disc is 1-connected (“simply connected,” no holes inside); the 
annulus is 2-connected. 

We will use the phrase “k-connected Jordan domain” in the state- 
ments of theorems to remind the reader that our Jordan domains may 
have holes. 


Exercises to Paragraph 1.2.4 


1. Which of the following are Jordan curves? 
(a) The circle |z| = 1. 
(b) The x-axis. 
(c) A figure-eight. 
(d) The boundary of the annulus 1 < |2| < 2. 
(e) A straight-line segment, 
(£) The graph of y = sin x. 
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2. Prove the Jordan Curve Theorem in the special case F = CQ; r). 

Hint: In this case, the two disjoint domains (components) forming R? — 
may be characterized by simple inequalities. Some elementary real analysis will 
help in proving that a path from inside to outside must intersect I. 

3. Given a Jordan curve I’, how would you define its “interior” (the set of points 
“inside” I) in a mathematically effective way? Don’t appeal to the Jordan 
Curve Theorem! (For one approach, see Section 7.2.) 

4, True or false? 

(a) The xy-plane is a Jordan domain. 

(b) The set of points enclosed by a positively oriented Jordan curve is a Jordan 
domain, 

(c) A Jordan domain is bounded. 

(d) A Jordan curve separates the plane into two Jordan domains. 

(e) The annulus 1 < |z| < 2, with |z| = 1 and |z| = 2 oriented counterclock- 
wise and clockwise, respectively, is a Jordan domain. 

(f) The domain |z| > 1, consisting of all points outside the unit disc, is a 
Jordan domain, provided we orient the circle |z| = 1 in a clockwise fashion. 


1.2.5 Some Remarks on the Dot Product 


We wish to make explicit a result that is frequently useful. If 
U = (u,, uz) and V = (v,, v2) are vectors, then their dot product is 
defined as 

U-V = uy vy + U2 V2. 

Thus, if U = (2,3) and V = (1, —4) then U-V = —10. 

We note that |U| = /U-U. 

The dot product is easy to compute, but its geometric meaning is 
less clear. But consider 


THEOREM 2 


U-V = |U||V| cos 6, where 8 is the angle between U and V in the 
plane R?, 


Note: Since cos 8 = cos (— 8), the direction of 0 is immaterial. 


Proof: We have, from trigonometry, 


uy = 
Dy. = 


|U|cosw, wuz =|U|sinw. 
|Vicosg, wv, =|V| sing. 
(See Figure 1.19.) 
Thus, 
U-V = uy, vy + U2 v2 
|U| |V| (cos w cos + sin w sin g) 
|U| |V| cos (@ — 9). 


But @ = w — g. Done. 
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Figure 1.19 


(us, 0) 


This result enables us to deal effectively with some geometric 
notions. We say that U and V are perpendicular (orthogonal, normal) if 
and only if U- V = 0, for U- V = 0 if and only if one of the vectors is 
zero or cos 8 = 0, in which case @ is a right angle, 9 = +(z/2). 


Exercises to Paragraph 1.2.5 


1, Let U = <3, 7>, V = <—3, 8>. 
(a) Compute U- V. 
(b) Compute |U], |V|- 
(c) Compute cos 6, where @ is the angle between U and V. 
(a) How would you get @ from cos 6? 
2, Let U = <3, 7. 
(a) Construct a nonzero vector V such that U 1 V. 
(b) Construct a vector with unit length in the same direction as V above. 
3. The Cauchy-Schwarz Inequality. Prove |U-V| = |U| |V| for all vectors U, V. 
Hint: Cosine. 
4. The Triangle Inequality. Prove |U + V| < |U| + |V| for all vectors U, V. 
Hint: Show |U + V|? < (|U| + |V|)? via Cauchy-Schwarz. 


1.2.6 The Outward Normal Vector M/s) 


This will be essential in our study of the behavior of a function on 
the boundary 4Q. Suppose Q is a Jordan domain. Let T be one of the 
Jordan curves that form part of @Q. Let a: [0, L] > I be the parametriza- 
tion of I by are length. We will denote the unit tangent vector o’(s) by 
the customary Ts). 

Now, to each point o(s) of I (consider s fixed), we wish to affix a 
vector N(s) that satisfies 


(i) |N(8)| = 1 (unit vector), 
Gi) N(s) 1 T(s); (N(s) is “normal” or perpendicular to the curve), 
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T(s) 


Ts) =(as'(8), 04'(8)) 


N(s)=@2' (8), —o1'(8)) 


(a) (b) 
Figure 1.20 


Gii) N(s) points outward, away from the domain Q. Such a vector 
N(s) is called the outward normal vector, See Figure 1.20(a). 


We construct N(s) with our bare hands as follows: Given o(s) = 
(o;(s), o2(s)), we may compute T(s) = o(s) = (o’,(s), a’2(s)). We now 
define 


N(S) = (@'x(8), —2x(s)). 


Now let’s verify that this N(s) has properties (i), (ii), (iii) listed 
above. From |T(s)| = 1 follows immediately that |N(s)| = 1, as required 
by (i) above. To verify that the vector N(s) defined here satisfies (ii), you 
may check immediately that the “dot product” N(s)-T(s) = 0 and recall 
that the vanishing of the dot product of two vectors is equivalent to 
their perpendicularity. (Recall Theorem 2 above.) 

To verify requirement (iii), “‘outwardness,” note that when both 
o’,(s) > 0 and o’,(s) > 0, so that the vector T(s) points upward and to 
the right (see illustration) with Q on its left, then N(s) points downward 
(since its y-component —o’,(s) is negative) and to the right (since 
o’,(s) > 0) whence N(s) points away from 2. See Figure 1.20(b). 


Sample Construction of N(s) 


Let o: [0, 2xr] + C(O; r) be the arc length parametrization of the 
circle of radius r. We saw above that o(s) = (r cos (s/r), rsin (s/r)). 
Thus, the unit tangent vector is 


T() = (-sin 5 cos 3) ; 
Tr Tr 


That is, o’,(s) = —sin (s/r), o’,(s) = cos (s/r). In accord with the recipe 
above, we define 


NG) = (0'x(s), —0'(s)) = (cos sin?) 
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Let’s verify that N(s) points outward at the point one-eighth of the 
distance around the circle from the starting point (7, 0). This point is 
given by o(s) when s = L/8 = 2zr/8 = nr/4, that is, the point is 


(@) = 3 oy 
4 2” 24° 
We compute also, using the formula for N(s) above, that 


w() é (2, ey 
4 2 2 
Since both coordinates here are positive, this vector points to the 


right and upward, and therefore away from the interior of the circle, as 
expected. See Figure 1.21. 


N(ar/4)= (2/2, V2/2) 


Figure 1,21 


Exercises to Paragraph 1.2.6 


1, Let I’ be the boundary of the unit square with corners at zo = 0, 2; = (1, 0), 
22 = (1, 1), 2s = (0, 1). We write F = To + Ty + T2 + Ts (@ classical nota- 
tion), where Ig is the segment from Zp to 2;, I’; from z, to Zz, etc. Verify that if 
T is given a positive (counterclockwise) orientation, then the outward normal 
vector at any point of Fp is <0, —1), of ©; is <1, 0), of Tz is <0, 1, of T's is 
<-1, 0>. Sketch the square and some normal vectors. 

2. Let I be a positively oriented Jordan curve and let 2 be the Jordan domain 
consisting of all points interior to I. Let z) € F with T = T(z), N = N(zo) the 
unit tangent and outward normal vectors to I at the point 2p (no need to men- 
tion parametrization). Let V be any vector with tail end at Zo. 
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(a) Verify that V = aT + bN, wherea = V-T, 6 = V-N. This decomposition 
relates V and Q. 

(b) Convince yourself (sketch!) that the vector aT = (V-T)T (the tangential 
component of V) measures the tendency of V to point in the tangential direc- 
tion, whereas bN = (V-N)N (the normal component of V) measures the 
tendency of V to leave 2 by crossing I at right angles. In particular, if V-N < 0 
then V is pointing into Q from 2» rather than out of 2, 

(c) Interpret V-T > 0, V-N = 0. Sketch! 

(a) Interpret V-T < 0, V-N = 0. 

(e) Interpret V-T = 0, V'N = |V| > 0. 

3, A summary in simplified notation. Let 2 be the Jordan domain interior to a 
simple closed curve TF = 3, which is positively oriented with respect to 2. 
We parametrize © by arc length, denoting the typical point z = 2(s) = 
(x(s), (s)). There is no need to use a (or « or 8, etc.) when there is only one 
parametrization being discussed. Verify the following assertions: (a) The 
tangent vector T(s) = z’(s) = <x'(s), y’(s)>. Here 


2’(s) means - (8), x’ (s) means = (s), ete. 


(b) @’@)? + O’(@)? = 1. 
(c) The outward normal vector N(s) at the point z(s) on T is equal to 


<9 @), —*'@)>. 
We remark that most of our applications of T(s) and N(s) are simple uses 


of assertions (a), (b), and (c). Also, these formulas still apply if 2 is a k-con- 
nected Jordan domain, k > 1, and @2 consists of k simple closed curves. 


Section 1.3 DIFFERENTIAL CALCULUS IN TWO VARIABLES 
1.3.0 Introduction 


Our study of curves involved functions a(t) of a real variable ¢ with 
values in the plane [R?. Now we reverse directions and discuss functions 
with domain of definition in R? which assume real numbers as values. 

We will be particularly interested in how a function defined in the 
plane varies in the vicinity of a fixed point z; hence, differentiation. 
This is a somewhat more complicated notion for functions of z = (x, y) 
than for functions of x alone because, roughly speaking, there is much 
more room to vary. We will be led to defining two different sorts of 
derivative, the directional derivative and the gradient, and showing 
how they relate. 

Here are some basics. Let 2 be a domain (open connected subset of 
R?). A function u from © into R is a rule that assigns to each zeQa 
real number u(z). If z = (x, y), we may also write u = u(z) = u(x, 9). 
The familiar expression u: 2 > R will also be used. 

Here is a handy notation. If S is any subset of R, then 


u-*(S) = {z= R? | u(z) < S}. 
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We emphasize that u~'(S) is simply the notation for a set; we do not 
claim that the function u has an inverse. 

An important definition: The function u: Q > R is continuous in Q 
if and only if whenever S is an open interval (end points not included) 
in R, then u~‘(S) is an open subset of R*. This definition of continuity 
may be translated into an equivalent limit statement: u is continuous in 
0 if and only if, for each fixed z) € Q, lim,,,, u(z) = u(Zp). The transla- 
tion from the “open set” definition to the “limit” statement is possible 
because both open sets and limits are defined in terms of distance 
|z — Z|. We leave it to you to make your own private peace with this. 

We remark that in this book we almost never mention the graph of 
the function u (which is the surface consisting of all points (x, y, u(x, y)) 
in three-dimensional space). 


1.3.1 Continuously Differentiable Functions 


We assume you have some acquaintance with the two partial 
derivatives u,(x, y) and u,(x, y) of a function u(x, y). We say that u(x, y) 
is continuously differentiable in the domain Q if and only if both its 
partial derivatives exist and are continuous at each point (x, y) of Q. 
Most of the functions we study will be of this type. 

Here is some useful notation. We let (Q) denote the set of all real- 
valued functions u(x, y) which are continuous throughout Q. Also, 
€(Q) denotes the set of all functions continuously differentiable in Q, 
as defined just above. Note that u¢@1(Q) implies u,, u, ¢ ¢(Q). One 
basic thing we wish to prove is 

CQ) < GQ); 
that is, a continuously differentiable function is continuous (Corollary 4, 
p. 38). This is the analog of the calculus theorem that states that if 
f(x) exists, then f(x) is continuous. 

Most properties of continuously differentiable functions flow from 
the following basic analysis. 


THEOREM 3 
Let u € @1(Q) with zo = (xo, ¥o) € 2. For each point z = (x, y) in 2 
we may write 
u(z) = u(Zo) + Ux(Zo)-(% — Xo) + Uy(Z0)-(Y — Yo) 
+ 81-(% — Xo) + &2:(Y — Yo) 
where @,, £2 approach zero as z approaches 2, in Q. 

Proof: We will use the Mean-Value Theorem of ordinary calculus 
in each variable. For (x, y) close enough to (xq, yo), we have the standard 
trick 

u(x, y) — ul%os Yo) = (u(x, y) — Ul%o, y)} + {ulxo: ¥) — UlFor Yo)}- 
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The Mean-Value Theorem may now be applied to the x-variable in the 
first bracket and to y in the second bracket. This yields equality of the 
right-hand side of the last equation with 


Ux(K1y Y)(X — Xo) + Uy(Xoy ¥1)-(Y — Yo) 


for x, between x» and x and y, between 7p and y. See Exercise 4. The 
continuity of the partial derivatives allows us to conclude that u,(x,, 9), 
u,(%9, 1) approach ux(xo, Yo), Uy(%or Yo), respectively, as (x, y) approaches 
(os Yo)» Hence, we may write 


U(% 4, 9) = Ux(%or Yo) + 2 
Uy(%o, ¥1) = Uy(Xos Yo) + &2 


where the «’s tend to zero as (x, y) approaches (Xo, 9). Substituting these 
into the expression for u(x, y) — u(%9, yo) above completes the proof of 
the theorem. 


Interpretation of the Theorem 


This is classic differential calculus. To study the function u near the 
point 29, we break u into two parts, 


u(z) = L(z; 2%) + E(z; 2) 
where 


L{2; 20) = ul%o) + Ux(Z)-(% — %o) + Uy(%0)-(¥ — Yo) 
Ez; 2) = &4:(% — Xo) + &2°(¥ — Yo) 


are the “linear approximation” and “error term,” respectively. Note 
that 2) is held fixed, so L and E are treated as functions of z alone. 
Moreover, we see 


(i) L(z; 29) contains the value u(z,) and the “first derivative” 
information of u; 
Gi) L{z; Zo) is a rather simple function of x, y; 
(iii) E(z; 29) carries the complicated information about u in ¢,, £2; 
(iv) However, E(z; zo) vanishes rapidly as z approaches Zp. In fact, 
E(z; 20) gets small fast enough that 


Lim (i 20)! _ 


0, 
x20 |2 — Zol 


as you may check easily, using |x — xo|, |y — yol = |2 — 2ol; 

(v) Hence, the error u(z) — L(z; 29) is very small for z close to 2 . 
That is, u(z) is closely approximated by the simpler linear function 
L(z; Zo) for z near Zo. 


All this depends on the hypothesis that u is continuously 
differentiable. 
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Example 


Given u(z) = u(x, y) = xy, 29 = (Xo, Yo) = (2,3). The theorem 
assures us that 


u(z) = 12 + 12(x — 2) + 4(y — 38) + 8,(x — 2) + @2(y — 3) 


where ¢,, £2 approach zero as (x, y) approaches (2, 3). 

Because u(x, y) is so nice (a polynomial in x, y), we may actually 
compute ¢), £2 in terms of x, y. In fact, if we use the trick x = (x — 2) + 2, 
y = (y — 3) + 3, we see that 


u(x, y) = (x — 2) + 2)°(y — 3) + 3) 
= 12 + 12x — 2) + 4(y — 3) + B(x — 2)? 
+ A(x — 2(y — 8) + (x — 2)*(y — 3), 
80 we might take 
& = 38% —2)+4(y— 38),  & = (x — 2), 


Further Comments 


1, Theorem 3 is a first attempt at some ultimate theorem that 
would assure us that if u were nice enough, then it could be expanded 
in a convergent power series 


m2) = ute, y) = 9 emale — ¥0)"(Y — Yo)" 
where the coefficients c,,, are related to the higher-order partial deriv- 
atives of u at 2). Compare the example just above. 

2. Now we use Theorem 3 twice: to prove Corollary 4 and the Chain 
Rule. (It will also be applied in our discussion of the Cauchy-Riemann 
equations in Chapter 3.) The Chain Rule will then yield the main results 
on the directional derivative. 


CoroLLary 4 


Let ue @!(Q) and let 29 €2. Then u is continuous at zo. In other 
words, 


@Q) — EO). 


Proof: We leave it to you to show that u(x, y) approaches u(%o, yo) 
as (x, y) approaches (x9, yo) in Q. Use Theorem 3. 


A Version of the Chain Rule 


Suppose u € 1(Q). If I is a curve lying inside Q parametrized by 
a: [a, b] + T, then restricting the function u to the curve I leads to a 
composite function of t, namely, u(a()). This is a function of a single real 
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variable as in ordinary calculus. Hence, we ask for the standard 
derivative, 


wow) =? 
Theorem 3 leads to the following answer. 


Cuatn Rute 
Let u and a(t) = (a,(t), a2(t)) be as above, Then 


£ wot = u,(a(t) a’) + u,(ad))a’2(0). 


Proof: We form the standard difference quotient for the derivative 
at t) and then do what comes naturally. Thus, 


u(att)) — UC@(to)) _ Ux(att)) - (or (6) — 21(f0)) + u,(a(t) -@2(t) — Ha (to)) 
t—to t—to 


p28 =i) — 10) + €2 -(2(t) — o2(to)) 
t= t 


by Theorem 3, since x = a,(é), y = «,(é). Now let ¢ approach tf so that 
a(t) approaches a(ép), and check that everything works out. Done. 


We mentioned earlier that a curve is often introduced by a phrase 
such as “Let x = x(t), y = y(t) define a curve...,” with no reference to 
the mapping a. In this case the Chain Rule becomes 


S elt, 10) = wale, HOO + lal), HOO. 


Comment 
Compare this with ordinary calculus: 


£ feate) = Fk. 


Exercises to Paragraph 1.3.1 


1, Let u(z) = u(x, y) = x — x? + 3y?. Compute the linear approximation 
L(z; Zo) = u(zo) + ux(20) (x — x0) + u,(Z0) (y — Yo) to u at zo = (1,2) in 
two ways as follows: 

(a) by calculating the partial derivatives at zo, and 

(b) by writing x = (x — 1) + 1,y = (y — 2) + 2 in the expressions for 
u(x, y) and truncating the resultant expression after the first-degree term. 

(c) Verify that |E(z; 2o)|/|z — zo| + 0 as z > 2p (see the discussion following 
Theorem 3). 
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2, Let u be as in Exercise 1, and a(¢) = (cos #, sin ¢) the standard parametrization 
of the unit circle. Compute (d/dt) u(a(¢)) as a function of t in two ways: 

(a) by first computing u,(x, y), u,(x, y) and then letting x = cost, y = sint 
in the Chain Rule, 
(b) by differentiating u(cos ¢, sin #) with respect to t. 

3, The argument function. Let z = (x, y) not lie on the nonpositive x-axis. Then z 
may be assigned polar coordinates (r, @), where r = |z|, @ = arctan (y/x), and 
—-z<@<7, 

(a) Verify that, once these agreements have been made, the argument function 
arg z = @ is continuous in the domain Q consisting of R? with all points 
(x, 0), x = 0, deleted, (Q = the slit plane.) 

(b) Verify that arg z cannot be extended to the domain R? — {0} so as to be 
continuous at (x, 0), x < 0. 

(c) Observe that the convention  < @ < 32 leads to a different version 
(“branch”) of the argument function, which differs from the “principal 
branch” in (a) at each z by a constant term 2z, Neither version is more natural 
than the other. 

(d) Verify that, for any branch of @ = arg 2, 


0, = (arg 2) = -3, 8, = (are 2) = 5 


where r? = x? + y?. 
(e) Verify that 6,. + 6, = O identically. That is, @ = arg zis a solution to the 
“Laplace equation” and is thereby termed harmonic in Q (= the slit plane 
defined in (a)). 

4, Recall the Mean-Value Theorem of ordinary calculus and verify its use in the 
proof of Theorem 3. See any calculus book! 

5. Supply details in the proof of Corollary 4. 


1.3.2 The Directional Derivative 


The partial derivative u,(x, 9) is defined as 


= lim U@ + 89) = Uy) 
370 s 


u(x, y) 


Given the point (x, y), the number u,(x, y) is the rate of change of the 
value u(x, y) with respect to change in x, the value of y being held fixed. 
There is a similar interpretation of u,(x, y), of course. 

Now we ask about change in an arbitrary direction, not just the 
direction of the x-axis or y-axis. To be specific, suppose u is a function 
defined in a domain © containing the point z = (x, y) and suppose that 
Vis a unit vector, |V| = 1, with tail fixed at z. The vector V points out a 
particular direction of travel through the fixed point z. We ask: “What 
is the rate of change (with respect to distance in the plane) of the value 
of the function u at the point z, in the direction of the vector V?” See 
Figure 1.22. Note the three mathematical data: function, point, direction. 


36 Calculus in the Plane Chap. 1 


Figure 1,22 


Let’s translate this into ordinary calculus. The set of all points 
z+ sV in R?, where s is a real number, is a straight line through z 
(which is given by s = 0). This line has the same direction as V in the 
sense that as s increases from —© to 00, the point z + sV travels along 
the line through z in the direction indicated by V. In fact, s is the are 
length parameter along this straight line because |V| = 1. (Think about 
this!) Thus the question at the end of the last paragraph becomes, 
“What is the rate of change of the value of u at the point z when 
restricted to the parametrized straight line z + sV?” 

This calls for a definition and a theorem. We define the directional 
derivative of u at z in the direction V (denoted u’(z; V)) as the ordinary 
derivative 


u(z; V) = a u(z + sV) 


s=0 


Note here that z and V are given, so that u(z + sV) is a function of s 
alone, just as in ordinary calculus. 
It is immediate (since z is given by s = 0) that 


thee _ 3. u(z + sV) — u(z) 
Yh ‘ 


an equivalent form of the definition. 

At this point we find ourselves in the familiar position of having a 
nice theoretical definition at hand, but without a generally useful 
method of computing. How can we compute u’(z; V) in terms of known 
(that is, partial) derivatives of u? The answer utilizes the Chain Rule 
obtained above. Here it is. 
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THEOREM 5 


Let ue GQ) and z€Q. If V = <k,, kp) is a unit vector, then the 
directional derivative is given by 


u(z; V) = u,(z)ky + u,(z)k2. 


Proof: We write 
o(s) = z+s8sV = (x + sky, y + 8k). 
Thus o’,(s) = k,, 0’:(s) = k2. Now apply the Chain Rule with s = 0. 
Done. 


Remark: If V points in the usual direction of the x-axis (that is, if 
V = (1, 0)), then Theorem 5 reduces to 


uz; V) = u;(2), 
the familiar partial derivative, as expected. 


Example of a Directional Derivative 


What is u‘(zo; V), where u(z) = u(x, y) = xy, 29 = (1, 1) and Vis 
the unit vector (—2/ 13, 3/ V13)? We offer two methods for computing 
this: 

1. Short method: Apply the theorem. We have u,(x, y) = 2xy, 
u,(%, y) = x? so that u.(z) = 2, uy(2o) = 1. By the theorem, then, 


u'(zo3 V) = 2(—2/V13) + 1(3/V13) = —1/V13. 


2. Long method: Direct computation. Since (x,y) = 29 + sV = 
(1 — 28/18, 1 + 3s/-/13), we see that u(x, y), when restricted to the 
line through 2p, yields a function of s alone, namely, 


2s \? 8s 
u(z, + av) = (1-4) (1+ 75) 
. vis, V13, 
s 8s? 1283 
-— - — + ——. 
vis 18 18vi3 
The derivative of this function of s at s = 0 is immediately seen to be 
-1/ 18, in agreement with the answer obtained by the first method. 
We conclude that u(x, y) = x”y is decreasing as (x, y) varies through 


the point (1, 1) in the direction pointed out by the given V. This is 
because u’(z9; V) < 0. 
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Exercises to Paragraph 1.3.2 


1. Compute the directional derivative u’(2o; V), where u(x, y) = x — x? + 3y?, 
and Zo and V are as follows (note |V| = 1): 

@) 20 = 0,0), V=<1,0); 

(b) 20 = @, 0), V = <1/V2, 1/V2); 
(©) 20 = (1,2), V= <0, -1); 

@) 2% =0,2,V=@,1>;  _ 
€) 20 = (1, 2), V = <1/¥2, 1/¥2); 
) 20 = @, 2), V = Ca/V2, -1V2>. 

2. (a) Compute a unit vector U that points in the same direction as <3, —4). 

(b) Compute the directional derivative of u(x, y) = e* cos y at zp = (1, 2/2) 
in the direction pointed out by <3, —4). 
Hint: Use (a). 

3. (a) Let wu € €'(IR?), «(@) = (cos 8, sin 6) (the usual parametrization of the unit 
circle), Verify that (du/dé)(«(0)) = u’(«(6); T(@)), where T(0) is the unit 
tangent vector to the circle at the point «(@). (The tangential derivative of u.) 
(b) Conjecture the values of the tangential derivatives of the functions 
r = |2| = (x? + y*)'? and @ = arg z (where defined). Hint: How does r change 
as you move around the circle? 

4. Suppose the unit vector V makes a counterclockwise angle w with the vector 
<1, 0) (horizontal). 

(a) Verify V = <cos a, sin a>. 
(b) Verify u’(zo; V) = u,{20) cos @ + u,(29) sin w. This formula underscores 
the role of the direction angle w. 


1.3.3 The Gradient Vector 


Now we define another sort of derivative for u(x, y). It is a vector 
in the plane and not a number (as is the directional derivative). We will 
see that it has a close relation with the directional derivative, however. 

As usual, 92 is a domain in the plane. Let u ¢ @1(Q). This assures us 
that w,(z), u,(z) exist at every point z of 2. We define the gradient of u at 
the point z to be the vector 


Vu(z) = (ux(z), Uy(2)). 


Some authors write grad u(z) instead of Vu(z). The upside-down delta V 
is sometimes read “del.” 

Pictorially (see Figure 1.23), we think of the vector Vu(z) as having 
its tail end fixed at the point z. This prompts a question: ‘What is so 
special about the direction in which the gradient vector points?” We 
will consider this below. 


Examples of Gradient Vectors 

1. Let Q = R?, u(x, y) = x?y, 29 = (1, 1). What is Vu(zZo)? 

We have u, = 2xy, uy = x”, so that u,(1, 1) = 2,u,(1,1) = 1. It 
follows that Vu(1, 1) = (2,1). 
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Figure 1.23 


Gradients of u(x, y)=4(«*+y") 


2. Let u be as above, but now let z, = (—2, 3). Then we see that 
Vu(—2, 3) = (—12, 4). 

3. Let u be as above. For which z is Vu(z) = (0,0)? You should 
convince yourself that Vu(z) = (0,0) if and only if z has the form 
(0, y). Compare the y-axis. 


Two things remain to be done: we must relate the gradient to the 
directional derivative, and also we must interpret the direction of the 
gradient. 


The Gradient and the Directional Derivative 


This is a simple observation. We know already that if V = (ky, k2) 
is‘a unit vector, then the directional derivative has the nice form (recall 
Theorem 5, Paragraph 1.3.2) 


ul(zo; V) = ux(Zo)ki + uy(Zo)Ro- 


Now we observe that the right-hand side here looks like the dot 
product of two vectors. In fact, we see 


u'(2o; V) = Vulzo)- V. 


In words, the rate of change of u at Zo in the V-direction may be 
obtained by dotting the gradient vector with the unit vector V. 


On the Gradient Direction 


The dot product formula just obtained stimulates further thought, 
We recall from Section 1.2 that 


U-V = |U||V| cos 6 
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for any vectors U, V. Here, @ is the angle between U and V. Hence, the 
paragraphs above imply 

u'(2o; V) = Vulzo)-V = |Vu(zo)| |V| cos 4. 
But |V| = 1 (unit vector!), so that 

u'(Z; V) = |Vu(z)| cos 0. 

We leave it to you to conclude this analysis by proving the next state- 
ment (interesting, but not crucial to what follows). 


THEOREM 6 
Let ue @'Q), 29 € 2. Then 


@) the gradient vector Vu(z9) points from Zo in the direction of 
maximum rate of increase of the value of u; 
(ii) the rate of increase (directional derivative) in the gradient 
direction is equal to the length |Vu(zo)|; 
(iii) for any unit vector V, the directional derivative satisfies 


— |Vu(zo)| < u’(zo; V) < |Vu(zo)|. 

Hint: Look at the cosine. For (i) use the fact that cos @ = 1 if and 
only if 6 = 0. Otherwise, cos @ < 1. What does this say about Vu(zo) 
and V? 

Moral 


If the temperature at each point z (Figure 1,24) in the plane were 
equal to u(z), and if you were a heat-seeking bug standing at the point 


Figure 1.24 


Gradients of temperature u(x, y)=xy 


Sec. 7.3 Differential Calculus in Two Variables a 


Zp, then in order to move toward higher temperatures most efficiently (in 
terms of degrees of increase in temperature per distance traveled) you 
should begin traveling away from 2p in the direction pointed out by 
Vu(Zo) (and at every point z follow Vu(z)). 

Thought question: What if Vu(z,) = (0,0) (and hence has no 
direction)? 


Exercises to Paragraph 1.3.3 


1. Compute the gradient yu(z), where u(z) = x — x? + 3y? and z is given by 
(a) z = (x, y) (typical point), 

(b) z = (0, 0), 
(c) z= (1, 2), 
(d) z = (1/2, 0). 

2. Do Exercise 1 to Paragraph 1.3.2, using the gradient. 

3. (a) Let r = r(z) = |z| as usual. Argue, using Theorem 6, that at each point 
20 # 0, the gradient Vr(zp) points from zo directly away from the origin (the 
direction of greatest rate of increase of r), 

(b) Verify your argument in (a) by actually computing Vr. 
(c) In which direction is V(2o) = V arg Zo pointing from zo? Assume here 
that zo does not lie on the nonpositive x-axis. 

4, The function u € @'(Q) has a local maximum at Zp in O if u(Zo) > u(z) for all z 
in some open disc centered at 29. Prove that if u has a local maximum at Zo, 
then Yu(zo) = <0, 0>, the zero vector. Compare the condition f’(x») = 0 from 
ordinary calculus. 

5, Prove Theorem 6. 


1.3.4 The Outward Normal Derivative du/dn 


Most of the directional derivatives we discuss will in fact be outward 
normal derivatives. This concept will enable us to develop one of our 
basic themes: the relation of the behavior of a function wu inside a domain 
Q to its behavior on the boundary éQ. 

Here is the standard situation. Q is a Jordan domain (see Section 
1,2) and Zg is a point on 2Q, The outward normal vector N(zp) points out 
of Q; see Figure 1.25. Suppose u(z) is a function that is continuously 
differentiable in some larger domain containing 2 and @Q. We ask: 
“What is the rate of change of the value u = u(z) as the variable z 
crosses the boundary @@ at the point z = 29 in the normal direction 
N(2o)? 

We know the answer already. It is the directional derivative 
u'(Z9; N(Zo)). We call this value the outward normal derivative of u at zo 
on AQ, It is frequently denoted (éu/én)(zo), with Q and @Q understood 
but not explicitly mentioned. Thus, we know that 


& (a0) = 20; N(eo)) = Vulz0)- N20 
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aa 


Figure 1,25 


94 (e0) =derivative of u in N(z) direction 


Sample Computations of du/én 
1. Let u(x, y) = x?y ¢ @'(R?) and let Q = DO; 1), the unit disc. 
Given zo = (1/2, 1/-V2) on the circle 20. What is (2u/an)(2o)? 
We compute Vu(z,) = (1, +). We note also that 
N(Zo) = (/V2, 1/2). 


(Draw a picture!) Thus, we compute 


Bago (ud(4 th 28 

én” "2/ \V2' J2/ a2 
It follows that u(x, y) is increasing as (x, y) moves across the point 
(1/-V2, 1/-/2) in the radial direction. 

2. Now we treat (du/@n)(z) as a function of the variable z on a@Q. 
For definiteness, let uw and Q be as in computation 1. At a point z = (x, y) 
on the unit circle, we observe (picture!) that the outward normal 
derivative satisfies 


N(z) = N&, y) = (xy). 


Note that this is a unit vector, since x? + y? = 1. 
Also, we have for u(x, y) = xy: 


Vu(z) = Vu(x, y) = <2xy, x”). 
It follows by taking a dot product that 
ai a 
pu?) = pitt 9) = Sx¥y = By(l — 9”), 
in on 
since x? = 1 — y? on AQ. 


If we choose to parametrize the circle by the usual angle 0, 
a(@) = (x, y) = (cos 8, sin @), we obtain du/én as a function of 4: 


ou.) = 24 (0)) = 3 cos? @sin 0. 
én én 
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Preview 


We will frequently treat (@u/@n)(z) as a function defined on the curves 
that comprise dQ. This function reflects the tendency of u(z) to change 
across the full boundary 22. 


Exercises to Paragraph 1.3.4 


1. Let P=, + Fi, + I2+ Ts be the (positively oriented) boundary of the 

unit square, as described in Exercise 1, Paragraph 1.2.6. Prove that the outward 

normal derivative (@u/@n)(z) is given by 

(a) —(u/@y)(z), if ze To; 

(b) (@u/Ax)(z), if 2€ Ts; 

(©) @ujdy)(z), if 2€ Ta; 

(d) —(@u/dx)(z), ifzeTs. 

Let 2 = D(Q; 1), so that 82 = C(O; 1). Verify that the outward normal deriva- 

tive (du/an)(z), z € 2Q, is actually the radial derivative (@u/ar)(z) in this case, 

Thus, if u is given in polar coordinates, u = u(r, 6), the outward normal 

derivative is obtained by differentiating with respect to the variable r. 

3. Let 2 be the unit disc as in Exercise 2. Compute the outward normal derivative 
(8u/@n)(z) by expressing the given u in polar coordinates and applying Exercise 
2. Since r = 1 on @Q, (u/@n){1, 4) is a function of @ alone. 


2. 


2\7. 
(©) u(z) = arg z,(—x < @< 2). 
(d) ulz) = xy. 

4. Let 9 be the unit disc as in Exercises 2 and 3, and consider u(z) = u(x, 9) = x. 
Without computing, argue that (é@u/én)(z) = 0 if z is (0,1) or (, —1), 
(au/an)(z) > 0 if z lies to the right of the y-axis (x > 0), and (@u/an)(z) < 0 
if z lies to the left of the y-axis. The point here is that u(z) = x increases as z 
moves from left to right. Note: |z| = 1. 

5. (a) Suppose Q is the unbounded domain determined by |z| > 1, so that 9 is 
the unit circle that is given a clockwise orientation. Verify that (@u/an)(z) = 
—(du/ar)(z) on 62, 

(b) Given u(z) = In |2z|, z # 0, compute (@u/8n)(z) on 22 as above. 

6, Let Q be the unit disc with positively oriented boundary as usual. 

(a) Construct a function u(z) defined for all z # 0 such that (@u/an)(z) < 0 
for all z on 09 and lim,» u(z) = 00. 

(b) Construct a function u(z) defined for all z without exception such that 
(du/@n)(z) < 0 for all z on a2. 

(c) Construct a function u(z) such that (2u/dn)(z) = 0 for z on the x- or y-axis, 
(@u/@n)(z) > 0 for z in the first or third quadrant, (du/@n)(z) < 0 for z in the 
second or fourth quadrant. Of course |z| = 1 in all this. 

7. Some review questions. Standard situation: 2 is a Jordan domain with boundary 
@Q parametrized by 2(s) = (x(s), (s)), where the parameter s is are length. 
The function u(z) is in €1(Q*), Answer true or false. 

(a) For z€ Q, Vu(z) = <u,(z), ux(z)>. 
(b) At a point 2(s) on 2Q, (@u/an)(2(s)) = Vu(z2(s))-N(2(s)), where N(z(s)) is the 
outward normal vector at z(s). 
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(c) The outward normal vector N(2(s)) equals <y’(s), —x’(s)>. 

(a) If Q is the unit disc, then N(z(s)) points toward the origin of the z-plane. 
(e) (eu/én)(z(s)) = ux(2(8))y’(s) — uy(2(8))x’ (8). 

(f) If we consider u(z(s)) as a function of s, then (d/ds)u(z(s)) = Yu(z(s))-T(s), 
where, as usual, T(s) = T(z(s)) is the unit tangent vector at the point deter- 
mined by s, that is, at 2(s). 

(g) (@u/@n)(z(s)) is a vector in the plane. 


1.3.5 Derivatives of Higher Order; the Laplacian 


So far we have discussed the directional derivative, the gradient, 
and the outward normal derivative. Note that all of these are, in a 
sense, first derivatives. Starting at the middle of the next section, we will 
be using only functions that have many more derivatives. (By the way 
do you know any functions—say, y = f(x)—that do not have an infinite 
number of derivatives f’(x), f’(x),... at each x of the interval of 
definition?) 

We recall that (@7u/éx”) or u,. denotes the second partial derivative 
(é/éx)(Gu/ax) (@?u/éx dy) or uxy denotes (a/éy)(@u/dx), and likewise for 
the partial derivatives of u,. Thus, the higher derivatives are defined by 
iteration. The following folk theorem is used often. 


EQuaALity OF MIXED PARTIALS 


Let u;,(z) and u,,(z) exist for all z in Q. If they are continuous func- 
tions of z, then they are equal; u,,(z) = uy,(z) for all z. 


Note: This theorem is false without some continuity for u,, or U,,. 
However, most of the functions we encounter will have continuous 
higher partial derivatives, so there is no cause for concern. 


The Sets @*(Q) 


In the spirit of @(Q) and @'(Q), let us define @*(Q), k = 1, 2,..., to 
be the set of functions defined on © for which all mixed partial deriv- 
atives through the kth order exist and are continuous. 

Note that 


€Q) > @'Q) > @Q) > +++ > S$"). 
Here, @*(Q) consists of those functions u(x, y) all of whose mixed 
partials exist and are continuous throughout 2. 
Announcement: The Laplacian 


We will be very interested in the generalized second derivative of 
u(x, y) given by the function u,, + u,,. This is called the Laplacian of u 
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(after the eighteenth century French mathematician Laplace) and 
denoted Aw; thus, 


Au(z) = Au(x, y) = uxx(%, y) + Uy, y). 


A function u in $?(Q) is harmonic in Q if and only if Au(z) = 0 for all z 
inQ, 


Exercises to Paragraph 1.3.5 


1. Which of the following functions u(z) are harmonic? 
(a) 2x — 3y. 
(b) e* cos y. 
(c) e* cos x. 
(d) In |2|. 
(e) x7 +97, 
(f) x? — y?. 
2. (a) Verify that f(x) = |x| is not differentiable at x = 0, Note that the graph 
y = |x| has a corner at x = 0. 
(b) Verify that fi(x) = f®, |t| dt is continuously differentiable, but has no 
second derivative at x = 0. 
(c) Verify that f,(x) = [= , f.-.@ dt is n times continuously differentiable, but 
lacks an (n + 1)-st derivative at x = 0. Here, f, is defined by iteration. 
(d) Use (c) to prove that @** '(9) is a proper subset of €*(Q) for every domain 2. 


Section 1.4 INTEGRAL CALCULUS IN THE PLANE 
1.4.0 Introduction 


We turn now from differentiating to integrating. We will discuss 
two integrals, the “one-dimensional” line integral 


| [p(, y) dx + a(x, y) dy] 
Tr 


and the “two-dimensional” double integral 


fue y) dx dy. 
a 


The first of these will be defined in terms of the usual integral of calculus, 
using the fact that I is a parametrized curve. 

We have already completed most of the topology (open sets, do- 
mains) and curve theory that we will need. Much of it will be used in 
our presentation of Green’s Theorem. This will be the central result of 
this section and the fact that makes the integration theory of harmonic 
and complex analytic functions work. 
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1.4.1 Line Integrals 


Let T be any piecewise-smooth curve in R?, and let p = p(x, y), 
q = q(x, y) be continuous real-valued functions defined in some set 
containing I’. We wish to give a meaning to 


r= f inde + gel. 
r 


To do this, note that a typical point (x, y) on T is of the form 
(x, y) = a(t) = (a,(#), «2(t)), where a: [a, 6] > T is a parametrization of 
the curve I’. Since x = a,(t), y = a2(t) on I, we have from calculus that 
dx = a',(t) dt, dy = a’,(t) dt. Let us rewrite the integral above with 
these replacements: 
t 


=b 
i, = [p(att))a’ s(t) dt + a(a(d))a’2(¢) dé}. 
t=a 
Check and see that this is now a one-variable definite integral (on the 
t-axis) of the type we learned at our mother’s knee. Were we given the 
functions p, g, and the parametrization a(t) explicitly, we could hope to 
compute J, as a definite integral and get a number. 

We are tempted to define J = I, except for one thing. Suppose we 
had chosen a different parametrization for the curve I, perhaps the are 
length parametrization o(s). Would we get the same number? Does 
I, = 1,2? If so, it would be reasonable to define I as I, (= I, = -++). 

The following fact resolves our quandary. 


THEOREM 7 


Let a and B be equivalent parametrizations of the curve T. Then 
I, = Ij. 


Note: In Section 1.2, a: [a,,b,) >I and 8: [a,, b,] > T were 
defined to be equivalent if and only if a(t) = B(E(@), where E: [a,, b,]) > 
[a2, b2] is a one-one-onto continuous piecewise differentiable function 
with E(t) > 0 for all ¢ in [a,, 6\J. As usual, it suffices to consider a 
smooth, E differentiable. 


Proof; Say a(t) = B(E(t)), s = E(t). Thus, ds = E(t) dt. Then we have 
rb; 
52 f Lplatt)a’ (t) dt + a(act)oa(t) de} 


= [" Pewee, wor at + aocomnsceeory ae 
= [" peeore Gore’ at + ao@opeGOE'o aa 
= [7 treeone’ se) ds + a1BConBs6) dl 
a Oe 
Done, 
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Note; This is a glorious exercise in the Chain Rule. 

Since equivalent parametrizations yield the same definite integral, 
we define I = J, [p dx + q dy] to be J,, as above. 
Observation 


Since x = a(t), y = a,(é), we have 


dx 
at = *uCt) at, 
d 
ef dt = a’,(t) dt. 


A good way to remember the definition of I follows from this. It is (if ¢ 
varies from t = a tot = b) 


> (dx dy 
r= = = —) dt. 
[ae + oa [eS+e3) 


Caution: Even though the notation J; [pdx + qdy] does not 
indicate that an explicit parametrization a is given, we will suppose 
that a parametrization is given, and we will work with this parametriza- 
tion and those equivalent to it. A less ambiguous notation would be 
J. [p dx + q dy], with J, = J, if « and f are equivalent. Inequivalent 
parametrizations of [ may, of course, yield different values of the line 
integral. 


Example 


Let p(x, y) = xy, g(x,y) = 3 (constant), and let a: [0,2] >T 
parametrize the unit semicircle 


= {z= (@,y|lz]=Ly2=0) * 
via a(9) = (cos 8, sin @); see Figure 1.26. What is J; [p dx + q dy]? 


y 
r 
(8) = (cos 6, sin 6) 
O<0<m 
8 
al 
0 (1, 0) Ei 


Figure 1.26 
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We have 


‘@=b 
f Inde + dy] = f [o(a(6))a’(6) dO + q(a0))a'(0) c26] 
4 e: 


=a 
* 

= I [-cos @ sin? 6d@ + 3 cos 0 d0] 
° 


O=x 


nS 
= [- aa S.sin 9] 
3 bat 


=0. 


Let’s compute this integral again. But now we choose another param- 
etrization of I which is equivalent to a. We’ll verify that the integral is 
again equal to zero, as promised by Theorem 7. 

Let #:[-1,1] + be given by A(t) = (-t, V1 — #?). You should 
check that A(t) traverses the semicircle I in a counterclockwise manner 
as ¢ increases from ¢ = —1 to ¢ = 1. Can you find E: [0, 2] > [-1, 1] 
such that ¢ = £(0)? Note —t = cos 6 = x. 

Now we compute J, directly. We have 


I; 


f  [pByp's(t) at + a(BCO)’a(t) ae) 


f- [-tvi — # (+1) dt — 30 — #)-4 at} 


=-1 


$[-30 — #7)? + 30 — HEL, 
=0. 


Thus, J, = I;, verifying Theorem 7, 


The Line Integral of an Exact Differential 


We are about to compute f, p dx + q dy for an important class of 
integrands. 


Our expressions p dx + g dy are known as “differentials,” “first- 
order differentials,” or “one-forms.” If we are given a function u = u(x, y) 
in @1(Q), then its differential is defined to be 


du = u,dx + u, dy. 


For example, if u(x, y) = xy, then du = 2xy dx + x? dy. 

Now suppose we are given a differential pdx + q dy with the 
functions p = p(x, y), g = 9(x, y) in QQ). This differential is said to be 
exact in Q if it is equal to du for some u in $1(Q); that is, 


pdx + q dy = du =u, dx + u, dy. 
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In other words, p and g are not random but are related by the conditions 
P= Un I = Uy, 

An interesting question (see exercises) is, “Given p dx + q dy, is it 
exact (in some 2)?” We'll encounter this again. 

Exact differentials, being derivatives (in a sense), have nice integral 
properties, as the following result shows. It should remind you of the 
Fundamental Theorem of Calculus. 


THEOREM 8 


Let T be a piecewise-smooth curve from 2 to z, lying inside a 
domain Q, Let u € @1(Q). Then 


f du = u(z;) — u(Zo). 
r 


Note: Since the right-hand side here depends only on 2p, 2;, but not 
on I, the integral is independent of the curve joining Zp to 2;. 


Proof: Let a: [a, b] + T be the parametrization. Then 


du = f ” Fuslalt)a’y(t) dt + ry(a(t))a’s(t) ae] 
r a 


i] 


i * © way at 


\ 


u(a(b)) — u(a(a)) 
u(z,) — u(Z). 


Note that this boils down to the Chain Rule for u(a(t)) and the Funda- 
mental Theorem of Calculus for (d/dt)u(a(t)). Done. 


il 


Question 
Let I be a loop, z,; = Zo, inside Q. If u e '(Q), what is Jr du? 


Exercises to Paragraph 1.4.1 


1. Compute the following line integrals directly from the definition. In each case, 
T is the unit circle parametrized by «(¢) = (cos ¢, sin ¢), 0 < t < 2z, as usual. 
(a) Srlx dx — y dy). 

(b) Jr x(dx + dy). 
(c) fry dx. 
(a) fr dy. 

2. (a) Prove that if the differential p dx + q dy is exact in Q (that is, p dx + 
q dy = du) and u € €*(Q), then p, = ds. 

(b) Do you think the converse is true? (A delicate question.) 
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3. Which of the following differentials are exact in Q = R?? Find u if pdx + 
q dy = du. 
(a) y dx + x dy, 
b) dx. 
(c) ydx — x dy. 
(d) e cos y dx — e* sin y dy, 
4. (a) Let ue @(Q). Prove that if [ is a closed loop lying inside 9, then 
Jrdu = 0. 
(b) To which of the integrals of Exercise 1 does this apply? 
5. Let © be the plane R? with the nonpositive x-axis deleted. Recall 0 = 
arg z € $7(Q), once we agree that —a < @ < zx. See the exercises to Paragraph 
1.3.1. 
(a) Verify dé = (x? + y?)"* (—y dx + x dy). 
(b) Observe that the functions —y(x? + y*)~', x(x? + y”)-? are defined in 
IR? — {0} and hence on the unit circle [. 
(c) Verify fy (x? + y?)~! (—y dx + x dy) = 2x # 0. Note that |z] = 1. 
(d) Why doesn’t (c) contradict the result of Exercise 4(a)? 
(e) How does (c) reflect the multivaluedness of arg z? This example is worthy 
of meditation. 
(a) Find u(x, y) such that ye* dx + e* dy = du. 
(b) Compute fr[ye* dx + e* dy], where I is the graph of y=sin x parametrized 
by x, 0 < x < 2/2. Hint: Make the most of (a). 
7. (a) Prove that if F is horizontal [vertical], then dy = 0 [dx = 0] on I. This 
may simplify certain integrations. 
(b) Let Fr = ©, + Tz, where I, is the horizontal segment from zo = (Xo; 0) 
to 2; = (x1, yo) and I; is the vertical segment from 2; to z2 = (%1, 91). Prove 
that 


6. 


ee v1 
[be y) dz + ale, y) dy]= i P(x, Yo) dx + f a(x, y) dy, 
r xo vo 
provided the parametrization of [ is equivalent to one of the natural param- 
eters +x and likewise for I, and + » (as is usually the case). 
8. Prove the following algebraic properties of the line integral by reducing to 
the case of ordinary integrals. 
(@) Srfpidx+qidy]) + Srlp2dx +42 dy)) =Jr [(ps + p2)dx + @i + 92)dy]. 
(b) fr ap dx + bg dy =afppdx + b fra dy, (a, be R). 
9. Proving J-p[p dx + q dy] = — Jr [pdx + q dy). 
(a) Recall that if is parametrized by a(t), a < ¢ < b, then —I denotes the 
reverse journey that is given by 7(z) = a(¢(r)), where t = u(r) = a — (ct — b) 
and a < t < 6. Refer to the exercises to Paragraph 1.2.3. 
(b) It suffices to prove f_, p dx = — Verify that 


f vie pdee [poe Su0) 


where, as usual, (x, y) = (t) = (y1(), 10. 
(c) Verify that the right-hand ea in (b) equals 


_ Peto) a 


dt. 


Hint: Use y(t) = re) = a and the chain rule. 
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(a) Observe that the integral in (c) equals 


=f D(x, y) dx 
r 


as desired. Note that this is nothing more than a long-winded variation on 
the familiar relation 


‘a b 
[roe ~ [[rerae 
P Ns 
of ordinary calculus. 


1.4.2 Double Integrals, Iterated Integrals 


Now we turn from one-dimensional (line) integrals to two- 
dimensional (area) integrals. We trust you have seen some of these 
already. 


The Idea of a Double Integral 

Suppose that 9 is a bounded domain (a disc, say) in R*, and let 
u = u(x, y) be a continuous function defined on Q, u « (). If u(x, y) = 0 
for all (x, y) ¢ 8, then the double integral 


jon 


will be the volume (a nonnegative number) of the right cylinder whose 
base (in the plane) is © and whose height above (x, y) is u(x, y); see 
Figure 1.27. If u(x, y) is negative for some (x, x), then minor adjustments 
must be made to this description. 


=u(x,y)>0 


Figure 1.27 


JS [ udA=volume of cylinder 
a 
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On the Definition 


This interpretation in terms of volume is not a definition of 


[jaw 


because we have not defined “volume.” The usual definition is in terms 
of a limit. Thus, let us subdivide © into pieces AA,,..., AA, (where AA, 
also stands for the area of the jth region). Let z,; be a point in the jth 
piece AA, and form the sum 


n 
S, = Y u(z;) AA; 
i= 

It can be shown that for simple types of domain Q, pieces AA,, and 
continuous functions u(x, y), a sequence S,, S32, S3,..., S,,... of such 
sums (numbers!) will approach a definite limit, provided the “diameters” 
of all pieces AA, approach zero as n approaches 0. Moreover, this 
limit will depend only on w and Q, not on the choice of subdivisions. 
We call this limit the double integral of u over 2, denoted 


[fxs or [eae 


Computation: Iterated Integrals 


Once again we find ourselves with a reasonable definition, but 
with no means of computing. Happily, however, many double integrals 
may be computed as “iterated” integrals: two one-dimensional integra- 
tions performed successively. 

An example should serve to recall this method. Given that Q is the 
triangular region pictured in Figure 1.28 and that u(x, y) = xy, we 


have that 
x=1 =x 
[fuacay =f [f. udy] de 
hy x=0 LJy=o0 


Note that we “integrated out” the variable y first, obtaining an 
integral in x alone, and then integrated out the variable x to get a 
number, It would have been slightly more complicated to integrate x out 
first. 
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Figure 1.28 


Exercises to Paragraph 1.4.2 


1, Let © be the unit square with corners (0, 0), (1, 0), (1,1), (0,1). Compute the 
following double integrals: 
(a) Sfa dx dy, 
) Sfn xy dx dy. 
2, Let u, v € @(@). True or false? 
(a) JJq dx dy = area of Q. 
(b) uw = von implies [fg u dx dy = Jfg u dx dy. 
(©) u > 0 throughout © implies [fp u dx dy > 0. 
(a) The sign of (fg u dx dy depends on the orientation of 22. 
(e) If |u(z)| < M for all ze, then | [fg u dx dy| < M (area of Q). 

3. Let 2 = {(x, y) | x0 < X < %1,¥0 < ¥Y < ¥1}, a rectangle with sides parallel 
to the coordinate axes. Suppose p(x, y) € €'(Q*), where Q* is a domain con- 
taining 0. 

(a) Prove fq py dx dy = Sip (p(x, 91) — p(x, yo) dx. 

(b) Prove that the right-hand side of (a) equals —fzg p dx, provided the path 

@Q is given a positive (counterclockwise) orientation in the usual manner. 
This is the essence of Green’s Theorem for a rectangle. See Paragraph 

1.4.3 for interpretation. 

4, Let D be the disc D(0; R), and let r, @ be the usual polar coordinates. Suppose 
ue CD). 
(a) Verify 


[fuera = [ fur eoe 4 rsin or dr do 
D D 


0=2n =R 
-f (f. utr cos sin Or dr} a. 
o=0 ir=O 


(b) Verify that we may interchange the order of integration in the last integral 


of (a). 
(c) Suppose u(x, y) = (x? + y?) for some function 9(¢). Verify that 


R 
ffe dx dy = 22 f or*)r dr. 
o 
D 
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Note here that the integrand depends only on distance r but not on angle 
9, An example of this would be u(x, y) = temperature at (x, y) due to a point- 
heat source situated at the origin 0. 
5, Compute [fp (x? + 9?) dx dy where D = D(Q; 1), Hint: Use Exercise 4(c). 
6, Compute [fg xy dx dy, where © is the triangle of the example in the text, by 
integrating first with respect to x. Your result should, of course, agree with 
that obtained in the text. 


1.4.3 Green's Theorem 


This is the most important result of Chapter 1. The statements of 
Green’s Theorem and the three Green’s Identities (coming) will involve 
most of the notions we have discussed so far: domains, arc length, the 
gradient, the outward normal derivative, line integrals, double integrals. 

What is Green’s Theorem? It is the two-dimensional version of the 
familiar Fundamental Theorem of Calculus. We recall that this latter 
theorem says 


b 
F(6) — F@ = f F(x) dx. 
Think of it this way: The left-hand side is concerned with the behavior 
of the function F on the boundary (two points!) of the interval, while 
the right-hand side is concerned with the behavior of the “differential” 
dF = F(x) dx on the entire interval (domain of F(x)). 
Just so, Green’s Theorem will tell us that 


[ba + qdyl= J« — p,) dx dy. 


Again, the left-hand side is concerned with the behavior of p dx + q dy 
on a boundary (curve!), while the right-hand side is concerned with the 
behavior of the “differential” (¢, — p,) dx dy over the entire domain. 
We will make a more complete statement of Green’s Theorem in a 
moment. 

History: The English scientist George Green included this theorem 
in a paper published in 1828. However, others had known of it earlier, 
notably Lagrange and Gauss. 


Comment 


We will state and apply a general version of Green’s Theorem. 
However, we will give a proof only in a special case, albeit an instructive 
one, namely, the case where the domain is a rectangle. Most of the 
difficulty of the general proof is caused by the wildly curving boundaries 
that a Jordan domain may have. A proof of an even more general version 
is given in Apostol’s book, Mathematical Analysis. 
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Before stating the theorem, we introduce another notation. If Q is 
a domain with boundary #9 as usual, we let Q* denote a larger domain 
containing both 2 and @Q. Our purpose is this: We wish to be sure that 
our functions are nicely behaved on dQ as well as inside 2. Hence, we 
will play it safe and require that our functions be well behaved on the 
larger domain Qt. 


GREEN’S THEOREM 


Let 2 be a k-connected Jordan domain, and suppose p(x, y), q(x, ¥) 
are functions in @'(Q*), where Q* is some domain containing Q 
and éQ, Then 


f Inds + a dy] = [fem avay 
On 


a2 


Proof: Tt suffices to prove the two independent equalities 


[ pdx = ~[ for ax ay, 
an 
2 
i aay = { [ads ay 
a Fey 


The minus sign in the first equality derives from the orientation. We 
shall prove this first equality and leave the second as an exercise. The 
two are entirely similar. 

As mentioned above, we consider only the special case of a rec- 
tangle: 


Q = (Hy) |x < * < Xo <¥ <M} 


Thus éQ consists of the parametrized line segments I’,, Tz, 3, 4 in 
Figure 1.29. Note the counterclockwise orientation. 


Figure 1.29 
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‘Ella 


e [ ** (w(x, 91) — pla, ¥0)) dx 


We have 


= ke dx dy 
a 


f ™ pls ye) dx + [ lor 94) de 


=| P,y)dx+ | p(x, y) dx 
Ts 


MT 
~ i) px, 9) dx, 
en 


where the reasons for the five equal signs are first, iteration of the 
integral; second, Fundamental Theorem of Calculus for the integrand 
Pp, considered as a function of y alone; third, basic algebra of the usual 
integral; fourth, notation; fifth, dx = 0 on the vertical sides T, and Ty. 
This finishes our proof. 


Comments 


1. Green’s Theorem will enable us to obtain further integral 
relations between behavior inside Q and behavior on dQ. 

2. Our style of proof works for the more general convex domain 
whose boundary consists of curves that can be expressed as the graphs 
of functions, as pictured in Figure 1.30. 

8. The one nontrivial idea occurring in our proof is the Fundamental 
Theorem of Calculus for functions of one variable. 

4. We will use Green’s Theorem freely on Jordan domains 2, 
Remember that for us a Jordan domain may have holes (the annulus) 
and that Green’s Theorem concerns the integral fag over the full 
boundary of 9, a total of k Jordan curves if Q is k-connected. 


A Verification of Green's Theorem 


Let Q be the triangle pictured in Figure 1.31. Note the orientation 
of 29, Let us compute 


[ae - abl 


in two ways: (1) directly, and (2) using Green’s Theorem. 

1. We break 92 into the segments I, 3, T3, noting that I, is 
given by 1 < x < 2,y = 0 (that is, the parameter is x); I’, is given 
x = 2,0 < y < 1 (the parameter is y); and I; is obtained by letting x 
decrease from x = 2to x = 1 whiley = x — 1, 
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Typical decomposition into convex domains: 
ASAP ths 


Figure 1.30 


Figure 1.31 


G0) tT: @,0) 
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Now we break our integral into three integrals: 


best ee 


We calculate these three integrals in turn. 
[y dx — x dy] = 0, 
TY 
since y = 0 and so dy = 0onTy. 


ly dx - xd) = i (-2) dy = -2, 


Tr y=0 


since x = 2 and so dx = 0onT;. 


ly dx — x dy] -[ " (@ - de -— edz, 


Ts x=2 


since dy = d(x — 1) = dx on T3. This becomes 
x= 2 
=f (-1) dx = 2-121. 
=1 


Putting all this together, we obtain with our bare hands 
f {y dx —-x dy] =0-—2+1=-1. 
on 
2. Green’s Theorem tells us, since g, = —1, p, = 1, that 
f Ly dx — x dy] = fa — 1) dxdy = ff dx dy. 
oa ‘2 ‘2 
But we note that 


{fe dy = area of the triangle Q = 4 
a 
so that we again obtain 


f ly dx — x dy] = -2@) = -1. 
on 


This method was much faster. 


Exercises to Paragraph 1.4.3 


1, Let 2 be a Jordan domain. Prove that 
(@) ® Joal—y dx + x dy] = area of 2, 
©) Jon x dy = area of 2, 
Thus the area may be determined by integrating around the boundary! 
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2. Verify that Green’s Theorem yields a short proof of f; du = 0 in the special 
case that u € €7(Q) and both the loop I and the points enclosed by I lie within 
&. Compare equality of mixed partial derivatives. 

Of course we've proved this already in somewhat more general circum- 
stances, 

3. Prove fon a dy = [fn qx dx dy (half of Green's Theorem) in the case is a 
rectangle with sides parallel to the coordinates axes. Use the method of the 
text. 

4, Prove that fy [p(x) dx + q(y) dy] = 0, provided p(x), a(y) (functions of x and y, 
respectively), are continuously differentiable on and inside the closed loop I. 

5. A physical interpretation of Green’s Theorem. Let V(x, y) = <p(x, y), a(x, 9)> 
be a vector field, that is, a rule that affixes to the point (x, y) the vector V(x, y). 
Suppose p, g € 1(Q*) (usual convention with A+ > 1 > Q). 

(a) Verify Jogipdx + qdy] = fog V-T ds, where T = T(s) is the unit tangent 
to the curves comprising 99 as usual, and the integral on the right is taken 
over all such boundary curves. 

If we think of V(x, y) pointing out a fluid flow over the plane, then 
Soa VT ds, the circulation, indicates the net amount of flow around the 
curves @Q, 
(b) We define ¢, — p, to be the curl of V = <p, g>, written curl V. The number 
curl V(x, y) measures the rotational tendencies of the flow V at the point 
(x, y). Prove (mathematically and physically) that 


Circulation around 22 = {f= V dx dy. 
2 


6. Prove Green’s Theorem for the convex domain 2 whose boundary (a loop) 
consists of four curves, each of which can be expressed as the graph of a 
function of x or y, as mentioned in the text (see Comment 2), 
Note that the disc and triangle are included here. 
What guarantees [, [p dx + q dy] = 0? Let T be a simple closed curve in the 
domain 9, and suppose the functions p, g are in €(), Consider the following 
hypotheses: 
@) The interior of I is contained in 2; 
Gi) 2 is simply connected (no holes); 
iii) p dx + q dy is exact in 9; 
(iv) p, g € @1(Q) and p, = g, throughout 2, 
(a) Only hypothesis (iii) is sufficient to guarantee that the integral in question 
vanishes. Give a full justification of this statement, including proofs and 
counterexamples. 
(b) Verify that either geometric hypothesis (i) or (ii), taken with either con- 
dition (iii) or (iv), together suffice to guarantee that the integral vanishes. 
8. What guarantees p dx + q dy is exact? Let p, q € @(Q). Consider the following 
conditions: 
@ p,q € 6*(Q) and p, = g, throughout 2; 
i) If T is any closed curve in Q, then f, [p dx + q dy] = 0; 
Gii) If F is any simple closed curve in 9 whose interior also lies in Q, then 
Srp dx + q dy] = 0; 
(iv) For every pair 2o, 2; of points in Q, the line integral of pdx + q dy 
is the same over every curve from Zp to 2: which lies in Q (“inde- 
pendence of path”). 


1. 
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(a) Which of these conditions is alone sufficient to guarantee that p dx + 
qdy = du for some u€ 1(Q)? Give proof or counterexample for each con- 
dition. Helpful: Exercise 5 to Paragraph 1.4.1. 
(b) Suppose now we give 2 some structure, namely, we grant that Q is simply 
connected, Which of (i), Gi), (iii), (iv) now guarantee the existence of u? 
(c) For meditation: Some “likely” differentials fail to be exact on © if 2 is 
not simply connected. 

9. The Inside-Outside Theorem, Let 2 be a k-connected Jordan domain and 


u(x, ») € €(Q*), Then 
j inde [feuded 
on, oT J 


Hint; Write (du/dn) ds in the form p dx + ¢g dy and apply Green’s Theorem. 
See Paragraph 1.4.4 also, and Exercise 9 there, 


1.4.4. Green's Identities 


Green’s Theorem may be used to simplify the computation of some 
line integrals. There are many other applications, however. The first of 
these will be the three Green’s Identities. These formulas may appear 
somewhat bizarre, but they are very useful, The first two are all but 
immediate consequences of Green’s Theorem. Green’s III is a bit deeper 
Gt works only in conjunction with a particular function, the logarithm) 
and takes a bit more work to establish. 

Throughout our discussion, 2 is a Jordan domain and the functions 
P(x, y), a(x, y) are in €7(Q+); that is, all second partials exist and are 
continuous throughout some domain larger than Q = Qu aQ. Hence, 
we need not worry about existence of derivatives at the boundary, etc, 

We have, as usual, Vp(x, y) = (p,(x, y), p(x, y)), the gradient of p 
(a vector depending on the point (x, y)), and Ap(x, y) = Dyx(*, y) + 
Py,(x, y), the Laplacian of p (a continuous function). 

It is sometimes helpful to write 


v= (2.2), 
ax Oy 


the gradient differential operator, so that 


Ce aa 
V-V=e(—,—)(—,— 
ee ¢) iz Z) 


ia a 
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But this is the Laplacian operator, A = V-V; this last is also written V?, 
so that we sometimes see A = V7, 


An Important Integral 
We will be discussing the integral 


aq 
= ds. 
og ON 


Our notation here appears confused. The symbol fq indicates a line 
integral over the Jordan curves that comprise dQ, whereas the integrand 
looks like an ordinary function of s (in contrast with A dx + B dy). 
Let us recall, therefore, that if o(s) = (o,(s), o2(s)) parametrizes one of 
the curves of 8 by arc length, then 


N = NG) = (x8), —0's(8)) 
(refer to Section 1.2). Hence, 


24 as = Vq-N ds 
on 

(xs Iy)* (6'2(8), —0°s(8)) ds 
9x9'2(8) ds — qyo’,(s) ds 

qx dy — gy dx. 


i 


woul 


Thus we agree that 
{ 2 gy means [ (a. dy — a, dx], 
22 on 


an honest line integral! Our hybrid notation will prove worthwhile, 
however. 


THEOREM (GREEN’s I) 
Let Q be a k-connecied Jordan domain and p, g € €7(Q*). Then 


[fvevaaeay = [ psa ds — [ {pda dx dy 
oq «on 
a ‘2 


Meaning: This theorem is 4 two-dimensional version of integration 
by parts from ordinary calculus. Recall that 


b b 
[uae =u] ~ [vd 
a a a 


Now correspond u + Vg, du + Vp, whence v + p, du + V-Vq = Aq. 
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Proof; The idea is to use Green’s Theorem on the line integral in the 
statement. Unwinding this integral yields 


[o's Pia ds = [toe ay - Pay dx] 
-{ {(—pa,) dx + (wa, ay] 
02 


= i} ii [Px9x + PQxx + PyIy + PQyy] dx dy 
2 


= [ftve-ve + p Aq] dx dy, 
2 


which is equivalent to Green’s I. Done. 


THEOREM (GREEN’s II) 
Let ©. be a k-connected Jordan domain and p, g « $>(Q*). Then 


[, (i -«2) a -/ (p Aq — q Ap) dx dy. 
an nN, - 


Meaning; Symmetrized Green’s I. 


Proof: Since the left-hand side of Green’s I is symmetric in p and g 
and the right-hand side is not, we may interchange p and q to get another 
formula. Subtracting the second formula from the first yields 


o=[ (ox ~ a3) as ~ [fos ~ aan dear, 


which is Green’s II. Done. 


Before going on to Green’s III, we pause to note a very easy con- 
sequence of Green’s I. We will use it once or twice crucially. It appeared 
earlier in the exercises to Paragraph 1.4.3. 


Tue InNsipe-Outsipg THEOREM 
Let Q be a k-connected Jordan domain and q € @7(Q*). Then 


oe Ids = Ife dx dy. 
00 én 


Proof: Let p = 1 (constant) in Green’s I. Done. 
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Comment on the Inside-Outside Theorem 


The outward normal derivative dg/@n measures the rate of change of 
q across the boundary 29 at a fixed point on the boundary. Integrating 
this rate of change over the full boundary @Q gives some sort of “net 
change” of q across @Q, This is the “outside” part of the theorem. We are 
told that this net change of g across dQ can be obtained by integrating 
Ag over the “inside,” that is, over Q. 


Towards Green's III 


Now we come to Green’s III and thereby raise a theme central to 
these chapters: determining interior behavior by behavior on the 
boundary. To be more explicit, we want to know q(¢) for all (€9 (a 
Jordan domain, of course) when we are given only (i) g(¢) exists and is 
twice continuously differentiable on 2 and AQ, (ii) Ag(z) is known for all 
z €Q, (iii) g(z) is known for all z ¢ dQ (boundary values of g), (iv) Va(z) 
is known for all z € 6Q. Green’s III assures us that g(¢) is determined by 
the data (i)-(iv), and in fact we have the remarkable formula 


a =2 ff» phate) eds = 2 it (in pty = ef? ") ds, 
Qn an én 


Qn én 
2 


where r = |z — ¢|. In this formula, z = (x, y) and all the 2’s, x’s, and y’s 
e “integrated out,” leaving a number that depends on ¢. This number 
is q(¢). 
The function In r is, of course, the natural logarithm of r. We need 
some information about In r in order to prove Green’s III, Consider 


Lemma 9 


Fix € € R?. Let r = |z — ¢| for variable z « R?. Then 


(i) In r is constant on circles C(¢; r) centered at ¢; 
(ii) In r is harmonic as a function of z = (x, y) in the punctured 
plane R? — {€}; that is, Alnr = 0. 


Proof: (i) This is true because r itself (the radius) is constant on 
circles. 

(ii) This is a straightforward exercise in taking partial derivatives. 
To begin, if z = (x, y) and { = (, »), then r = [(x — &? + (y — »)7]!”, 
From basic calculus, therefore, In r = 41n [(x — &? + (y — »)?]. We 
leave it to you to show that the Laplacian of this function vanishes. 
Done. 


Now we may establish our main result. 
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THEOREM (GREEN’s III) 


Let Q be a k-connected Jordan domain with ¢ € Q and let qe @7(2*). 
Let z = (x, y) and r = |z — ¢|. Then the value q(£) is given by 


at -%/ In r Ag(z) dx dy 
2x 


a 
2 x fe (0 r 24) ae) ") ds, 


Proof: Our plan is to apply Green's II with p = In r in the domain 
Q — DC; 2), where D(C; «) is the closed disc of radiuse > 0. Then we will 
let ¢ tend to zero and show that everything works. Note that we can’t 
apply Green’s II to the full domain Q because In r is not defined if z = ¢ 
(whence r = 0). “ 

(a) We orient C(¢; e), the circular boundary of D(¢; 2), so that the 
outward (that is, outward from 2 — D(C; «)) normal points into the disc 
D(C; 2) directly toward ¢. See Figure 1.32. 


7) 


ln 
on 


Figure 1.32 


(b) Hence, taking the outward normal derivative in the direction of 
N gives —1 times the “radial” derivative, that is, the derivative with 
respect to r(= the distance from {). 
(c) From this follows 
op op 1 


én or r° 


which equals —(1/e) on C(¢; ¢). Note here that p = In r. 

(a) Writing Green’s II and using Ap = Alnr = 0, dp/én = —(1/e) 
on C(f; «), ds = e¢d@ on C({; 2) (polar coordinates centered at £), we 
have 


21 
ine 22 — g2lBr ds + [ (Ine? +02) eao 
aon on on 0 on é 
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Here we have used the fact that the boundary of 2 — D(; «), for small 
enough ¢, is the union of 802 and C(C; «). Thus we get integrals around 
8 and the circle C(¢; «). 

(e) Now we examine 


2n 
f (ine 2 + 92) od 
0 on € 


We integrate each term separately. First, we have the crucial cancella- 
tion of 1/e with ¢ (thanks to In r), giving 2" q d0. Here, q is regarded as 
a function on C(¢; «), so g = g(e, 8) in polar coordinates centered at (. 
Since the integral involves @ only (¢ is fixed), we have from the Average 
Value Theorem of integral calculus that there exists an angle 6, 
(depending on e) such that 


2K 
I q dé = 2n-a(e, 8,), 0 < 6, < 22. 
° 

(Recall that the Average Value Theorem says that if g(x) is continuous, 
then f° g(x) dx = g(x*)(b — a), where x* is some point satisfying 
a < x* < b, Geometrically, this says that the net area under the graph 
of gis equal to the area of a rectangle whose height is g(x*), the “average 
value” of g(x) on the interval.) See Figure 1.33. 


Area under curve 
=area of rectangle; 


average value b 
of g(x), g(x") hi a(x) dx 
asxSb be 
=a(x*) (b—a) 


Average-Value Theorem of Integral Calculus 
Figure 1.33 


It follows that as « tends to zero, 2zq(c, 0,) approaches 2nq(f), since 
q is continuous and ¢ is determined by the condition ¢ = 0. 
(f) What of the other half, namely, [2% «ln (éq/dn) d0? This 


equals 
2n 
elne f 24 49 
lo «(ON 


for fixed ¢. But as e tends to zero, it can be shown that ¢ In « also tends to 
zero (use L’Hospital’s Rule). 
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Hence, the equation in (d) reduces to 


2nq(t) = lim ff Inr-Ag ds dy ~ [ (in +52 — 22) a 
on én 


s+0 


We conclude that the limit on the double integral must exist (since 
everything else in the equation does) and it must equal 


i} In r-Ag dx dy. 
a 
This proves Green’s III. Done. 


Green’s III is primarily of theoretical importance. We'll use it as a 
steppingstone to the Poisson Integral Formula in Chapter 2. 


Exercises to Paragraph 1.4.4 


1. Suppose p, g are harmonic, Ap = Ag = 0 (see Section 1.3) throughout 2+. 
Prove that 
(8) Jon Malan) ds = for a(ap|én) ds, 

(b) Son (@q/@n) ds = 0. 

2. Prove (ii) of Lemma 9, that is, In |z — ¢| is harmonic as a function of 2 in 
R? — {0}. You may do this either by taking second partial derivatives with 
respect to x and y, or by proceeding in a more general fashion, namely, by 
first showing that Au = ux, + Uyy = Un + (i/r)u, + (1/r?)ugg (the Laplacian 
in polar coordinates) and then writing u(r, 8) = In|z — ¢| = Inr (polar 
coordinates centered at ¢). You should transform the Laplacian into polar 
coordinates at least once in your life. Start with u, = u,Tx + UgQ,, etc. 

3. Suppose © is a Jordan domain, and u, ve €7(Q*) such that u(z) = u(z) 
and (éu/8n)(z) = (av/@n)(z) for z € 4M, and Au(t) = Av(¢) for { € O. Prove that 
uct) = v(¢) for all { € Q. Thus, a function is determined by certain boundary 
behavior together with the behavior of its Laplacian in the interior. 

4, In the spirit of Exercise 3, deduce that u, if harmonic in Q, is determined 
entirely by the values of u(z) and (é@u/4n)(z) on the boundary aa. 

We comment that Chapter 2 will show that a harmonic function is fully 
determined by the values u(z) on @Q alone; that is, (@u/@n)(z) also depends 
on the values of u on @Q and the fact that Au = 0. It follows that we should 
not expect to specify the “boundary values” u(z) and (@u/@n)(z), z € 2M, at 
will, and then concoct a harmonic function u in 2 which assumes those 
values. In general, we must be very careful in using Green’s III to construct 
functions on 2. 

5. Prove «In e— 0 as < — 0. Hint: Consider In ¢/(1/e). 

6. Name four famous theorems of ordinary one-variable calculus that were 
applied in this chapter. 

7. Write down a line integral over the boundary #9 which shows how a function 
u(t) harmonic in * is determined inside 2 by information relating to 20. 
Use one of the Green’s Identities. 
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8. 


10. 


Let Q be the disc D(0; R) and suppose u is harmonic in 2*. Use your integral 
representation of Exercise 1.7 to prove the Circumferential Mean-Value 
Theorem (here z = 2(s) on C = @Q): 


1 1 [7 : 
u(0) = aR a de = xf u(R cos 6, R sin 6) dé. 
Thus, the value u(0) at the center is an average or “mean” of its values on the 
rim. 

Deduce that the integrals must be independent of the radius R because 
the value u(0) surely is. 


. A direct proof of the Inside-Outside Theorem. Obtain this formula using 


Green’s Theorem only, without mention of the Identities. We have 2 a Jordan 
domain with boundary curve (or curves) given by z = 2(s) = (x(s), y(s)) as 
usual (arc length parametrization), Also, N(2(s)) is the outward normal 
vector to at the point z(s), and u = u(z) € €*(Q*). 

(a) Verify that (@u/én)(z(s)) = vu(z(s))-N(2(s)). 

(b) Verify N(2(s)) = <y(s), —x'(s)). 

(c) Use (a) to write (@u/8n)(2(s)) ds in the form p dx + q dy. 

(d) Apply Green's Theorem to conclude the Inside-Outside Theorem: 


ou 
—ds=||A ‘ 
ham? ff u dix dy. 
cy 


The Divergence Theorem for vector fields. This theorem generalizes the Inside- 
Outside Theorem to an arbitrary vector field V(z) = <A(z), B(z)> (see 
Exercise 5 to Paragraph 1.4.3), not merely the gradient of u. Here, A(z), B(z) 
are functions in $1(Q*) and we define the divergence of V (written div V) to 
be the function 

div V(z) = V-V(z) = Az) + B,(z). 


(a) Write V(2(s))-N(2(s)) ds in the form p dx + q dy. 
(b) Apply Green’s Theorem to conclude that 


f, V-Nds = [fae vaca. 
a a 


(c) Convince yourself that the left-hand integral measures the net flow of 
the vector field V(z) across the full boundary 62, 

(d) Likewise, div V(z) is a number that measures the tendency of V to flow 
away (diverge) from the vicinity of the point z. Look at some special cases to 
convince yourself of this, 

(e) Convince yourself, making reference to (c) and (d), that the Divergence 
Theorem in (b) is reasonable on physical grounds. 


2 


Harmonic Functions in the Plane 


Section 2.1 SOME BASIC PROPERTIES 


Now we single out a certain class of functions for special considera- 
tion. A function uw = u(z) = u(x, y) is harmonic in Q if and only if 
u € $7(Q) and also u satisfies Laplace’s equation in Q; that is, 


Au(x, ¥) = Uzx(x, y) + Uy,(x, y) = 0 


for all (x, y) in Q. As usual, 2 is a domain (not necessarily bounded) in 
R?. Harmonic functions have readily understandable physical interpreta- 
tions (see Section 2.2) as well as nice mathematical properties and are 
also prominent in the study of another important class of functions, the 
analytic functions of a complex variable (Chapter 3). 


Examples of Harmonic Functions 


Example 1, Any constant function, in particular the function that is 
identically zero, is harmonic in Q = R?. 


Example 2. The functions u(x, y) = x, v(x, y) = y are harmonic in 
R?, since all second derivatives are zero. 


Example 3. The functions x? — y? and xy are harmonic in R?, as you 
should verify. However, x? + y? is not harmonic. 


Example 4, The functions e* sin y and e* cos y are both harmonic in 
R?. 
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Example 5. The sum wu + v of two harmonic functions in 2 is har- 
monic in Q (proof?) as is the product cu of a harmonic function u by a 
scalar c. Thus, 2x + 3y and 2 — x + y are harmonic. However, the 
product of two harmonic functions may fail to be harmonic (consider x’). 


Example 6. In contrast to the above, the function u(z) = Inr = 
In |z — ¢| is not defined at z = ¢ (some given point of R*) and hence it 
cannot be harmonic in all of R?. It is a straightforward exercise in taking 
second derivatives to verify that u(z) = u(x, y) is harmonic in the 
punctured domain R? — {¢}. We used this function in our discussion of 
Green’s III in Chapter 1. We'll use it again. 


Now let us apply some of the general integral theorems of Chapter 1 
to harmonic functions. Hence, Q will be a Jordan domain with boundary 
OQ, and Q* is a larger domain containing 2 and @Q. Our functions will 
be nicely behaved in all of 2*, hence certainly in Q and its boundary, 


‘THEOREM 1 


Let 2 be a k-connected Jordan domain and u a harmonic function in 
$?(Q*). Then 


@) Jan @ulén)(z) ds = 0; 
(ii) for € €Q, 2 € 20, r = |z — ¢| as usual, we have 


1 éu élnr 
u(t) = — oe is (im ra) — u(z) oe ) ds. 


Proof: Just apply Au = 0 to the Inside-Outside Theorem and Green’s 
Ill, respectively. Done. 


Comments 


1. The first formula says that for a harmonic function, the “net 
flux” across the entire boundary @Q is zero. We will discuss this at 
greater length in Section 2.2. 

2. The second formula says that a harmonic function is determined 
by its “boundary behavior.” That is, if we know that wu exists and is 
harmonic in Q* and if we know also u(z) and (du/@n)(z) for z on dQ, then 
we can by integration obtain u(¢) for ¢ inside Q. This uses the fact that 
once the curve (or curves) dQ is given and ¢ is selected inside Q, then the 
function In r = In|z — ¢| is well known. “Determination by boundary 
values” is a remarkable property of harmonic functions. We will have 
much more to say on this also. In fact, we'll see that u(¢) is obtainable 
without (du/dn)(z). 

3. In both formulas (i) and (ii) we understand that z = 2(s); that is, 
each curve comprising a part of dQ is parametrized by arc length s. 
Note, too, that r in formula (ii) is a function of s as well as of z. 
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Exercises to Section 2.1 


1, Which of the following functions are harmonic in 2? 

(a) 4x — 8y, 2 = R?; 
b) e*, 2 = R’; 

(c) 2x? — 3y?, 2 = R?; 
@) In |z|,9 = R? — 0}; 
(e) e* cos x, 2 = R?; 

(f) x3 — 3xy?, 2 = W?. 

2. Suppose u(x, y) = e*g(y) is harmonic in R?. Show that g(y) must be of the form 
A cosy + Bsiny for real A, B. 

3. Suppose u, v are functions defined in Q such that u, v € €7(Q) and, moreover, 
Ux = Uy, Uy = —v, (the Cauchy—-Riemann equations). Prove that u and v are 
each harmonic; that is, show ux. + U,, = 0, and likewise for v. 

4, Given that u is harmonic in a domain Q containing the closed disc D(0; R). 
Deduce from Theorem 1 that {3* (@u/@r)(R, 0)d@ = 0, where r, @ denote 
polar coordinates. 

5. A naive student deduces from Green's III that every function a(x, y) in €7(Q*), 
harmonic or not, is determined inside Q by its behavior on the boundary 62. 
Which term of the identity has he overlooked? 

6. The functions u({) = 0 and v(¢) = In |¢| agree on the unit circle C(0; 1) and 
are harmonic in R? — {0}, yet are clearly different functions. Why does this 
not contradict the fact that harmonic functions are determined by “behavior 
on the boundary?” Hint: Can we represent In |¢| for |¢| < 1 by Green's III? 

‘7. Suppose u is harmonic in © and, moreover, u € €7(Q) so that uz, uy € €7(Q). 
Are u,, uy harmonic? 

8. Verify formula (i) of Theorem 1 for u(x, y) = x? — y?, 2 = DQ; R), as follows: 
(a) In R?, u(x, y) = u(r cos 6, r sin 8) = r? cos 20, 

(b) au/an = du/ar = 2r cos 20 for positively oriented circles (r = constant) 
centered at the origin. 

(©) Fixing r = R, show du/ar = 2R cos (2s/R). Hint: s = RO. 

@) Deduce fag (Au/8n) ds = [3*® 2R cos (2s/R) ds, which vanishes. 


Section 2.2 HARMONIC FUNCTIONS AS STEADY-STATE 
TEMPERATURES 


2.2.0 Introduction 


The purpose of this section is to show that a harmonic function 
defined in a domain is the same thing as a steady-state temperature in 
the domain. We know what a harmonic function is (Au = 0). So now we 
must explain the meaning of “steady-state temperature.”’ This will be 
very informal kitchen-stove physics. 


2.2.1 Steady-state Temperatures 


Suppose Q is a Jordan domain with boundary 29 as usual. We 
assume that © = 9 u @Q is made of some heat-conducting substance (a 
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metal plate, say). We further suppose that at each point z of 0, heat is 
either being fed into the plate © or removed from it, The temperature at 
the point z is denoted u(z). This is a real number—positive, negative, or 
zero—but will not be referred to any scale such as Celsius. We suppose 
that as z varies around the curve (or curves) 29, the function u(z) 
varies continuously. See Figure 2.1. 


Heat out 


Heat out 


Unbroken curves: curves of constant temperature (isotherms) 
Arrows: paths of heat flow 


A steady-state heat flow 
Figure 2.1 


Of course, heat is flowing in the entire plate %. Roughly speaking, 
it is flowing across 2 from hotter spots on the boundary to relatively 
cooler spots on the boundary. The temperature may vary from point to 
point in ©, but we make the additional very important assumption that 
at any fixed point ¢ the temperature does not vary with time. In this case 
(temperature u(¢) is independent of time) we say that steady-state con- 
ditions prevail, that u(¢) is a steady-state (or stationary) temperature in 
, ete. Our aim is to show that Au = 0 throughout Q. 

Hence, we want to transmute this situation into a mathematical 
statement about the function u. We assert that, in the steady-state case, 
the amount of heat (a notion we do not define!) flowing into any small 
portion of © in a given span of time is the same as the amount of heat 
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flowing aut of that portion. Otherwise, that portion would heat up (or 
cool off) and the temperature at points inside the portion of plate would 
change in time, contradicting the steady-state hypothesis. 

Suppose I is a small simple closed curve (a loop) inside Q whose 
interior lies entirely inside Q. In the steady-state case, the net amount 
of heat flowing across I is zero (heat in — heat out = 0), But rate of heat 
flow across a given point z on I depends essentially on (du/dn)(z), the 
outward normal derivative of temperature at z. An example to convince 
you of this: If (du/én)(z) is a large positive number, then the temperature 
just outside T near z is a good deal higher than the temperature just 
inside I near z, and hence heat is flowing into the interior of T at the 
point z (from hot to cold). Since we agree that the net heat flow across 
is zero, we must conclude that the net temperature change (“tem- 
perature flux”) accumulated around the entire curve I is zero. But this 
gives us an integral equation: 


Net temperature flux = I oe ds = 0. 
ir on 


In summary, we have argued as follows: 


u = steady-state temperature in 1 
=> net heat flow across every loop [ is zero 
=> net temperature flux across [ is zero 
=> Jr @u/én) ds = 0. 


This last formula is reminiscent of Theorem 1. However, we still 
have not shown that a steady-state temperature satisfies Au = 0. We 
will attend to this last link in the chain of reasoning in Paragraph 
2.2.2. It is concerned with integration, not physics. 


Exercises to Paragraph 2.2.1 


1. One-dimensional heat flow. Regard the real interval a < x < b as a heated 
wire, with the temperature at x given by some function u(x). Suppose u(x) 
does not vary in time. 

(a) Convince yourself that u(a) > u(b) implies that heat is flowing at a steady 
rate from a to b. 

(b) Moreover, the graph of y = u(x) is a straight line, whence u satisfies the 
“one-dimensional Laplace equation” u” = uz, = 0. 

2. The heat-flow vector. This is another mathematical tool (not used in this 
section) for describing the temperature u(x, y) in a plane domain 9. 

(a) Recall that the gradient Yu(z) points from z in the direction of maximal 
rate of increase of temperature u. 

(b) Argue that, at the point z in Q, heat is flowing in the direction pointed 
out by the “heat-flow” vector V(z) = —Yu(z) (note minus sign), 

(c) Verify that the temperature u is harmonic if and only if the “divergence” 
div V of the heat-flow vector is identically zero. (If V(z) = <p(z), q(z)> is 
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any vector field, we define div V = div V(z) = p,(z) + ¢,(z), a function of 
2.) Language: A steady-state heat flow is “divergence-free.”’ Heat is not being 
dissipated at any point. 

3, Logarithmic temperature distribution, Let u(z) = —In |2| give the temperature 
at point z. We know it’s harmonic. We deal here with temperature in the 
entire plane rather than in a bounded domain, 

(a) Observe that the temperature at the origin is infinite (an infinite source of 
heat). 

(b) Observe that the temperature is the same at all points of any circle 
centered at the origin. 

(c) Find all points with zero temperature. 

(d) Verify that the net flux of temperature across the unit circle is —2z. 
Note: f, (@u/@n) ds, 

(e) Relate the negativity of the net temperature flux across the unit circle to 
the fact that heat is flowing away from the origin and out of the unit disc at a 
steady rate. 

(f) Why doesn’t all the heat eventually leave the domain 0 < |z| < 1? 

(g) Verify that the net temperature flux across any circle |z| = R equals 
—2z, independent of R (compare (e)) and justify this independence of R on 
elementary physical grounds. 

In this exercise we have translated mathematics into physics. Contrast 
the following exercise. 

4, An infinite heat source. Suppose the origin is an infinite source of heat in the 
zplane and that the heat flows radially outward equally in all directions. 
Suppose further that steady-state conditions prevail in the sense that the 
total amount of heat flowing each second across any circle |z| = R is the 
same, independent of the radius R (and so temperature at a point does not 
vary in time). Show that the temperature function must be of the form 
u(z) = A In |z| + B with A < 0, as follows: Note that we are here translat- 
ing physics into mathematics. Contrast the preceding exercise. 

(a) Argue that u(z) satisfies lim,.9 u(z) = +0 (compare u(0) = +0). 
(b) Argue that ug = 0 so that u depends on r = |2| alone. 

(c) Argue that [3* u,(R)R dé is independent of R. 

(d) Deduce that u,(r) is a constant multiple of r~'. 

(e) Conclude that u is of the form A In r + B, as claimed. 

Moral: The logarithm and the source of a steady-state heat flow are 
even more closely related than you may have guessed from Exercise 3. But 
after seeing Green’s III and Theorem 1 in Section 2.1 you should agree that 
the logarithm is special. 

5. Source and sink. Let the temperature u(¢) = In |{ — Co| — In |¢ — |, where 
So, ¢1 are distinct. 

(a) Verify that u is harmonic except at fo, (1. 
(b) Locate the source and sink of heat in this temperature distribution. 
(c) Describe the set of points of zero temperature. 

6. One-dimensional vs. two-dimensional. 

(a) Verify that the steady-state temperature f = f(r) in a wirea<r<b 
such that f(a) = 0, f(b) = 1 is given by f(r) = (r — a)/(b — a). Compare 
Exercise 1. 

(b) Verify that the steady-state temperature u = u(r, 0) in the annular plate 
a<r<b,0 < @ < 2x (with a > 0), which satisfies u(a, 0) = 0, u(b, #2) = 1 
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(constant on each boundary circle) is given by u(r, 8) = (nr — Ina)/(n b — 
In a). Note independence of @. 

Moral: The temperature distribution for the annulus, although inde- 
pendent of 9, is not obtained merely by rotating the distribution for the wire. 
Note that (r — a)/(b — a) is not harmonic in the plane. 


(c) Can you prove the uniqueness assertion implicit in our wording of (b)? 


7. Argue on physical grounds that if there are no sources or sinks of heat in 


the closed dise |z| < 1 and if the temperature at every point does not vary 
with time and, moreover, equals zero everywhere on the rim |z| = 1, then in 
fact the temperature is zero everywhere in the disc. 


8. The heat equation. Granted that the temperature u = u(x, y, t) at the point 


10. 


(x, y) and time ¢ satisfies the heat equation u, = ux. + u,y. Argue that if the 
temperature is actually steady-state, then in fact u satisfies Laplace’s equa- 
tion. Hint: Steady-state = time-independent. 


. Potential functions. A vector field V(z) = <p(z), a(2)>, with p(z), q(z) fune- 


tions in €(Q), is conservative if it is actually a gradient, that is, if there exists 
a function y in @1(Q) such that V(z) = Vy(z). In this case, w is said to be the 
potential for the field V. 

(a) Prove that the heat-flow vector of Exercise 2 is conservative by observing 
that y(z) = —u(z), where u is the temperature function, serves as a potential 
function. 

(b) Prove that V(z) is conservative in 9 if and only if the integral 
Sr V(2): T(z) ds = 0 for every closed loop IF inside Q, Here, z = 2(s) is the 
are length parametrization of T and T is the unit tangent vector. Hint: If 
V = Wy, then p dx + g dy = dy, an exact differential. 

(c) Conclude that if V is conservative, V = Vy, then 


f * V(z)- T(z) ds = wer) — w(zo, 


where the integral is taken along any curve in 2 from zo to 2;. Thus, the 
flow from zo to z, depends only on the difference in potential at the two points, 
Conservative fields are desirable in part because functions are often easier to 
handle than vector fields. 


Which vector fields are conservative? Let V(z) = <p(z),q(z)> with p, qe €'(Q). 
Define curl V(z) = 9;(z) — p,(z), as in Exercise 5 to Paragraph 1.4.3. 

(a) Prove that V conservative implies curl V = 0 throughout Q, 

(b) Let 2 be an open disc, Prove that V is conservative if and only if curl 
V = 0 throughout Q. Hint: Green’s Theorem and Exercise 9(b). 

(c) Let 9’ be the punctured disc 0 < |z| < 1, and 


Fan penis Sep Pe 
V(z) (3 t's 4 ry. 
in 9’, Prove curl V = 0 in 9’ but Vis not conservative in 0’, 


Moral: On domains with holes (not simply connected), necessary con- 
ditions for conservatism need not be sufficient. The same is true for exactness 
of differentials, 
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2.2.2 A Characterization of Harmonic Functions 
This is an extension of the first part of Theorem 1. 


THEOREM 2 


Let © be a plane domain and u <¢ $7(Q). Then u is harmonic in Q <> 
for every Jordan curve T inside 2 whose interior lies inside Q we 
have 
du 
> ds =0. 
ron 


Proof: (=>) This is a minor variation of (i) of Theorem 1. 


(=) This will follow from the so-called ‘Bump Principle.”” We want 
to show Au(¢) = 0 for all fe 2. 

Assume, on the contrary, that Au(¢) > 0 for some { € (same idea 
if Au(Q) < 0). But Au is continuous, so we conclude that Au(z) > 0 for 
all points z in some small open area around the point ¢. That is, its 
graph has a “bump” above ¢. Let I be a small circle around ¢ inside this 
open area, and let D be the disc whose boundary is ’. Then 


[fom aeas >0 
D 


because Au > 0 in D. By the Inside-Outside Theorem, therefore, the 
number Sr (éu]én) ds > 0. This contradiction shows Au(¢) = 0 and 
completes the proof of Theorem 2. 


The Steady-State Interpretation Completed 


Using Theorem 2 and Paragraph 2.2.1, we conclude that a steady- 
state temperature u = u(z) inside a Jordan domain is harmonic. 
Conversely, we may interpret a given harmonic function as a steady-state 
temperature. What we have done is deduce from physical considerations 
the partial differential equation of steady-state heat flow, namely, 
Laplace’s equation, 


Au = 0. 


Now we may use our intuition about temperature to guess at or interpret 
theorems about harmonic functions. See Paragraph 2.2.3 for some 
guesses, 

For example, “determination of a harmonic function by boundary 
behavior” (see (ii) of Theorem 1) is now quite believable: The temperature 
inside a plate is determined by the heat input that is maintained along 
the edge (boundary) of the plate (assuming no heat sources or sinks 
inside the plate). 
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More on the Bump Principle 


This is worth singling out for special mention. It enables us to 
deduce information about a continuous function from information 
about its integrals. Note that it depends on continuity, not on differ- 
entiability. One statement of this basic idea is the following: 


Bump PRINCIPLE 


Let Q be a domain and q a continuous function on Q (that is, g ¢ @(Q)) 
and also q(z) = 0 for all z € Q. Then q is identically zero, q = 0, in 


aXe 
ffeara =o. 
a 


For if the graph of a nonnegative continuous function has no 
“bump,” the function must be zero everywhere. You should make your 
own private peace with this. 

What is the analogous principle for continuous functions f(x) of 
ordinary calculus? 


Exercises to Paragraph 2.2.2 


1, Let 2 be a Jordan domain and g € €(*). True or false? 
(a) Ifq vanishes everywhere on 8Q, then gq vanishes throughout 2, 
(b) If ff ¢ dx dy = 0, then q vanishes identically on 9. 


a 
(e) If ff ¢ dx dy = 0 for every open disc D contained in 9, then g vanishes 
D 
identically in 2. 
(d) If q vanishes identically in ©, then gq vanishes on 99 as well. 
) If 2 € 2, g(z0) > 0, then ff q dx dy > 0 for some D = D(zo; r). 
D 


2. State and prove a “Bump Principle” for real functions y = g(x) = 0 defined 
and continuous on an interval a < x < b. What can you prove about g(x) if 
2 a(x) dx = 0? 


2.2.3 Some Conjectures About Harmonic Functions 


The analogy with steady-state temperature prompts three educated 
guesses about existence and behavior of harmonic functions. 


Conjecture 1. On Existence: Let D = D(Q; r) be the disc of radius r 
and C = C(Q;r) its circular boundary, C = aD. Given a real-valued 
continuous function g defined on the circle C only. Does there exist a 
function u = u(x, y) which is (i) continuous in D = D u C, (ii) harmonic 
in D, and (iii) agrees with g, u(z) = g(z), at boundary points ze C? 
Thus, we ask if we can “pull” the domain of definition of g into the 
entire disc D so that the extended function (now called u) is harmonic 
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in D. This is a certain kind of boundary value problem, the Dirichlet 
problem for the disc D. 

Here is a physical “solution” to the Dirichlet problem. We construct 
u by heating up the rim C of the disc so that the temperature at each 
point z on Cis maintained at the given value g(z). Heat will flow from the 
rim inward and after a long time steady-state conditions will prevail. Now 
let u(¢) be the temperature (use a thermometer!) at the point { inside D. 
This defines a continuous (why?) function w in all of D, harmonic (why?) 
in D and equal to g on C. Of course we have given a physical proof 
here, not a mathematical proof. We will have more to say on the 
Dirichlet problem later, 


Conjecture 2. On Maxima and Minima: Suppose we have a harmonic 
function u = u(z) defined on D as above. It is reasonable that if the 
temperature uw is not constant throughout D, then the hottest and 
coldest points of D all occur on the boundary C. In other words, we 
cannot have a hot interior (in D) point surrounded by cooler points when 
the sources (and sinks) of heat are all on the boundary C. See Figures 2.2 


Hottest (u=1) and coldest ‘Temperature at center of 
(u=—1) points occur disc is average of 

only on boundary temperatures on rim 
(Maximum Principle) (Mean- Value Property) 


Steady-state temperature u(x, y)=2?—y* 
Isotherms in the disc. 
(Compare figure 2.1) 


Figure 2.2 
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(a) u(x, y)=x in a square (b) u(z)=—In|[z| on 0<|z|/<1 
(logarithmic source at z=0) 


Note: Lines of heat flow (>) at 
are perpendicular to 
isotherms u= constant. 


(ec) u)=Ing! / Ing on Ris |z|< Re 
Steady-state temperatures 


Figure 2.3 


and 2.3a. This is a physical statement of the Maximum Principle of 
Section 2.4. 


Conjecture 3. Mean Values: Though it may be less evident on purely 
physical grounds, it is not unreasonable to expect that the temperature 
at the exact center of the disc D is some sort of average or mean of the 
temperatures throughout the disc (or again, of the temperatures around 
the rim C). We will discuss such mean-value properties in Section 2.3. 
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A Comment on Our Approach 


We are in the process of learning about harmonic functions by 
examining Laplace’s equation Au = 0 and steady-state heat flow. Note 
that 


@ we have very few examples of harmonic functions yet (though 
we believe they are plentiful by Conjecture 1 above); 
(ii) we are not studying these functions from the vantage point of 
explicit formulas (such as e* sin y); 
Giii) we have not endeavored to seek explicit harmonic functions 
by solving Au = 0 (as one does when studying elementary 
differential equations). 


What are we doing then? A little bit of the qualitative theory of 
partial differential equations: studying the behavior of solutions of 
Au = 0 without knowing the solutions explicitly. 

The preceding paragraph prompts a question: Which technical 
theorem or equation has enabled us to study the behavior of solutions of 
Au = 0 without knowing explicit formulas for these solutions? 


Exercises to Paragraph 2.2.3 


1, Suppose uv and v are harmonic in a domain © containing the closed disc |z| < 1. 
True or false? 
(a) If u(z) > v(z) whenever |z| = 1, then u(z) > v(z) for all z inside the disc 
as well. 
(b) If u(z) = v(z) whenever |z| = 1, then u(z) = v(z) for all z inside the disc as 
well, 
(c) If u) = u(z) whenever |z| = 1, then u(z) is constant for |z| < 1. 
(d) If u(z) = 0 whenever |z| = 1, then u(z) = A In|z| for some constant 
A#0. 
(e) If 2 = R? and u(z) > 0 for all z, then u(z) is constant, 
() If 2 = R? and lim,.,,, u(z) exists (and is finite), then u is a constant 
function. 

Hint: Use your physical intuition (temperatures!). We have not yet 
developed sufficient machinery to give complete proofs here of those state- 
ments that are true. 

2, Answer the question raised at the end of Paragraph 2.2.3. How have we been 
able to use Au = 0? 


Section 2.3 MEAN-VALUE PROPERTIES OF 
HARMONIC FUNCTIONS 


Now we make mathematical sense out of Conjecture 3 of Section 2.2. 


CIRCUMFERENTIAL MEAN-VALUE THEOREM 


Let u be harmonic in a domain Q, let ¢ be a point of Q, and suppose the 
closed disc D = D(£; R) is contained inside 2. Then the value u(f) 
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is the arithmetic mean of the values u(z) taken on the circle C = 8D, 
lz — ¢| = R. That is, 


1 me 2x 
MO) = 52 [_merde = 5. [ UR, 6) dé, 


where (r, @) denote polar coordinates centered at the point ¢ (Figure 
2,4). 


y 
CG; R) (cf. r= R) 
TT. 2(s) =z (6(6)) = E+R cos 6, 7 +R sin 8) 


Polar coordinates centered at ¢ 
Figure 2.4 


Note: The equality of the two integrals follows immediately from 
s = R@ (when @ is measured in radians). The first integral is a mean or 
average because it is a limit of the following averaging process: Cut the 
circle C into pieces C,;, C2,..., C, and then form the sum }' u(z,) As,, 
where z;, is on C, and As, is the length of C,. Finally, divide this sum by 
the total circumference 27R. 


First Proof (Using the Inside-Outside Theorem): First we show that 
the value of the integral in the statement is a constant independent 
of R. 

Let r satisfy 0 < r < R and consider any circle C = C(¢; r). Since 
u is harmonic, we have 
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To obtain the second equality here, we used the fact that d/dn is the 
same as d/ér on discs. The third equality follows from differentiation 
under the integral sign (useful; see Appendix A2.1). It follows that the 
integral in the statement has zero derivative with respect to r and is 
therefore a constant independent of r. 

Now we evaluate this constant in two ways to get the theorem. On 
the one hand, when r = R, the constant equals [3* u(R, 0) dé (part of 
the statement of theorem!). Now we let r tend to zero. By the Average 
Value Theorem of integral calculus, for each r it is true that 


j ** u(r, 8) dd = 2nur, 6), 
oO 


where 6, is some angle depending on 7, Now as r tends to zero, the right- 
hand side (and therefore the left-hand side) clearly tends to 2zu(¢). 
Thus, 


2: 
"UR, 0) do = 2nulo) 
0 
as claimed. Done. 


Second Proof (Using Green’s III): We have that 
WOe a 2 f (unr m) 


a (* [an ves): 


since r = R on C. But the first integral here vanishes (why?) and the 
second is 


: 


2K 
i u(R, @) dd, 


cu 
since ds = R dé on C. Done. 


Questions 


1. The second proof is much shorter. Why? 
2. Which standard tools of calculus were used in the first proof? See 
Appendix A2.1. 


The following fact is also plausible on physical grounds. 
SoLtp MEAN-VALUE THEOREM 


Let u be harmonic in a domain Q, let ¢ be a point of 2, and suppose 
the closed disc D = D(¢; R) is contained in Q. Then the value u({) is 


given by 
1 
ug) = zR? ffx dx dy. 
D 
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Proof: For each r with 0 < r < R we know that 


1 = 
ut) = — f, u(r, 8) dé. 
2n 


° 


Now multiply both sides by r dr and integrate from r = Otor = R. The 
left side gives u(£) (R?/2). The right side is the iterated integral 


1 ‘R pin 
j i) u(r, 0)r dr dé. 
o Jo 


But r dr d@ is the element of area in polar coordinates. Thus, the iterated 


integral is the same as 
1 
= dx dy. 
2n i} ic 4 
D 


This proves the theorem. 


Comment 


You might attempt to verify these theorems for some specific 
harmonic functions (see exercises). 


More on Mean-Value Properties 


Now we show that the relation between harmonic functions and 
the circumferential mean-value property is even more intimate than we 
first suspected. We will now see that only harmonic functions have the 
mean-value property throughout a domain Q. Thus, we could actually 
use this property as a definition of harmonic function. Compare the “net 
flux equals zero” property of Theorem 2; this also characterizes harmonic 
functions. 

First we need some precise language. Let Q be any domain. We say 
that u « $7(Q) has the circumferential mean-value property in © if and 
only if, for each disc D = D(¢; R), such that D < Q, we have 


1 
ul) = > | as, 


where C is the circle dD. 
THEOREM 3 
Let u € @?(Q) where Q is any domain, Then u is harmonic in Q + u has 
the circumferential mean-value property in Q. 


Proof: (=) Done already. 
(<=) We are given (using polar coordinates centered at ¢) 


4 2n 
ug) = = j, u(r, 0) d@ 


0 
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for all r (provided D({; r) lies inside Q, of course). Differentiating in r 
and multiplying by r yields 


d 2" 
onrs u(r, 0) d@ 
dr Jo 


2x 
Sad i r Le (7, 8) dé 
i er 


- j au 3, 
lecgsr) On 


= Au dx dy, 
Pate) 


Since this is true for all discs D(¢; r) inside Q, the Bump Principle allows 
us to conclude that the integrand Au is zero. Done. 


Comment 


The final step in the preceding proof is a repetition of what we did 
in proving Theorem 2 and could be omitted by appealing to that theorem. 


Exercises to Section 2.3 


1. Some standard notation. Details as in the statement of the Circumferential 
Mean-Value Theorem. This exercise shows how the statement is affected by 
choice of parametrization. 

(a) Convince yourself that the integral f,u(z)ds means [2** u(2z(s)) ds, 
where 2(s) parametrizes the circle C by arc length. 
(b) Use C = Cf; R) and ¢ = (é, 7) to verify that the arc length parametriza- 
tion of C is given by z(s) = (x(s), (s)) = (€ + Rcos(s/R), 7 + R sin(s/R)), 
with 0 < s < 2xR. Hint: s = R@ on Cf; R). 
(c) If we parametrize C by the usual angle @ rather than by s, then z2(s) = 
2(s(6)) = (E + Roos 0,7 + Rsin 6) with 0 < 0 < 22. 
(d) If we agree that r, @ denote polar coordinates centered at ¢, then C is 
determined by r= R and we save space by writing u(R, 6) instead of 
u(é + Roos 6,n + Rsin 6). 

We remark that these explicit parametrizations are not necessary in the 
proof of the theorem. 

2, Evaluate (1/27R) fu ds for u = u(z), z on C = C(¢; R), as follows: 

(a) u(z) = xy, ¢ = (1, 2), R = 40; 

b) u(z) = e* cosy, = 0, R = 

(e) u(z) = Inj2|, ¢ = (1, 0), R = 1/2; 

@) uz)=x+y6=0,-1),R=5, 
Hint: Don’t integrate. 
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3. Evaluate (1/2) [3* u(é + R cos 0,7 + Rsin 0) d@ for u(x, y), R and (é, ) as 
follows: 
(a) ux, y) = xy, (0) = CL, 2), R = 40; 
(b) ulx, y) = e* cos y, (¢, 1) = (0, 0), R = 1. 
Hint: Compare Exercise 2. 
4. Let r, @ denote polar coordinates centered at ¢. Evaluate (1/22) (3" u(R, 0) do 
for u, (, r = Ras follows: 
(a) u(z) = Injz|, ¢ = (1, 0), R = 1/2; 
&b) uz) =x+y,0= (0, -),R=5. 
Hint: No need to change u(z) to polar coordinates nor to integrate. 
5. Evaluate sf u(x, y) dx dy for u and D = D(C; R) as follows: 


(a) u(x, y) = xy, 6 = (1, 2), R = 4; 
(b) u(z) = Injz|, ¢ = G, 0), R = 1/2. 

6. Let u € €7(Q), where 2 is a domain containing the closed disc |z| < 1. Suppose 
u(0) > u(z) for 0 < |z| < 180 that z = 0 is a local maximum for u. 
(a) Prove u(0) > (1/2) [3* u(cos 4, sin 6) dé. 
(b) Deduce that u fails to be harmonic at some (perhaps all) points of 2. 
(c) Suppose the function u(z) here denotes the temperature in (a heated 
plate) at a certain moment of time. Assuming that heat is neither added nor 
subtracted, what should happen at z = 0 (where presently u(0) is relatively 
high) as time goes by? 

7. Are harmonic functions characterized (among those in €7(Q)) by the Solid 
Mean-Value Property? Define this property carefully before you answer. 

8. What is the Average-Value Theorem of integral calculus referred to in the 
first proof of this section? Note that we used it in the proof of Green’s II in 
Chapter 1 also. 


Section 2.4 THE MAXIMUM PRINCIPLE 
2.4.0. Introduction 


In Section 2.2 we conjectured that a nonconstant harmonic function 
could not assume its highest value in the interior of an open domain 2; 
the highest (and lowest) value of u(x, y) are attained only if (x, y) is a 
point of dQ but not of 2 itself. We will establish this result now, utilizing 
the mean-value results of Section 2.3, 


2.4.1 The Strong Maximum Principle 


Let Q be a plane domain (open, connected, not necessarily bounded) 
and let u: Q > R. We say that u assumes its maximum in Q if and only 
if there exists at least one point {¢9 and real number c such that 
u(f) = ¢ and, moreover, u(z) < ¢ for all z¢Q. There is an entirely 
similar definition of u assuming its minimum. 
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For example, the function u(x,y) = 1— x? — y* assumes its 
maximum in R? at (x, y) = (0, 0), whereas the function u(x, y) = x does 
not assume its maximum in R?; there is no point with highest x-coor- 
dinate. 

Now we assert 


Srronc Maximum PRINCIPLE 


A nonconstant harmonic function in a domain Q does not assume its 
maximum or its minimum on Q. 


Proof: Assume the harmonic function u assumes its maximum at 
CeQ, u(%) = ¢. If u is not constant in Q, then the set of z¢Q such 
that u(z) < c is nonempty and open (continuity!). Consequently, the 
set of points z for which u(z) = c is not open also, or else 2 would be 
disconnected. Thus, there is a point ¢, €Q such that u({,) = c anda 
disc D(¢,; r) contained in Q with boundary C(¢,; r) containing at least 
one point z with u(z) < c. Since wu is continuous, however, there exists 
an are on the circle C(¢,; r) such that u(z) < c for all points z on this 
are. It follows (using a Bump Principle on the arc and polar coordinates 
r, 8 centered at ¢,) that 


1 1 2" 
— [ u(r, 8) dd < — | u(l;) dO = u(f,). 
22 Jo 2% Ja = * 


But this is a contradiction, since u is harmonic. 

The same sort of proof works in the case of a minimum, or one can 
note that —u is also harmonic and that its maximum would occur at the 
minimum of u. This completes the proof. 


This theorem is called “strong” because it makes no restriction on 
the boundedness of Q nor on the behavior of u on the boundary é. 


Exercises to Paragraph 2.4.1 


1, What property of harmonic functions was contradicted to conclude the proof 
of the Strong Maximum Principle? 

2. Emphasize the importance of the connectedness of Q by finding a nonconstant 
function u defined on the open set 2; U 22 (where Q,, Q2 are disjoint domains) 
such that Au = 0 everywhere, yet u assumes both its maximum and its 
minimum on , U Q;. Hint; Construct a continuous function that assumes 
only two values, 

Note that connectedness was utilized in the proof of the Strong Maximum 
Principle. 

3. Give an informal physical argument why a steady-state (time-independent) 
temperature could not assume its maximum at any point inside a heated disc 
unless heat was being added there continually. Hint: What would happen to 
the heat concentrated at the hottest point as time passed? 


86 Harmonic Functions in the Plane Chap. 2 
2.4.2 The Weak Maximum Principle 


We can say even more if 9 is a bounded domain (contained in same 
disc), Then its closure 2 = 2 uv @Q is closed and bounded (‘‘compact”). 
It can be shown that if u is continuous on the compact set 9, then u 
assumes its maximum and minimum somewhere on %. This follows 
immediately from the fact that this set of all values u(z),z¢Q, is a 
closed interval (end points included) of finite length in the continuum 
of real numbers, You might try to prove this, using the fact that 1 is 
connected. 

Now, since a harmonic function u is continuous, it must assume 
extreme values on , The next result assures us that these extreme 
values are assumed at certain points on dQ only, unless uv is constant on 


9. 


Weak Maximum PRINCIPLE 


Let 2 be a bounded domain with u continuous on D and harmonic in 
Q. Then either u is constant on © or u assumes its maximum and 
minimum values on dQ only. 


Noie: Two claims here. Extreme values are assumed on 6, but not 
anywhere else in 9. 


Proof; Left to you. Use the Strong Maximum Principle plus the 
comments above. 


As an example, note that the harmonic function u(x, y) = y assumes 
its maximum and minimum values on the boundary C(0; 1) of the closed 
unit disc D(0; 1), in fact, at the points (0, 1) and (0, —1), respectively. 
For (x, y) in the open disc D(0; 1), we have —1 < u(x, y) < 1. 


Exercises to Paragraph 2.4.2 


1, Some real analysis. We make occasional, but crucial, use of this fact: If Sis a 
closed and bounded (that is, compact) subset of the plane and u is a continuous 
(not necessarily harmonic) function defined on S, then u assumes its maximum 
and minimum values on S, (For us, of course, S = 9, where 9 is a bounded 
domain.) This may be proved as follows (you may wish to consult a reference 
here): 

(a) Prove that S is compact if and only if every infinite subset of S has a point 
of accumulation which lies in S. 

(b) The image set u(S) on the real line cannot be unbounded. Hint: Unbounded- 
ness implies a sequence of values u(z2;), u(z2),... tending to +oo in R. But 
21, 22,.-. has a point of accumulation (say, 2*), in S. What of u(2*)? 

(c) The image set u(S) must contain its least upper bound and greatest lower 
bound (the maximum and minimum values of u), Hint: Choose a sequence 
u(z,), u(z2),... tending to the least upper bound of u(S) and argue as in (b). 
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2, Locate the maximum and minimum values of the following functions on 9. Do 
they occur only on the boundary? 
(a) u(x, ») = xy, 2 = DO; 1); 

b) v(x, y) = x* — y?, 8 = DO; 1); 
(c) u(z) = In|z|,1 = |2| = 2; 
(d) u(z) = e* cos y, |z| < 1. 

3, Let & be the closed upper half-plane y > 0. 

(a) Verify that the harmonic function u(x, y) = x + y does not assume its 
maximum or minimum in 9. 
(b) Does this contradict the Weak Maximum Principle? Explain. 

4, Convince yourself (that is, prove!) that the following statement is equivalent 
to the Weak Maximum Principle: If 2 is a bounded domain and u is a non- 
constant function continuous on © and harmonic in Q, then for every point 
¢ in Q, we have (in obvious notation) 


min u(z) < u(¢) < max u(z). 
7260 ze22 


2.4.3 Application 


Certain uniqueness theorems follow readily from the preceding 
work. Here is a sample. 


THEOREM 4 


Let 2 be a bounded domain and let u, v be functions continuous on 0, 
and equal on 6Q; that is, u(z) = u(z) for all z € 8Q. Then ul) = v(t) 
for all € inside Q as well, 


Proof: The function u — v is harmonic in © and vanishes on 2. 
Since its extreme values are equal to zero, we must have u —- v = 0 
everywhere in ©. Done. 


This result shows that there is at most one harmonic function on a 
bounded domain Q (not necessarily a Jordan domain, by the way) which 
is continuous on and assumes given values on 29. Thus, boundary 
behavior is decisive. This takes care of the “uniqueness” part of 
the so-called harmonic boundary-value problem or Dirichlet problem 
on a bounded domain 2. The question of existence is generally more 
difficult. See Appendix A2 for the special case where 2 is an open disc. 

A good exercise: Translate the proof of Theorem 4 into the language 
of temperatures. 


Exercises to Paragraph 2.4.3 


1. Let D = D(0; 1), the unit disc, with boundary C parametrized by the angle @ 
as usual; that is, z() = (cos 9, sin 8). 
(a) Verify that u(x, y) = xy assumes the boundary values /(#) = } sin 20 
on C; that is, u(z(0)) = (9). 
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(b) Find a harmonic function v(x, y) in D which agrees with g(6) = cos 20 on C. 
(c) Are the harmonic functions u(x, y) and v(x, y) uniquely determined in D 
by the boundary values f(é) and g(@), respectively? 

2. Why may the following pairs u, v of harmonic functions differ in 2 without 
contradicting Theorem 4? Note that u = v everywhere on a2. 

(a) u = 0, v(x, y) = y, Q = the upper half-plane. 
(b) u = 0, v(z) = In|z|, Q = the unit disc. 

8. The harmonic version of Green’s III (see Theorem 1) assured us that the 
harmonic function u in the Jordan domain 2 was determined by the set of 
values u(z) and (du/dn)(z), z € 22. 

(a) How does Theorem 4 improve matters in this regard? 
(b) Can you think of a formula for u(f), ¢ € Q, in terms of u(z), z € 2M, but not 
involving (8u/n)(z)? 


Section 2.5 HARNACK’S INEQUALITY AND 
LIOUVILLE'S THEOREM 


2.5.0. Introduction 


Roughly speaking, the Weak Maximum Principle asserted that if Q 
was “small,” and u harmonic on 2 and continuous on Q, then the set 
of values u(z),z¢Q, was also “small”—a single point or an open 
interval of finite length. 

Now we investigate the opposite extreme: the case 2 = R?, so 
that Q is as unbounded as possible. A harmonic function wu is said to be 
entire if its domain of definition is R?. Liouville’s Theorem will tell us 
that the set of values u(z), z < R?, is either a single number (the de- 
generate case u = constant) or consists of all real numbers, provided u 
is harmonic. We will see a similar result when we study complex analytic 
functions. 

Note that we state no theorems about the set of values u(z), z €, 
in the general case that Q is unbounded but not all of R? (except for the 
Strong Maximum Principle, of course). 


2.5.1. Harnack’s Inequality 
This is a prerequisite to our proof of Liouville’s Theorem. 


HARNACK’s INEQUALITY 
Let D = D(z; R) be an open dise and let u be harmonic on D such 
that u(z) = 0 for allz€ D. Then for all z € D, we have 


R 2 
0<uz)< (Eon) u(2o). 
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Note: This inequality bounds the growth of the value u(z) as z 
moves away from the center zp. For instance, if |z — zo| = +R so that 
z is halfway to dD, then we are told that u(z) is not more than four 
times larger than the value u(z 9). Given the lower bound 0 < u(z), we 
get an upper bound. 


Figure 2.5 


Proof: Apply the Solid Mean-Value Theorem to the small disc D’ 
centered at 2 (Figure 2.5) with radius R — |z — 29| to obtain 


1 
0 < uz) = mR — le — 20? [yaaa 


Now, since u = 0 in D, which contains D’, we see that 


ffx dx dy < Ife dx dy = nR?u(zp), 
Dn D 


where the last equality again follows from the Solid Mean-Value 
Theorem. Together, these inequalities give 


R 


OS UG) = ta ee 


u(Zo); 


as claimed. Done. 


Comment 


This is noteworthy because here the value u(z) is not bounded in 
terms of the derivatives (compare rate of change) of the function u, but 
only in terms of u(zZ9) itself. Of course this is so only because wu is 
harmonic; for nonharmonic functions, the same sort of theorem would 
almost certainly involve the derivatives of u. 


Exercises to Paragraph 2.5.1 


1. Use Harnack’s Inequality to prove that if u is harmonic in D(zo; R), with 
u(z) > 0 there, and u(zo) = 0, then in fact u(z) = 0 throughout D(zo; R). 
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2. Verify that Exercise 1 is the Minimum Principle for the harmonic function u. 

3. Use Harnack’s Inequality to prove the Minimum Principle for an arbitrary 
harmonic function u in an arbitrary domain ©. Hint: A minimum in 9 is a 
minimum in some D(zo; R). Also, if u(zo) = co at the minimum 2p, then 
u(z) — Co is nonnegative near 2p. 

We remark that both Harnack’s Inequality and the Minimum Principle 
followed from mean-value considerations. Thus, the present exercise gives no 
radically new method for obtaining the Minimum (and Maximum) Principle. 

4. Does there exist a nonnegative harmonic function u(z) in the open disc D(0; 1) 
such that lim,_,, u(z) = 00? 


2.5.2 Liouville’s Theorem 


Now we apply Harnack’s Inequality to obtain the result mentioned 
in Paragraph 2.5.0. 


Srronc LIOUVILLE THEOREM 


If u is entire harmonic and is bounded either from above or from 
below, then u is a constant function. 


Proof: Suppose u is bounded from below so that u(z) = a for some 
number a. Then v = wu — a = 0 is also harmonic and v is constant if 
and only if u is constant. Hence, we may as well suppose a = 0,u => 0 
(as required for Harnack’s Inequality). 

Now choose any two points z, ¢ ¢ R?. For any radius R > |z — ¢|, 
we have that 


0<uzZ)< aaah u(o). 


Now let R approach 00; this is allowed because u is entire! Then 


R 2 
fe=Esa) ** 


so that u(z) < u(t). Interchanging z and ¢ in the argument, we get 
u(t) < u(z) also. Thus, u(z) = u(¢) for any z, ¢, whence wu is constant. 

If, on the other hand, u is bounded from above, then —u is bounded 
from below, We leave the rest to you. Done. 


Comment 


If u = u(x, y) is a steady-state temperature on the entire plane R? 
and is not constant, then there must be points in the plane at any given 
temperature, no matter how high or low. For example, let u(x, y) = xy. 


Appendix 2.7 On Differentiation Under the Integral Sign 91 


Exercises to Paragraph 2.5.2 


1, A naive student applies Harnack’s Inequality to an arbitrary entire harmonic 
function u, obtains u(z) = u(¢) for all z, ¢, and concludes that all entire 
harmonic functions are constant. We know this is false. 

(a) Try to reconstruct his doomed argument. Be naive! 
(b) Point out the mistake in (a). 

2. (a) Give a quick proof that the real-valued function sin xy is not harmonic. 
Hint: It’s defined for all (x, ¥). 

(b) Suppose the harmonic function u(x, y) satisfies |u(x, y)| <= |sin xy| for all 
(x, y). What is u(x, 9)? 


Appendix 2.1 ON DIFFERENTIATION UNDER THE 
INTEGRAL SIGN AND AN APPLICATION: HARMONIC 
FUNCTIONS ARE ¢” 


We revisit calculus in R?. In our first proof of the Circumferential 
Mean-Value Property, we were confronted with the question 


d 2" 2 (?® du 
Fa f u(r, 8) dé f a” 6) da. 

That is, the integral [2* u(r, 0) d0 is a function of r; can its first derivative 

be computed by computing the integral of (@u/ér)(r, 0) d0? We claimed 

at the time that the answer is “yes.” 

Both differentiation and integration are limit processes. The 
present question partakes of the general mathematical problem: “When 
can two limit processes be interchanged without altering the result?” 
Some cases where this interchange is possible: 


@) 
fu _ ®u 
ax dy ay ax’ 


provided both partial derivatives are continuous; 


"ffs [fos] 


provided certain conditions on u and the domain of integration are met. 
Now we state and prove a reasonably general result on differentiat- 
ing under the integral sign. This will justify what we did in our proof of 
the Circumferential Mean-Value Property and will also be applied to 
the question of smoothness (differentiability) of harmonic functions. 
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THEOREM 


Let R be the closed rectangle a < s < b,c < t < d in the st-plane, 
and suppose the functions F(s, t) and its partial derivative F,(s, t) 
are continuous on some open set containing R. Then §* F(s, t) ds is a 
differentiable function of t for c < t < d and, in fact, 


e Ham ifr és 
‘ [ F(t) ds = f FG, t) ds. 
Proof: It is helpful to define 
ft) = f "Fe, tds, git) = f ” Rls, t) ds. 


These are continuous functions in a < ¢ < 6 because the integrands 
are continuous. The idea of the proof is to show 


i) * g() dt = fe) + constant 


ie 


whenever c <t<d. For, having this, the familiar Fundamental 
Theorem of Calculus would allow us to conclude that f(t) = g(x), as 
desired. 

Now we have 


f g(t) dt = (3 f Fs, t) ds dt 


-[ [ e0aed 


a jf ” (FG,1) — F(s, 0) ds 


=f) - f F(s, c) ds. 


Here we have interchanged the order of integration and actually 
integrated F, with respect to f. 

Now note that the second term, -f. F(s, c) ds, is a constant 
independent of t. By our remarks at the start of the proof, we are done. 
A Verification 


We differentiate under the integral sign generally as part of a 
proof. However, an explicit computation may be instructive. For 
0<s<1,0<t <1, let 


F(s, t) = t? + st 
so that 
Fis, t) = 2t +s. 
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On the one hand, 
1 < | 
F(s, t)ds = f (? + st)ds = 1? + ht, 
0 ° 
whence the derivative of the integral is 
2 f' reid 
eT , t = 2t 4 
5 [ 1) +4 
On the other hand, the integral of the derivative is 
1 1 
f Fie, t) ds =| (Qt + s)ds = 2 +4, 
°o ° 


which equals (d/dt) af F(s, t)ds found just above. This verifies the 
theorem. 


Comment 


There is an obvious generalization to cases where the integrand is 
of the form F(s, t, 4) ds and the derivative in question involves(d/dt), 
(2/24), or combinations of these. 


Application 


This will be somewhat remarkable. We have defined the function u 
to be harmonic on 2 if and only if ue ?(Q) and Au = 0. Thus, we 
require only continuous second partials and a relation between them. 
Now consider 


THEOREM 


If u is harmonic on Q, then u € @°(Q); that is, all mixed partial 
derivatives of u exist and are continuous throughout Q. 


Proof: Green’s III for harmonic u tells us that 


1 ou élnr 
u(x, y) = — On [, (im r an 7) — u(a(s)) aa ) ds, 


where D is some Jordan domain inside 2 which contains (x, y), o(s) is a 
point on @D, and r = |(x, y) — o(s)|. Note that the arc length variable s 
gets integrated out in this formula, leaving a function of x, y only. Now 


r = r(x, y, 8) = Ve — o4(8)? + (y — 0n(8))" 


is infinitely differentiable in both x and y for x # a,(s),y # o2(8). 
Since the logarithm is also infinitely differentiable for r > 0, we may 
attack the formula for u(x, y) with (8/dx) or (2/2) as often as we wish. 
Done. 
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Example 


1 ai éln 
tant 9) = = i {2 Pew Fp OC? = tata) ( - ")_} ds. 


Since the integrand exists and is continuous, the integral u,,, exists 
also. And so on. 


Moral 


Solutions of partial differential equations may be surprisingly 
smooth. 


Comment 


Even more is true. A harmonic function u(x, y) may be expanded in 
convergent power series, 


u(x, ¥) = DY Cnn". 
This will follow from our work in Chapter 5. 


Appendix 2.2 THE DIRICHLET PROBLEM 
FOR THE DISC 


A2.0 Introduction 


This will be a leisurely discussion, stressing ideas (some ideas) 
rather than proofs or details. 

As usual D = D(O; R) is the open disc of radius R > 0 centered at 
the origin. Its boundary is the circle C = C(0; R). Suppose we are given 
a continuous function g defined on the circle. The Dirichlet problem 
comprises three parts: 

(1) Does there exist a function u continuous on the closed dise D 
and harmonic in D which agrees with the given g on C? This is the 
Existence Problem. 

(2) Is the function u uniquely determined by g? (The Uniqueness 
Problem.) 

(3) How do we represent u by a formula involving only g? (The 
Representation Problem.) 

Happily, we know from Theorem 4 that if u exists, it is unique. 
This settles uniqueness (2). The other questions are not yet so immediate. 


A2.1 The Representation Problem Begun 


Suppose we know that the function u exists and is equal to g on C. 
Then Green’s III for harmonic functions tells us that 


ue) = = ‘i (inte = 1H (2) - we) 2 mle - ‘) ds, 
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where ds, is written to remind us that z € C is the variable on the path 
of integration and is integrated out, leaving a function of ¢ € D. This 
formula doesn’t satisfy us, however, because it requires knowledge of 
(@u]an)(z) as well as of u(z), whereas our physical intuition tells us that 
this is superfluous: Only the boundary temperature is needed to deter- 
mine the steady-state temperature inside. Hence, what we want for the 
Representation Problem (3) is an “improved” Green’s III, one that 
doesn’t involve (@u/én)(z). 

Here is another reason for seeking an improved Green’s III. Suppose 
we had it: 


u(¢) = [formula involving ¢ € D, z € C, u(z)]. 


Then we could toy with this as follows: Given any continuous g(z), 2 € C, 
we could replace the expression u(z) in the formula by g(z) and obtain 
a function v(¢). We could then ask: 


(i) Is v a harmonic function of € ¢ D? 

Gi) Are the boundary values of v actually given by the original 
function g? That is, as € approaches ze C, does u(¢) approach 
g(z)? If both answers are “Yes,”’ then we have solved the Exis- 
tence Problem (1). Hence, an improved Green’s III may be the 
key to both major questions, 


A2.2 Comments on Green’s Ill 


Note that if H is any function continuous in D and harmonic D, 
then Green’s II tells us (assuming u harmonic as above) that 
2 [ (mow - uz) 2) as, =0. 
2n Je on én 


Subtracting this from Green’s III (see above) yields 


ue = — 3 [ (Dole 1 ~ een Ec) 
t Je én 
é 
— ua) 5 dale ~ ¢| ~ H¢2)| do, 
in 
Nothing profound here. But now suppose the harmonic function H has 


the further property that H(z) = In|z — ¢| for all z¢ C. In that case 
the term involving (@u/dén)(z) evaporates, and we are left with 


=1 a 
u@ = = i} u(2) 2 ((2) — Inl2 ~ Cl) doy. 
2n Je én 
This is it! A formula involving u(z) only—except for the mysterious 


harmonic function H and the known function In|z — ¢|, of course. It is 
H we must now track down. 
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A2.3 The Green's Function 


First some language. Let us write H(z, ¢) for the function H above. 
As usual, z is but one variable, yet H very likely depends on ¢ in some 
way also, since (for example) H was supposed to agree with In|z — ¢| if 
z€ Cand ¢ is any point inside C. 

Now we write 


G(z, 0) = H(z, — Injz - Cl, 
the so-called Green’s function of D. Note that G(z, 0) satisfies 


@ Gz, = 0, forze C, fe D, and 
ii) G(z, © differs from —In|z — ¢| by a function harmonic (in z) 
on all of D and continuous in D. 


These two properties define G because they were used to define H above. 
It follows that 


Gii) G(z, 0) is harmonic for all z¢ D except at z = ¢, since as z 
approaches ¢, the number G(z, ¢) approaches 00. 


Here is a physical interpretation of the Green’s function. Since 
G(z, 0) is harmonic on D — {¢}, we regard it as a steady-state temper- 
ature there, as follows: There is a point source of heat at ¢. The temper- 
ature is infinite there. Heat flows away from ¢ and hence toward C = aD. 
The temperature drops as we approach C and is zero on C. From this 
description it is intuitively clear that G(z, 0) > 0 for ze D — {¢}. Can 
you prove this? 

Having the notion of the Green’s function, we may state 


THEOREM 


Let u be continuous in D and harmonic in D. Let G(z, ¢) be the 
Green’s function for D. Then for all € ¢ D we have 


1 ra) 
ue) = -2- f we) 2 Gle, 0) doe. 


Thus, the Representation Problem is solved, provided we know the 
Green’s function for D, We remark also that the above discussion applies 
to any Jordan domain D, not only the disc. Of course, different domains 
would have quite different Green’s functions (see the definition). 

It is not yet clear to us whether the disc D (or any other Jordan 
domain) does have a Green’s function. Actually, for quite general do- 
mains, a Green’s function is known to exist. However, it is not known 
explicitly (no formula) for most domains and it is sometimes next to 
impossible to calculate. 
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Happily, in the special case D = D(0; R) the Green’s function can 
be discovered by elementary considerations in a few pages, We will 
content ourselves with a brief sketch. 

We want G(z, {) = H(z, ¢) — Injz - ¢|. The idea in getting H(z, 0) 
is this: Try H(z, 2) = Inc|z — ¢*|, where ¢* is a point in R? outside the 
disc (so that H is harmonic inside the disc), c and ¢* depend only on ¢ 
(not on 2), and Inc|z — ¢*| — In|z — ¢| = 0 whenever zeC. The 
physical interpretation is this: Just as we imagined { to be a source of 
heat, we choose ¢* as a heat sink (temperature is — 00) toward which the 
heat from ¢ flows. More specifically, we choose {* just far enough away 
from ¢ so that the temperature at every point of C is zero. See Figure 2.6. 


Locating the sink ¢* = (2) ¢ 


Figure 2.6 


The constant c helps balance things. The problem of locating ¢*, given ¢, 
may be solved using some classical geometry combined with common 
sense physics. The explicit solution is this. If ¢ = (p, g) in polar coor- 
dinates and R is the radius of the disc, then it can be shown that 


ch mt oS en(Chng 
R 2p p} 
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Note that |¢*| = (R/p)? |¢| = (R?/p) > R so that ¢* is outside the disc 
DQ; R). It follows that H(z, {) is harmonic in ¢ for each z € D. 

Accepting the above, we may now write down the Green’s function 
explicitly. We use polar coordinates, of course, with z = (r, 8), €¢ = (p, 9) 
and 0 < r,p < R. Then 


2 
ae,0 = In (Fle () a) — Inlz - ¢) 
p 
= lin R? — 2pr cos(@ — 9) + p*r?R-? 
2 r? — 2pr cos(@ — 9) + p” 


is the Green’s function for D(0; R). Note that G(z, ) = 0if|z| = R, as 
required. Once again kitchen-stove physics has helped us get an answer. 


A.2.4 The Representation Problem Solved for D(0,R) 


Now we know 
uD = — 3 | ua) Z Gls, 0 ds, 
nm Je on 


and we know G(z, {). Recalling that the outward normal derivative 
around C is the same as the radial derivative, we compute 
=p cos(@ — 9) + p?rR-? 
2 — Qor cos(@ — g) + p?r?R-* 
a r — pcos? — 9) 
r? — 2pr cos(0 — 9g) + p?" 


éG 
or @O= R 


Since we will integrate around C, we set r = R to obtain 


-‘f p? — R? 
sec RR? — 2pRcos(O — g) + p?” 


aG 
Pa (z, 0) 
It is customary to introduce the notation 
R? — p? 
AR, 6; p, 9) = =—————_; : 
iF 8109) © ba ek coo — wa 
This is the Poisson kernal. We note 
eG 
AR, 0; p, 9) = —R on (40) (eC). 
It is standard practice to use the Poisson kernel, rather than the 


outward normal derivative of the Green’s function, in the statements of 
theorems. At last we have solved the Representation Problem: 
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Poisson INTEGRAL FORMULA 


Let u be continuous in D(0; R) and harmonic in DO; R). Then for 
Ce D we have 
ft 2m 
uo) = wl, 9) = 5 [wR 2) PR, 8; p, 0) 0 
o 
R= 37 f v6 u(R, 8) do. 
Qn oR? — 2pR cos(6 — 9) + p* 


Note: u(R, 6) is-a boundary value (r = R) of u = u(r, 8). 
Proof; The main work has been done. You may fill in the details. 


Comment 


We have not used the qualitative theorems about harmonic functions 
(e.g., Mean-Value, Maximum Principle) in this Appendix. All we have 
used is Green’s III and some special properties of the logarithm. You 
may now apply the Poisson Integral Formula to prove results about 
harmonic functions. For instance, you should be able to derive a one-line 
proof of the Circumferential Mean-Value Property. Also, can you prove 
that u = 0 is the only harmonic function vanishing on the entire circle 
C and defined everywhere in the interior D? Having this, can you prove 
that a harmonic function is uniquely determined by its boundary values 
on C? (No Maximum Principle required in this proof!) 


A2.5 The Existence Problem Solved 


Now we consider the situation where we are given g = g(6) defined 
on the circular rim C of the dise D. We seek a continuous function u on 
D harmonic in D and agreeing with g on C. This can be done by altering 
the Poisson Integral Formula as follows: 


THEOREM 
Let g be as above. Then the function u defined in D = D(O; R) by 
2 
up, ») = > f BOAR, 6; p, 9) d0 
22 Jo 


is continuous in D, harmonic in D and has boundary values given by 
g; that is, as p approaches R, u(p, ~) approaches g(¢). 


Comments on the Proof 


1. Convince yourself that it is not immediately clear that the 
boundary values of u as defined by the integral are given by g. A proof 
requires close examination of the Poisson kernel. 


100 Harmonic Functions in the Plane Chap. 2 


2. Continuity of u(p, g) inside D again raises the problem of the 
interchange of limit operations. Again we omit details. 

3. The fact Au(p, ¢) = 0 is easiest to prove. Since the Laplacian A 
inyolves differentiation with respect to the variables p and ¢ only, we 
may bring A under the integral sign as in Appendix Al: 


1 2K 
Auto, &) = 5 |" a(@) APR, 8; po) da 

m Jo 
But the Poisson kernel is harmonic as a function of (p, 9). To see this, 
recall A(R, 0; p, ¢) = —R(@G/ar)(z, $) with z € C. Thus, 


AAR, 9; p, 9) 


-R A (2,0 
or 


u 


a 
RE {aGle, 0}, 


since A involves only p, 9, not r. But the Green’s function is harmonic 
in ¢ = (0, 9), provided z = (R, 0) lies on C(why?). Thus, AA(R, 9; p, g) = 0, 
whence u(p, g) is harmonic. 


A2.6 An Alternate Approach: Fourier Series 


This explanation will require only a superficial knowledge of 
Fourier series. We make no mention of the Green’s function in this 
approach, 

1. Given g = g(@), we can write its Fourier series 


Ao + y (A, cos n@ + B, sin n6). 
a=i 


The A’s and B’s are real numbers, the so-called Fourier coefficients of g, 
and are given by certain straightforward formulas. For example, 


1. 2 
ago i} g(@) do, 
2n Jo 


which (as we know) is the average value of g(0@) for 0 < @ < 2n, 
2. To extend g into the interior of the disc D, we define, for0 < p< R 
and 0 < g < 2a, 


ulp, 9) = Ag + (5) aoa nab. Bean nod) 


where the A’s and B’s come from g. This pulls things in along radii and 
gives a function of two variables in D. 

3. Informally, we see by comparing series that lim,.z u(p, 9) = g(9), 
so that the boundary values of u are given by g, as desired. 
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4. Also, letting p approach zero shows that the value of u at the 
origin is Ao. But this is the circumferential mean of g on C, as we would 
expect if u were harmonic! 

5. Caution: These informal remarks are not proofs. Nor is it at all 
clear that the function u is harmonic. To prove Au = 0, one must 
differentiate the series for u, term by term (using the Laplacian in polar 
coordinates), and verify that each term (p/R)" (A, cos ng + B, sin ng) 
is harmonic. This raises obvious convergence questions, which we will 
not treat here. 

6. We add that it is possible to obtain the Poisson Integral Repre- 
sentation for u by manipulating with the sines and cosines in the series 
for uw given above. In fact, the integral sign in the Poisson formula is 
provided by the A, and B,, which are definite integrals. 

7. We emphasize, however, that the key idea in the Fourier series 
approach to the Dirichlet problem is the trick of pulling the function g 
into the interior of D by introducing the factor (p/R)" into the nth term 
of the Fourier series for g. The official name for this is Abel—Poisson 
summation, 


3 


Complex Numbers and 
Complex Functions 


Section 3.1 THE COMPLEX NUMBERS 


3.1.0 Introduction 


In this section we construct the set of complex numbers, identifying 
each such number with a point in the plane R?. This amounts to endow- 
ing the plane with a multiplication as well as an addition. This multi- 
plication is of profound importance for later developments, as we shall 
see. 


3.1.1 Basic Definitions 


Let C denote the set of all elements z of the form 
z=x+ yi, 


where x, y € R and i is a symbol, to be interpreted below (it is not a real 
number). If y = 0, then we write z = x. 
It follows from our definition that 


z=nt+yi C=E+n 
are equal as elements of C if and only if 
x=o y=n 


Note that here we continue to let x, y, €, 7 denote real numbers. One 
complex equation gives two real equations. 
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Some examples: 2 + 3i,4 + 5i,0 + zi (usually written zi), $ + (—5)i 
(usually written 4 — 5i),3 + Oi = 3,0 + 0i = 0. 
Addition and Subtraction 


If z= x + yi and € = € + yi are in C, then we define their sum 
and difference, respectively, to be 


z+C=(@+O+(y + mi, 
z2-C=@-O+0- mi, 
and note that these are also in C, 
Multiplication 


We know how to multiply two real numbers. Let us agree to multiply 
the symbol i as follows: 


ti= 2? = -1 


(very important), and also for a@ and 6 real, 


li=i, 
a(bi) = (ab)i, 
ai = ia. 


To multiply z = x + yi by € = € + yi, we repeatedly apply these 
rules by means of a “distributive law.” Thus, 
2 = (x + yi) E + ni) = x(E + ni) + vile + ni) 
= xb + (xy + yh)i + yn? 
= (xe — yn) + (an + yd), 


since i? = —1. Thus, the product of two elements of C is again an 
element of C. Note that z{ = ¢z always, just as in R. 
For example, (2 + 3i) (—1 + 5i) = —17 + 7i (check it!). 


Complex Numbers 
The set C with addition and multiplication thus defined is called 
the set of complex numbers, and each z = x + yi is a complex number, 
Since we write x + Oi simply as x, the set R of real numbers may be 


thought of as a subset of the set C of complex numbers, R < C. Note 
that 


xt = (x + Oi) (€ + Oi) = xé + Oi, 


so that real multiplication and the newly defined complex multiplication 
are compatible. 


Zero: We have 0 = 0 + Oi. Note that, for all z eC, 
z+0=2, z-0=2, 20 = 0z=0. 
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More on i: The complex number is not real, but its square —1 is. 
It is standard to write i = V —1, the “square root of minus one.” We 
recall that only nonnegative real numbers have real square roots. The 
letter i may stand for “imaginary.” If z = x + iy, then x and y are the 
real (Re) and imaginary (Im) parts of z, respectively. We denote this 


x = Rez, y = Imz. 


Exercises to Paragraph 3.1.1 


1. Let z = 2— i, = 1+ 3i. Compute 
@z+%, 
b) f —2z, 
(©) 26. 

2. Find a complex t such that zt = { (with z, { as above). Is t unique? 

3. Use the complex number i to obtain both roots of the quadratic equations 
(@) X?7+1=0, 
() X7+9=0. 

4. For which integers n is i" real? positive? negative? nonreal? 

5. If z satisfies z2? + z + 1 = 0, prove without computing z that z° = 1. Hint: 
Introduce z° by multiplying the given relation by z. 

6. What are the real and imaginary parts of 2¢ in Exercise 1(c)? 


3.1.2 The Complex Plane 


From now on we will identify the complex number x + iy and the 
point (x, y) of R?, You should check that this identification is compatible 
with the additions in C and in R?. Hence we may now multiply two 
points in the plane and obtain a third point (this is not a dot product of 
vectors!). See Figures 3.1 and 3.5, 


z= (x,y) =x-+iy 


=(0, —1) 


Figure 3.1 


f 
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Ifz = x + iy, its conjugate is the complex number Z given by 
Z=x- iy. 
It is obtained by reflecting z across the x-axis as in the Figure 3.1. Thus, 
3+ 2 =3 - 2i,i = -i, -4 = -4, 
It is important that ifz = x + iy, then 
= x? +97 = |z/?, 


where |z| is the usual norm (distance from the origin) of a point in the 
plane. Thus, the multiplication ties in nicely with the geometry, thanks 
to the introduction of 2. 

Let us carry this a bit farther. For z, ¢ ¢ C, we have Z, f € C, so we 
may form the product Zf. On the other hand the product 2, and hence 
its conjugate 2f, are also in C. We leave it to you to check (using 
z= x + iy,¢ = € + in, and the definition of conjugate) that 


2z0=z. 
Thus, in multiplying and taking conjugates, it doesn’t matter in which 


order we do things. 
Having this, we observe that 


|2el? = 202 = 220 = zatt = |2I7(21’. 


Thus, by taking square roots, we conclude that “the norm of a product 
is the product of the norms,” 


|2e| = lal I¢l. 
Of course we knew this already for real numbers. 


Exercises to Paragraph 3.1.2 


1. Letz = 2 — i, ¢ = 1 + 3i. Locate the points z, ¢, 2 + ¢, 2¢, Z, ¢, Zl ina sketch 
of the complex plane, 

2, For z as above, compute 2z. 

. Sketch the set of all points z in the plane C which satisfy zz = 4. 

4, Let z be as in Exercise 1. Compute |z|, arg z (= the argument of z; that is, the 
counterclockwise angle in radians from the positive x-axis to the line segment 
from the origin to z). Now form the product iz and compute |iz|, arg iz. What 
does multiplication by i do to the point z geometrically? Illustrate your answer 
with a sketch. 

5, Find a complex rt such that, for all z, the point tz is obtained by rotating the 
point z about the origin through one right angle (= x/2 radians) in the clockwise 
sense. Hint; See the preceding exercise. 


ro) 
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3.1.3 Division by Complex Numbers 


Now we show that the quotient ¢/z has a reasonable meaning as a 
complex number, provided z # 0. We will define the quotient as a 


product: 
£-(e 
a Ne 


Hence, it suffices to show that 1/z determines a complex number (that is, 
something of the form a + bi with a, b real). 

Since z # 0, we have Z + 0, and hence it is not unreasonable to 
write 2/2 = 1. We see that 1/z should satisfy 


But the right-hand side here may now be dealt with! The denominator 
is a real number |z|?, and we may use it to divide the real and imaginary 
parts of the numerator Z. Thus, let z = x + iy so that Z = x — iy and 
|z|? = x? + y?. Then, as we just saw, 


fi. z x—iy = ( oe c y i 
@ je? to" |x? #34 x? + y?) ” 
This is of the form a + bi, a complex number. 
For example, if z = 3 — 2i, then 
ES =e Zs 
2° 13° 1B" 
Furthermore, if¢€ = 1 + i and z = 3 — 2i, then 
£ aq 3 2. 1 5. 
2=¢[-) = ae = = =— — ft 
(2) qa a( + i ag ag" 
Summary 


We may add, subtract, multiply, and divide (except by zero) in the 
complex numbers. Also, 
= 1 z 
let = lait, lal= V2, 2 = 2. 


Exercises to Paragraph 3.1.3 
1, Let z = 2 —i, € = 1 + 3%. Compute: 


(@) 1/2, 
) Clz. 
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2. Find r such that zt = ¢ (with z, ¢ as above), See the exercises to Paragraph 
3.1.1. 

3, Give proof or counterexample: |1/z| = 1/|z| for z # 0. 

4, Write 1/i in the form x + iy with x, y real. 


Section 3.2 COMPLEX ANALYTIC FUNCTIONS 
3.2.0 Introduction 


Now we will introduce the notion of a complex-valued function and 
then single out the more special analytic functions for further con- 
sideration. We'll then construct some important analytic functions and 
see that they are built from harmonic functions, just as complex numbers 
are built from real numbers. 


3.2.1 Preliminaries 


We write C instead of R? for the (complex) plane. Let 2 be a subset 
(usually a domain) of the plane C. A complex function f:Q + C is a rule 
that assigns to each z € Q a complex nymber f(z). Full name: complex- 
valued function of a complex variable. 

An example: polynomials such as f(z) = z* + (1+ i)z-—T7 or 
g(z) = z* — i (here, 2 = C). Note that we make use here of the 
multiplication in C. 

Another example: the “conjugation function” F(z) = Z. 


Pictures 


Since C (= R?) is two-dimensional, the graph of w = f(z) would 
require a four-dimensional (z, w)-space. Hence, we do not graph complex- 
valued functions, It is standard, however, to draw the z-plane (xy-plane) 
containing © and the w-plane (uv-plane, target plane, image plane) and 
consider the function f as a geometric transformation or mapping that 
carries the domain Q onto a subset (call it f(Q)) in the image plane. This 
is the point-of-view of Chapter 8. See Figure 3.2. 


Real and Imaginary Parts 


Let f be a complex function defined on Q, and let us write w = f(z) 
for z € Q. Since w is complex, we may write it w = u + iv with u, v real, 

Now, as z varies in Q, the number w = f(z) varies, and hence the 
real and imaginary parts of w vary. It follows that u = u(z) andv = vu(z) 
are real-valued functions of z and so we have a familiar-looking de- 
composition: 


w = f(z) = u(z) + iv(z). 
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? z-plane ot 


The complex function w=/(z) as a mapping 
Figure 3.2 


The real-valued functions u(z), v(z) are called the real and imaginary 
parts respectively of the function f, in complete analogy with complex 
numbers, Thus, we may write 


u=Re(f), v= Im(f). 
You might check that if f(z) = 2”, then 
Re (f) = u(z) = x? — y*, ~~ Im (f) = u(2) = xy. 


Limits in C 
Let f: 2 + C be a complex function, 2) a point in the z-plane, wo 
in the w-plane C. We write 


lim f(z) = Wo 

zig 
if and only if, given any “target” disc D(wo; 2) about the point wo, no 
matter how small the radius ¢ > 0, there is a “confidence” disc D(2p; 4), 
6 > 0, which is such that if z is any point of D(zo; 6) 7 Q, then we may 
be confident that the value f(z) lies in the target disc D(wo; ¢). Of course 
the confidence radius 6 will generally depend on the given target radius 
, See Figure 3.3. 

Intuitively, lim,_,, f(z) = wo means that if z is a point moving on 
some path in the plane toward Zo, then the point f(z) will move in the 
image plane along a path leading to the point wo. 

The following observations, whose proofs will be left to you, show 
that the taking of limits is compatible with the usual operations of 
algebra. Suppose wo, w, are in C and 

lim f(z) = wo, — lim g(z) = 04. 


z4z9 zz0 
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2-plane w-plane 
image f (D(z; 5)) 


f 
/ iy 
T 
‘ } 
confidence disc D(z; 5) i target Dinas) 
Figure 3.3 
Then we assert 


in (f(z) + a(2)) = iim f(2) = Tim g(2) = Wo + Wy, 


lim f(2)g(z) = int ma fe) Man xe = WoW, 
f(@) _ lim,...f(2) _ Wo 
te) ~ Tim,,, (2) wi,’ 


where in the last line we require g(z) and w, to be different from zero. 
We remark that if f(z) = u(z) + iv(z) and we = up + waeEC, 
then it can be proved that 
lim f(z) = wo 
2129 


is equivalent to 
lim u(z) = uo, lim v(z) = vo. 


=470 20 


Continuity 
The function f: 2 > C is continuous at zy if and only if 


@ 20 €Q, so that f(z) is defined; 
(ii) lim, _,., f(2) = (20). 


Thus, the limit of f(z) as z approaches 2 is just what it should be. 

A function is continuous on the domain Q, provided it is continuous 
at each point of Q. 

Since limits are well behaved with respect to the standard algebraic 
operations, it can be shown that the sum, difference, product, and 
quotient of two functions continuous at Zo are also continuous at Zo 
(provided, as usual, we do not divide by zero). 

From our remarks above on the real and imaginary parts of f and 
limits, you should convince yourself that f is continuous at 29 if and only 
if the real-valued functions u and v are also, where f(z) = u(z) + iv(z). 
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Simple examples of continuous functions are provided by the 
constant functions and the function f(z) = z. You should verify that 
these are continuous on C, Since any polynomial 


P(2) = do + Giz +++++ G2" 


is built up from constants and f(z) = z by sums and products, we 
conclude that every polynomial is continuous on C. 
In fact, if g(z) is a rational function, one of the form 


Qo + Az +++ + Gy2" 
bo + Dyz tees t+ byzk? 


then g(z) is certainly continuous at all points zp where it is defined. By 
the way, at what points is g(z) not defined? 

We leave it to you to decide whether the conjugation function 
f(z) = Zis continuous. 

Finally, we remark that most of the complex functions we are to 
meet will be continuous and, in fact, have the stronger property of 
analyticity. We turn to this now. 


g(z) = 


Exercises to Paragraph 3.2.1 


1, Let f(z) = 23. Compute the real and imaginary parts u(x, y), u(x, y) of f. Of 
course z = x + iy, 

2. Likewise for g(z) = 1/z. 

3. Let Q be the unit disc |z| < 1. Sketch the sets © and f(Q) (in the w-plane), 
where w = f(z) = z — i. Likewise where f(z) = 2z + 3i. 

4, Formulate the definition of limit, using the terminology of absolute values 
rather than discs, by completing the following statement: lim,.,, f(z) = Wo 
if and only if given any ¢ > 0 there exists a number d > 0 such that if 
|z — zZo| < 6, then.... 

This “arithmetic” formulation is more useful in certain numerical 
situations than the more picturesque statement involving discs. 

5, Keeping Exercise 4 in mind, prove 

lim (f(z) + g(z)) = lim f(z) + lim g(z), 
229 250 20 


as claimed in the text. 

6, Prove that f(z) = constant and g(z) = z are continuous at all points of C. 

7. Is f(z) = Z ¢ontinuous? Give reasons. 

8. Prove that a function f:2— C is continuous throughout © if and only if 
whenever S is an open subset of C, then the set f-*(S) = {ze| f(z) eS} 
is also open. Hint: Use discs. 

9. An important property of continuous functions, Prove that if f(zo) # 0, then 
there is an open subset (neighborhood) containing zp such that f(z) 4 0 for 
any z in the open subset. In words, if f(2o) # 0, then f(z) # 0 for all z 
sufficiently close to zo, Hint: Use Exercise 8. 
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10. (a) Recall from calculus the meaning of the composite function w = f(g(¢)), 
where w = f(z), z = g(0). 
(b) Prove that if g is continuous at ¢) and f is continuous at 2) = g(o), then 
f(g) is continuous at fo. 


3.2.2 The Complex Derivative 


Let f: 2 + C, 29 € Q. Then the first derivative f(z) of f at Zo is, by 
definition, 


f(z) = lim £2) = f (Zo) 


2419 2 — Zo 


(zeQ), 


provided this limit exists as a finite complex number. It is sometimes 
written as (df/dz)(Zo). 

We require z € © in the definition so that f(z) makes sense. 

Note that the limit above must equal the same complex number 
f'(2o) regardless of the manner in which the variable z approaches 29. 
Since zy is an interior point of Q, the point z may approach Zp from any 
direction, spiral inward, etc. The limit is required to be the same number 
f'(2o) in each case. 


Comment 


Since we don’t graph complex functions, we don’t speak of the 
tangent to a graph. In particular, f’(Zo) is not to be thought of as the 
“slope” of anything. For now, it is simply a complex number. We will 
interpret it and compute it later. We'll soon discover, for example, that 
f(z) = z implies f(z) = 22. 


Some Properties of the Derivative 


Since the derivative is defined as a limit and limits are, as we have 
seen, well behaved with respect to the elementary algebraic operations, 
we have the following identities reminiscent of ordinary real calculus: 


(f(z) + (2) = f(z) + e(2) (Sum Rule) 
(f(z)g(2)y = F’(2)a(z) + f(2)a(2) (Product Rule) 


fel _ 8(2)f(2) — B(2)f(z) 
(2), [g(z)]? 
Also, if we are given f:2-C as usual and another function: 


g:Q, + Q, g(¢) = z. then we may form the composite function fog: Q, + C 
defined by 


(Quotient Rule) 


(fegy) = F(e@). 
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For example, if f(z) = 22 + 1 and g(Q) = ¢ — 4, then (fog)(f) = 
f€ — 4) = ( — 4)? + 1. This composite is a function of C, as expected. 

How does the derivative of (fog)(f) relate to the derivatives of f and 
g? The answer is given by 


Tue CHAIN RULE 
Let the composite function (fog)(¢) be defined as above, and suppose 
the derivatives f(z) and g'(¢) exist throughout their respective 
domains. Then 

(fea) @) = f(e@)g’@). 


That is, writing z = g©, 
d d d area 
a (feat) = de f(z) a a = f(2)e"®). 


Proof: We do this only in the special case z = g(%) = af + b,a # 0. 
Then, at the point Co, we have 


te) — fell) _ f(2) — Fle) 2 — 20 
C-—%o zZ— Zo t-G: 
writing 2) = g(%>). Now, using the facts that z — 29 = a(f — fo) and 
that z is different from Zp if ¢ is different from {), we may let £ approach 
€ on the right-hand side to obtain in the limit f(zo)a, that is, f/(z9)g’(Co) 
as claimed. Done. 


We remark that the proof is somewhat more delicate if we contend 
with the possibility that z = zo (that is, g(() = g(Co)) for a sequence of 
points { tending toward fo. See the Exercises. 

Let’s conclude this subsection by noting that if f(z) = c, a complex 
constant independent of z, then 


f(z) — flo) _ ¢-e 
Z— Zo 2-20 
so that surely f(z) = 0. The derivative of a constant function is 
identically zero. 
Likewise, if f(z) = az + 6, then f(z) = a, as we noted in the 
proof of the Chain Rule. 
Finally, if f(z) = 2", where n is a nonnegative integer (2° = 1), 
repeated applications of the Product Rule (p. 111) and the fact that 
(z) = 1 yield the not unexpected result 


f'(2) = @'Y = ne” 


=0 


Afterthought 
We used the difference quotient 
f(2) — F(2o) 


2-2 
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to define f’(Z). This is an extremely important instance of the division 
of one complex number by another. It is a fact of life that one cannot 
write down a similar difference quotient for functions from R? into R* 
because one cannot divide by elements (vectors) of R* in any suitable 
way. 

Keep your eyes open for the remarkable consequences that follow 
from this difference quotient’s having a limit. 


Exercises to Paragraph 3.2.2 


1. Compute the first derivative of the following functions: 

(a) f(z) = 22° + iz; 

(b) g(z) = Iz, @ # 0); 

©) f) = C+ DK - 1, # 0; 

(a) G(z) = F(g(2)) with f, g as in (c) and (b); 
(e) A(z) = a(f(2)). 

2. Let f(z) = 2. Prove that f"(zo) exists for no Zo in C. Hint: Write zo = xo + ivo 
and let z approach Zp along both vertical and horizontal lines. Both approaches 
must yield the same limit in the difference quotient, by definition of f’. 

3. Argue that if f’(zo) exists and z is close to Zo, then |f(z) — f(zo)| is approx- 
imately |f’(Zo)| |2z — 2o|- Classic calculus! 

4. Prove that a function f(z) differentiable at 2) is continuous at zo. Hint: Use 
the difference quotient. 

5. Recall the Mean Value Theorem of real differential calculus for functions 
y = f(x) on a closed interval a < x < b. Does this theorem have a complex 
analog? Discuss, 

6. Let g(z) = 22. Prove that g’(zo) exists if and only ifz) = 0. Contrast Exercise 2, 


3.2.3 Definition of Analytic Function 


This will be very important to us. Let f: 2 > C. If f(zo) exists at all 
points z €, then a function f’: 2 + C is defined via z + f(z). This 
new function, it would appear, may or may not be continuous, have a 
derivative, etc. We say that f is analytic at Zp if and only if 


Gi) f(z) exists for all points z in some open set containing 2p (in 
particular, f’(2) exists); 

(ii) f’ = f’(2) is a continuous function of z in some open set con- 
taining 2. 


In other words, f is analytic at zo, provided it is continuously 
(complex) differentiable in an open neighborhood of Zp. 
Here are some synonyms: 


“analytic” = “holomorphic” = “regular” = “regular analytic” 
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Thus, analyticity is a “local” property: From the definition we see 
that f is analytic at 2) if and only if f is analytic at all points in some 
neighborhood of zp). We want this. 

We define f analytic on Q (open!) in the obvious way. 


Warning: Some authors define f to be analytic if it merely has a 
complex derivative; they do not require continuity of the derivative. 
By a remarkable theorem of Goursat, however, a complex derivative is 
continuous. Hence, both definitions of analyticity are equivalent. 
Authors who use the seemingly less restrictive definition must then 
prove Goursat’s Theorem in order to have the continuity of f’ at their 
disposal. We avoid the work of proving Goursat’s Theorem but, on the 
other hand, we must verify the continuity (as well as existence) of f’ 
for each f we wish to regard as analytic. 


Some Examples of Analytic Functions 


1. The constant functions, of course. 

2. More generally, any polynomial in z, for a polynomial is differ- 
entiable and its derivative is again a polynomial, hence continuous. 
Thus, polynomials satisfy the requirement for analyticity. 

3. Any rational function (f(z2)/g(z)) where f and g are polynomials 
and we avoid points where the function is not defined (say, g(z) # 0). 


One immediate aim: Find more analytic functions. To do this, we 
must use the Cauchy-Riemann equations, which we now derive. 

We close this section by suggesting a good exercise: Prove that the 
conjugation function f(z) = Z is nowhere analytic, even though it is 
everywhere continuous. 


Exercises to Paragraph 3.2.3 


1. At what points of the z-plane are the following functions defined and analytic? 
@ f2e=2 +1, 
(b) g(z) = 1/(z? + 1), 
(c) F(z) = Vz. 
2. Why is g(z) = zz not analytic at z = 0? For g’(0) exists! 
. Is f(z) = |z| analytic anywhere in the z-plane? 
4, Prove from the definition of f’(Zo) that if fis analytic at zo, then we may write 
f(z) = f(20) + f'(zo2 — 20) + 2; 202 — 20); 
where «(z; 29) + 0 as z— Zo. Hint: Get e from 
f(z) — f(20) 
z—Zo 
Compare Theorem 3 of Chapter 1. 
5. Some real calculus. Observe that f(x) = |x| is not differentiable at x = 0. 
Verify that F(x) = J*, |t| dtis differentiable for all x. What is F’(x)? Conclude 
F"(x) doesn’t exist at x = 0 even though F’(x) does, 


i) 


= f'(20) + 23 20). 
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Now, by integrating twice, construct a real function G(x) such that 
G(x), G(x) exist for all x but G*(x) doesn’t exist at x = 0. 

Generalize to get real functions with k but not k + 1 derivatives. Compare 
Exercise 2 for Paragraph 1.3.5. 

6. If f(z) is analytic in Q, is f’(z) also analytic in Q (so that f(z) exists, etc.)? 
Comment: This is quite deep. 

7, Is a function analytic in 2 continuous in Q? 

8. If f and g are analytic and f(g(¢)) is defined on some domain, is /(g(¢)) analytic 
there? 

9. Given that f(z) = u(z) + iv(z) is analytic at 20, prove that f’(zo) = us(20) + 
iv,(Zo) by letting z approach 2, on a horizontal line through 29. Prove also 
that /’(20) = v,(zo) — iu,(zo). Conclude the Cauchy-Riemann equations 
Ug = Uy ly = —Dz. 

10. Prove that if f(z) = 0 for all z in Q, then fis constant in 9. By the way, how 
do you prove this basic result in real differential calculus? 


11, An important issue. We will eventually show that iff is analytic and f(zo) = 0, 
then f(z) = (z — 20) g(z), where k is a positive integer (not a fraction), g(z) 
is analytic at zo, and g(zo) # 0. Compare the factorization of a polynomial 
with a root of order & at zo. In this spirit, given that f(zo) = 0, define 
filz) = f(2)z — 20) for z # Zo. 

(a) Why is f:(z) analytic if z # Zo? 

(b) How should we define f,(zo) so that f, is continuous at zo (what is 
lim, +29 fi(z)?)? 

(c) With this definition of f;(z0), is f; analytic at z) (so that f(z) equals 
(2—zo) f(z), a product of analytic functions)? 

(d) If so, we may now apply the same reasoning to f,. Does the process of 
factoring out 2 — 2 stop after k repetition? These last two questions are 
nontrivial. See Chapter 5. 

12. A long exercise on inverse functions. Suppose the function f maps a set S onto 
a set S’ in a one-to-one manner, that is, z; # z2 in S implies f(z) # f(z2) in 
S‘. Then f has an inverse function g mapping S’ onto S, which will satisfy both 
g(f(z)) = z, f(gw)) = w. This definition prompts two general questions: (i) 
Under what conditions is a function (analytic, say) one-to-one on S? (ii) If f 
has a nice property, does its inverse g also enjoy that property? 

We remark that in the situation of interest to us, the case S= Qis a 
domain and f is analytic, there is no graceful general answer to (i), We will 
discuss instances of (ii) below. 

(a) An example: let be the open first quadrant, 


Q={z=x+i|x>0,y> 0}, 


and define f(z) = 2? on Q. Verily that fis one-to-one on 9. Then describe the 
image set f(Q) in the w-plane and describe the inverse function z = g(w). 
(Polar coordinates might help in specifying z.) 

(b) Observe that w = f(z) = 2? does not have an inverse function on the 
entire plane S = C. Compare question (i) above. This is the old quandary of 
two square roots ./@. 

(c) Now we turn to question (ii) and continuity. Consider the following 
nontrivial theorem, Brouwer’s “Invariance of Domain”: If f is a one-to-one 
continuous function, defined on the open set S, then the image S’ = f(S) is 
also open (f is an “open mapping’’). 
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13. 


14. 


Use Brouwer’s result to prove that if fis a one-to-one continuous mapping 
of the domain © onto the domain 9’; then the inverse function g: 2’ > Q is 
also continuous. (This is simply a matter of definition, thanks to Brouwer.) 

Preview: We'll see in Chapter 8 that a nonconstant analytic function 
is an open mapping, even if it is not one-to-one! 

(d) For the topologist: Prove that if S is a compact (closed and bounded) set 
and f maps S one-to-one onto S’ continuously, then the inverse function g is 
continuous on S’, No mention of analyticity here. 

(e) Now we ask about analyticity of the inverse. Prove the following (this is 
independent of (a) through (d) above): 

Let the analytic function f map the domain © one-to-one onto the domain Q', 
and suppose further that f(z) # 0 and that the inverse function g is con- 
tinuous on Q', Then 

@) g’(w) exists for each w in 2’; 
Gi) in fact, gw) = 1/f'(2), where w = f(z); 

Gii) thus g’ is continuous and so g is analytic. 

Hint: Use the difference quotient to prove (i). 

We are not too happy with this statement. As (c) above indicates, the 

same result follows from even weaker hypotheses. Namely, it is true that 
9’ = f(Q) is always a domain, if fis analytic, and that f’ # 0 and g is contin- 
uous if fis one-to-one. The truth is better conveyed by the (imprecise) dictum: 
The inverse of an analytic function is analytic. 
A proof of the Chain Rule. We proved in the text that f(e(Q)’ = f(g()e'(O, 
provided g(f) = af + b, Now let f(z), g(¢) be arbitrary analytic functions 
such that the composite f(g(¢)) is defined in some domain. Proceed as follows: 
Write, as in Exercise 4, 


F(z) = f(20) + f'(2oX2 — 20) + 2x(25 202 — 20), 
BD) = Blo) + BoE — bo) + e203 Coho — fo), 
and let ¢— (y in the difference quotient 


fe) — feGo)) 
o— bo 
with zo = g(¢o)- 
True or false? 
(a) The product and quotient (where defined) of two complex analytic 


functions are analytic. 
(b) The product and quotient (where defined) of two real harmonic functions 


are harmonic. 
Moral: Analytic function theory has an even richer structure than 


harmonic function theory. 


Section 3.3 THE CAUCHY-RIEMANN EQUATIONS 


Let f: 2 > C, with f(z) = u(z) + iv(z) as usual. Since z = x + iy 


is identified with the point (x,y), we also write u = u(z) = u(x, y), 
v = u(z) = v(x, y). 
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It is natural to inquire whether we can study the complex derivative 
f(2) in terms of something we already know, namely, the real partial 
derivatives of u and v. We might ask for a criterion for the analyticity 
of f in terms of the differentiability (with respect to x and ¥) of its real 
and imaginary parts u and v. This might enable us to manufacture new 
analytic functions by putting together suitable u’s and v’s. The criterion 
is this. 


CaucHy-RIEMANN EQuaTIONS 
If f is analytic at z €Q, then 
f(z) = u,(z) + iv,(z) = v,(2) — iu,(z) 
so that u, v satisfy the system of first-order differential equations 
u,(z) = v,(z), — u,(z) = —v,(2). 
Conversely, if u and v are in @'(Q) and together satisfy these differ- 


ential equations for all z € Q, then f = u + iv is analytic in Q. 


Proof: Given f’(zo) exists, we let z approach Zp along a horizontal 
line y = yo and a vertical line x = x9, obtaining two expressions for the 
same limit. For z = x + iyo, we have 


f'(2) = lim £62) — fo) 


z47% «6-Z — Zo 


& in = Yo) — ulxo; Yo) > pV Yo) — U(%o, = 


x-X0 x — Xo % — 2g 


Ux(%o, Yo) + W(X, Yo)» 
On the other hand, suppose z = x9 + iy. Then we also have 


file) = lim ie 2) = wor Yo), ; Vo» Y) — Vor al 
y-¥0 i(y — yo) ity — Yo) 
= —iu,(Xo, Yo) + Yy(%o» Yo). 


The Cauchy-Riemann equations follow from the uniqueness of f(Zo); 
we’ve shown its real part to be wu, and also v,, whence u, = vy, etc. 

For the converse, we are given that wu and v are in ¢'(Q) and 
Uz = Uy, Uy = —v,. Hence, 


f(z) — (eo) = {u(z) — u(2o)} + i{v(z) — v(2p)} 
= {u,(Zo)-(% — %0) + u,(2Z0)(y — Yo) 
+ 8,-(% — Xo) + &2-(¥ — Yo)} 
+ ifvx(Zo)+(% — %o) + v,(Z0)-(y — Yo) 
+ &3*(% — Xo) + &4-(¥ — ¥0)} 
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by Theorem 3 of Chapter 1. Using the Cauchy—Riemann equations, we 
rewrite the last expression thus: 


f(2) — F(Z) = (uZo) + iv,(Zo))-(2 — Zo) 
+ (€ + t83)-(% — %o) + (en + t€4)-(¥ — Yo) 
Hence, the difference quotient for the derivative becomes 


£2) ~ FE) = (29) + ivgze) 
zZ- 2 
+ @ + ie3)=—*9 +(e, + ie4)2— 22. 
Z-—2 zZ2-—2 


Since |x — xo| < |z — 2ol, ly — yol < |z — Zol and ¢, &2, €3, &4 tend to 
zero as z = (x,y) approaches Zp = (Xo; Yo), we conclude that f(z) 
exists and, in fact, equals u,(29) + iv,(Zp). Also, f’ is continuous because 
the partial derivatives are. Thus, fis analytic and the converse is proved. 
Done. 


The Cauchy-Riemann Equations in Polar Coordinates 


Certain prominent analytic functions are usually defined in terms of 
the polar coordinates (r, @) of a point rather than Euclidean coordinates 
(x, y). For example (see Section 3.4), 


f(z) = Inr + #8, 


where z = x + iy = r(cos@ + isin @),r > 0, will define the very 
important complex logarithm; log z = f(z). We will discuss this in the 
next section. 

If f is any complex function, then it may be written 


f(z) = u(r, 6) + iv(, 8). 


If f is analytic, then its real and imaginary parts u, v will satisfy the 
polar form of the Cauchy—Riemann equations, 


ou 1dv du év 
ari) = 700” 4), 36° 4) = “Tah 9); 
that is, 
ue = oF Ug = —TU, 
cnn r CU oe ~ od 


Conversely, if u, v satisfy these equations and are continuously differ- 
entiable, then f is analytic. The proof of this amounts to translating the 
Cauchy-Riemann equations in x, y into r, 0, that is, the two-variable 
Chain Rule. We leave the details as an exercise to be done by everyone 
once in his life. 


Preview: The Relation of Harmonic to Analytic Functions 


Let f(z) = u(z) + iv(z) be analytic in Q so that u, = v,, uy = —v,. 
It follows that u,, = v,, and uy, = —U,,, provided these second partial 


) 
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derivatives exist. If these partials exist and are continuous, then 
Vyx = Uxy, Whence we conclude that u,, + u,, = 0; thatis, vis harmonic, 
Similarly, we have that v is harmonic (verify this!). This fact is usually 
stated thus: The real and imaginary parts of an analytic function are 
harmonic. 

What does this mean? 


1, We will see that many of our results on harmonic functions (e.g., 
Mean-Value Properties, Maximum Principle, Liouville’s Theorem) have 
immediate extensions to the case of complex analytic functions. 

2, One way to construct analytic functions f(z) (as we will see) 
will be to start with harmonic u(x, y) and find a harmonic v(x, y) such 
that u, = vy, uy = —v,. Then f = wu + iv will be analytic (why?). 


Caution: In deriving the harmonicity of the real and imaginary parts 
of an analytic function, we had to assume that the second derivatives 
Uxx; Uxy, Uys, etc., exist. It is a remarkable fact (proof later) that these 
second partials do exist, provided f = u + iv is analytic. This follows 
from the fact (at least as remarkable) that if f’ exists, then f” exists 
(whence by the same reasoning f” exists, and so on). An analytic function 
has all complex derivatives f’, f”,..., f™,.... 


Why is this? The reason seems to be that if f = u + iv is analytic, 
then (as we have seen) 


ux, — vy = 0, Uy + vy = 0. 


That is, the real and imaginary parts of f give solutions to a simultaneous 
system of first-order partial differential equations: the Cauchy-Riemann 
equations of course. This is much stronger than the mere existence of 
the partial derivatives. 

Notice, therefore, that the property of being analytic for a complex 
function w = f(z) is much stronger than that of being continuously 
differentiable in the superficially analogous case of a real function 
y = f(x). Moreover, this is in spite of the fact that the definition of f’ 
via the difference quotient looks the same in each case. The existence 
of the two-dimensional complex limit of the difference quotient as z 
approaches 2, is a powerful hypothesis. 

At this point you might reread the first paragraphs of Chapter 1 with 
profit. 


Exercises to Section 3.3 


1. Verify the Cauchy-Riemann equations for f(z) = 2?. 
2. Use the Cauchy-Riemann equations to show that f(z) = Z is not analytic, 
This question was asked in Section 3.2, also. 


3. Prove in two ways that if f(z) = 0 identically, then f(z) is constant. See the 
set of exercises for Paragraph 3.2.3. 
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4, Prove that an analytic function which assumes only real values on a domain 
is constant. 

5, The Chain Rule under coordinate change. Convince yourself that if x = x(r, @), 
y = Wr, 9) and r = r(x, y), 9 = O(x, y), then u, = u,r, + U9@,. Here, the sub- 
scripts r, x denote partial derivatives and we can write u for both u(x, y) and 
u(x(r, 4), y(r, 9) 80 that uv, makes sense. 

6, Verify the Cauchy-Riemann equations in polar coordinates as given in the 
text. Use Exercise 5. 

1. Verify that f(z) = Inr + i, —x < 6 <2, satisfies the Cauchy-Riemann 
equations in polar coordinates. Here, z # 0 has polar coordinates (r, 0). 
(This f(z) is the complex logarithm.) 

8. Verify that f(z) = e*(cos y + isin y) is analytic for all z = x + iy. This is 
the complex exponential function (refer to Section 3.4). 

9. For z = x + iy, verify that f(z) = (x? — y”) + Axyi (A real) is analytic if and 
only if 4 = 2. 


Section 3.4 THE EXPONENTIAL AND RELATED 
FUNCTIONS 


3.4.0 Introduction 


Our gallery of analytic functions contains only polynomials and 
quotients of polynomials thus far. In determining analyticity for these 
functions, we used the fact that we could differentiate z" explicitly. 
Now we construct some more functions and prove them to be analytic. 
The chief tool in this will be the Cauchy-Riemann equations. The 
functions we construct will all depend somehow on the exponential 
function, with which we now begin. 


3.4.1 The Exponential Function 


For z = x + iyeC we define the exponential function exp: C + C 
by 
exp z = e*(cos y + isin y). 


This generalizes the real exponential function, for when y = 0 we have 
2 = x and so exp z = exp x = e*. We will note other similarities with 
e*. See Exercise 12 for a full-scale motivation. 
Analyticity: The real and imaginary parts of exp z are 
u(z) = u(x, y) = e* cosy, v(z) = u(x, y) = e* siny. 
We check that the partials satisfy 
u,(x, y) = e* cos y = v,(x, y), 
u(x, y) = —e* sin y = —v,(x, 9). 
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Thus, u and v comprise a set of solutions tothe Cauchy—Riemann 
equations. Since the partials are continuous throughout C, we conclude 
that exp z is analytic in all of C; that is, it is an entire analytic function, 
a2=C, 


The Derivative: Knowing that f’(z) = u,(z) + iv,(z) (refer to 
Section 3.3), we see immediately that exp z is its own derivative: 


LSet z 
dz pid 


We recall that the real exponential function satisfies (e*)’ = e*. This is 
further evidence that we have chosen the correct generalization of e*. 


Periodicity: In this respect exp z will be unlike the real exponential 
function, which is not periodic. Let z = x + iy. We observe that 


exp(z + 2zi) 


exp(x + i(y + 27) 
e*(cos (y + 22) + isin (y + 2z)) 


e*(cos y + isin y) 
= exp z. 


By a repetition of this argument we may show (see Figure 3.4) that, for 
any fixed z and every integer k, 


exp(z + 2kzi) = exp z. 


© z+6ri 


Figure 3.4 


exp z= exp (z+2m7) =exp (z+4mi) =-++ 


It follows from the properties of sine and cosine that if the complex 
number 6 is such that 


exp(z + 6) = expz 
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for all z € C, then b must be of the form 2kzi for some integer k (proof?). 
We summarize this by saying that exp z is periodic with period 2ni. 


Addition Formula: This formula says that 


exp(z; + 22) = (exp 2,)(exp 22); 
that is, the exponential of a sum is the product of the exponentials. This is 
a generalization of the calculus result e**” = e*e”, which works for real 
a, b. 
To prove it, let z, = x, + ivy, 22 = X2 + iy2. Then 
exp(z; + 22) = exp((%; + x2) + i(y, + ¥2)) 
= e***2(cos (y, + y2) + tsin(y, + y2)) 
= e*te*2{(cos y; COS y2 — sin y; sin y2) 
+ i(sin y; cos y, + cos y; sin y2)} 

= e*(cos y, + i sin y;) e**(cos y2 + i sin y2) 

= (exp z,)(exp 22). 
The key here was, of course, the addition formulas for sine and cosine, 
familiar from trigonometry. 


What fact about exp z can we deduce anew from the addition 
formula by letting z, = z, z, = 2ni? 


Further Properties of the Exponential Function 


Complex Numbers as Exponenis: Later we will give a meaning to a*, 
where a and z are complex. The most important operation of this type, 
however, is the following: Ife is the usual base for the natural logarithm, 
determined by the requirement Ine = 1, and if z= x + iy is any 
complex number, we raise e to a complex power by writing 


e = exp 2, 


We will feel free to use either notation. 
In the particular case x = 0,2 = iy, our convention becomes 
Euler’s relation (worth remembering): 


e” = exp iy = cosy + isiny. 
A basic property of exponentiation is the addition formula 
em1t+22 = et1g*2 


for z;, 2; complex. This is just a restatement of the addition formula 
proved above for exp. 
Of course we have 


d 

f= =e, 
©) dz 
since e* = exp z. 
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The Polar Form of a Complex Number: This form is a useful combina- 
tion of the complex exponential function and polar coordinates. For us, 
it will often be the “right” way to use polar coordinates. 

Let z = x + iy have polar coordinates (r, 0), where r = |2| and @ is 
the usual angle (in radians). We call @ the argument of z and write 
@ = arg z. Now we note that 


x=rco0, y=rsiné@ 
It follows, therefore, that 
z=x+ iy =r(cos @ + isin 6). 


Now we make the crucial observation that, since @ is a real number, 
Euler’s relation gives 


e” = exp id = cos 0 + isin @. 
This is essentially our definition of e!°. We conclude, therefore, that 
z =x + iy may be written in polar form as 
z= reff, 
For example, if z = 1 + i, then r = V2, @ = n/4, so that 
zel+ia Ver, 
while if z = —1, then we have 


-1=e! 
a real number. 
Note that |e| = 1 (Pythagoras’ Theorem), so that |z| = |r| |e"’| = r, 
as expected. 


The use of the exponential re” rather than the ordinary pair (r, 8) 
of polar coordinates is justified by the following arithmetic observation: 
If z;, 22 are complex numbers with 


r= |21/, 4, = arg 21, 2 = |2al, 8, = arg 22, 


then we have, thanks to the addition law, 
Zi22 = (rye! )(rze!2) = ryrzelel2 = ryrze!1+%), 
Thus, we may conclude that the product z,z2 satisfies (see Figure 3.5) 


@) |21221 = rir. = |21| |22| (known already); 

(ii) arg(z,22) = 0, + 0, = arg z, + arg Z2. 

Now we can multiply two complex numbers geometrically! The 
product z,z, has absolute value equal to the product of the absolute 
values of the two factors and has argument equal to the swm of the 
factors (see Figure 3.5). We will apply this to powers and roots in a 
moment. 

Note that in writing z = re" it is not the variable z that appears in 
the exponent. 
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Zz=nne 81+ 99) 
a=re™ 
a=ne™ 
> 


Figure 3.5 


Afterthought 


You may object that in writing z as re! we overlooked that chronic 
difficulty with polar coordinates, the fact that the angle arg z is not a 
uniquely defined real number 6, but rather that any number @ + 2kz, 
k =0 +1, +2,..., determines the same angle. However, this objection 
evaporates when we recall that the exponential function has period 
2zxi or, in the same vein, 

elG+2km) _ pi@ganik _ pi0(/2niye _ gio 
All is well. 
Polar Form Applied to nth Powers and nth Roots: If z = re'®, then 
= r’e?!°, and by repeated applications of this idea we conclude 
z" = (re*y' = rer”? 


for any nonnegative integer n. The formula is also true for n < 0 (check!), 
Now let’s consider the converse problem from algebra. 


22 


Problem: the nth Roots of a Complex Number 


Given a nonzero complex number z, compute all { such that ¢" = z. 

Such a € is, of course, an nth root of z, and we might write = 2'/", 
keeping in mind, however, that ¢ is not unique when |m| > 1. The 
equation ¢ = z'/" determines a set of ¢’s. We seek an explicit formula 
for them. 

The key to the problem of nth roots is to write z in polar form: 


z= re! (= rel@t+2™, k = 0, +1,...). 
Now we define n complex numbers fo, ¢;,..., Ca—1 by 


Op = rilmelO+ 2kmy/n & =0,1,....7 — 1) 
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We claim that these n complex numbers are distinct and give all solutions 
to ¢" = z. This will solve our problem. 

First, however, by r’/" we mean the unique positive real number 
whose nth power equals r. You should convince yourself that this r!/” 
actually exists (completeness of the real numbers) and is unique (if 
0 <a < b,thena" < b"). 

Now we check that (¢;)" = z. Observe that 


Gt = (rimelO+2emIMy = polO+2km) — pol? =z 


We used the formula for nth powers and the periodicity of the complex 
exponential, e?**! = 1 for integers k. 

To prove that {o, ¢1,..-,¢,-1 are distinct, assume ¢, = ¢, with 
0<h<k<n — 1. Thus, ¢,-? = 1. On the other hand, 


Oey? —_ (piel 2kR)/My(p—1/ng— 1+ 2hR)/my 
= eXk-h)ni/n, 
But this last number cannot equal unity because e?" = 1 if and only if 


m is an integer (periodicity!) and m = (k — h)/n is not an integer. 
Done. 


Finally, we must verify that if" = z, then ¢ is one of lo,..., C,-4- 
Let ¢ be a variable, and consider the equation t" = z; that is,#" — 2 = 0. 
Since t = ¢, is a root of this equation for k = 0,1,...,m — 1, we have 
the factorization 


t — z= (t — Cot — 01)++ (8 — C=) 


This follows from successive division of t" — z by the factors t — fo, 
t — ¢,, and so on. Thus, ¢” — z = 0 implies 


© = CoME — 01)-+ CC — S-1) = 0, 


whence ¢ must be one of (9,..., (,-1 (why?). 
This is a special instance of the fact that a polynomial of degree n 
has at most n distinct roots. 


A Remark on the Roots of Unity 
We defined ¢, = r'/"e"°+?#)/". See Figure 3.6. Thus, we have 
be = Coe", 


Now note that a, = e?**/" is an nth root of unity, (w,)" = 1. This insight 
leads to the following conclusion: Let ¢ satisfy ¢" = z. Then all nth 
roots of z (nonzero) are given by (a, (@,..., C@,-1, where the w,'s are 
the nth roots of unity. 
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ae 


The cube roots of unity The fourth roots of unity 


The fifth roots of unity 


Figure 3.6 


Exercises to Paragraph 3.4.1 


Compute exp z for the following z: 
(a) 1 + zi, 

(b) xi/2, 

(©) —14zi, 

(a) 3x, 

(e) 0. 


. Prove, using properties of the real sine and cosine, that if exp z = exp(z + 5) 


for all z, then b is an integer multiple of 2zi. 


. Verify that f(z) = e?** is periodic with period 1. 
. Prove that exp z # 0 for allz, Use the definition, or the fact that e? e~* = 1. 
. If w # 0, does there exist z such that w = e*? How many such z? 


Describe the set of points w of the form w = expz with z= x + iy, x 
arbitrary, —x < y <2. 
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7. 


13. 


14. 


15. 


Write the following in polar form re'®: 
@) a+ a/v2, 

) -i, 

(c) -1. 


. Verify e*' + 1 = 0, Note all the famous numbers that appear here! This is 


worth remembering. 


. Concoct a formula similar to that in Exercise 8, but which involves the 


number 2 as well as e, 7, i, 1, 0. 


. Sketch in the plane the three points satisfying w? = 1. Now locate all six 


sixth roots of unity (2° = 1), Where would the twelfth roots of unity lie? 


. (a) Write in polar form both square roots of (1 + i)/ v2. 


(b) Likewise for —(1 + i)/V2. 

Why we define e*+' = e*(cos y + isin y). 

(a) Surely we desire e*+ = e*e'’. Thus, if e'” = U(y) + iV(y), we must 
motivate U(y) = cos y, V(y) = sin y. We do this as follows: 

(b) Surely we desire (d/dy) e'” = ie”, whence (d?/dy*) e'Y = —e'”. Prove we 
must have, therefore, 


Uy) = —U(y), = V"(y) = — Vy). 
(c) From elementary differential equations, 
U(y) = Cy cosy + C2siny, Vy) = Cs cosy + Cysiny, 
(d) But surely we desire e’” = 1 when y = 0. Prove we must have, therefore, 
U() = 1, U’O) = 0, VO) = 0, V’O) = 1. 
(e) Conclude: 
U(y) = cosy, Vy) = siny. 
Prove e* = eé implies z — { = 2kzi for some integer k. Hint: By the addition 
law, this is equivalent to proving e” = 1 implies b = 2kni for some integer k. 
The formula of de Moivre. 
(a) Prove, for any integer n, 
(cos @ + isin 0)" = cos né + isin né. 
Hint; Consider the nth power of e', 
(b) Deduce: 
cos 36 = cos* 0 — 3 cos @ sin? 8, 
Thus, the angle 30 may be treated in terms of 6. 
(c) Obtain a similar formula for sin 30. 
Local one-oneness. Prove that the exponential mapping w = e* is locally 


one-to-one; that is, given a point Zo, there is an open neighborhood of zo in 
which e* = e only if z = ¢. Hint: Exercise 13. 


3.4.2 The Logarithm 


We would like to define the logarithm log z as the inverse function 


of the exponential so that, for all complex a, b (with b + 0), 


log exp a = a, exp log b = 6. 
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We recall that these formulas hold for real numbers a, b, provided 
6 > 0, where log b means the natural logarithm In b and exp a = e*%. 

However, we cannot define an inverse for the complex exponential 
because this function is not one-to-one. In fact, we have seen that it is 
periodic, 

exp(a + 2nki) = expa (k = 0, +1, +2,...) 
for all complex a. Thus, for example, exp 0 = exp 2zi = 1, so it is not 
clear whether we should define log 1 = 0 or log 1 = 2zi (or log 1 = 4zi, 
etc.). 

To resolve this quandary, we must examine the mapping properties 
of the exponential function more closely. The following result is basic. 
It provides a geometric picture of the exponential function. See Figure 
3.7. 


exp 
z-plane _—— 


Note: Left half (x < 0) of strip S is mapped 
one-to-one onto punctured disc 0 <|w| <1. 


Figure 3.7 


‘THEOREM 1 


The exponential function maps the horizontal strip 
S={z=x+i|—-x<y<z} 
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in the z-plane onto the punctured w-plane C — {0} in a one-to-one 
fashion. In particular, the horizontal line y = x is mapped onto the 
negative real axis in the w-plane. 


Proof: It is straightforward to prove that exp z #0 and that 
exp(x + iz) lies on the negative real u-axis. We leave this to you. 

Let w # 0. We want to prove w = exp 2 for some ze S. Now w 
has polar coordinates (p, 9) with p>0 and -z <9 <n. Define 
z= x + iy, where x = Inp, y = g. Note ze S. To see that w = exp z, 
simply note exp z = e™ (cos g + isin g) = p(cos g + isin g) = w. This 
proves that exp maps S onto C — {0}. 

To prove that exp is one-to-one when restricted to S, we will suppose 
21, 2, € S and exp z; = exp 22, and show that z; = 2). 

Now exp 2; = exp 22 implies (exp z;)/(exp z2) = 1, whence exp (z, — 
22) = 1, But the periodicity of exp implies that z, — 2, must be of the 
form 2kzi, with k an integer (check this!). We claim now that k = 0; 
that is, 2; = 22. This is because z,, z, are both in the strip S, whence 
|z: — 22| < 22. This proves k = 0, and so exp is one-to-one as a function 
from Sto C — {0}. Done. 


A Generalization 
Since exp z = exp(z + 2zi) = exp(z + 4zi) = ---, we may extend 
Theorem 1 to other strips in the z-plane. Thus, for each real b, let 
S, = {z=x + iy|b—-21<y <b} 


be the horizontal strip of height 2x whose upper edge is the horizontal 
line y = b. We state 


CoroLLary 2 


The exponential function maps each horizontal strip S, in the z-plane 
onto the punctured w-plane C — {0} in a one-to-one fashion. In 
particular, the horizontal line y = b is mapped onto the ray extending 
from the origin w = 0 determined by the angle y = b. 


See Figure 3.8. 


The Definition of the Logarithm 


Having the foregoing information on the exponential, we proceed 
to define a kind of inverse for it. Let z # 0, z = re’ as usual. We define 
the expression log z by the formula 


log z = Injz| + iargz = Inr + i6. 


This is not a function, because z= re = ret?) — ..-, but 
Inr + i0,lnr + i(@ + 22), nr + i(@ + 4m),--- are all different com- 
plex numbers. Thus, the expression log z is not “single valued” because 
arg z is not. 
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ef. lim =0 
Exponential mapping S; onto C— {0} mane ee 


Figure 3.8 


To obtain an honest function, we proceed as follows: Let S, be the 
horizontal strip in the w-plane given by 


S, = Ww=ut+iv|—-x<v< x}. 
Now let us agree to write zin C — {0} as 
z=re® (7 >0,-2<0< 72). 
Having restricted 6 = arg z in this way, we once again define 
log z = log re = Inr + i6. 


You should check that log z is now a function defined for all z #0 
with values in the horizontal strip S,. Hence, we may write 


log: C — {0} > S,. 
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ttt 


w=log z, principal branch 
Figure 3.9 


This function, with the restriction —z < 0 < 2, is called the principal 
branch of the logarithm. See Figure 3.9. Usually, for purposes of 
continuity, we make the slightly stronger restriction —1x < 0 < 2; 
more on this point in a moment. We will discuss the properties of this 
function below. 

More generally, however, a branch of the logarithm is defined by 
selecting a horizontal (“target”) strip S, in the w-plane, then agreeing 
that 6 = arg z satisfies 

b-2n<0<8, 


and defining log z = In r + i@ as usual. This gives a function onto a 
strip in the w-plane: 
log: C — {0} > S,. 


Important: Different strips S, give different (though related) 
functions or “branches” log z. The key to many problems is choice of an 
appropriate. branch of the logarithm. 
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Examples of Logarithms 


1. Let z = 1 = e® = e?! = e**! = -.-, For the principal branch we 
have log 1 = Inl + i#@=0+ 0=0, 

On the other hand, if we choose the branch of log z determined by 
nm < 0 < 3m, then we agree to write 1 = e?*' so that log 1 = In1 + 
2zni = 2ni. Note for this branch log 1 € S3,. 

2. What is logi? For the principal branch, @ = arg i = 2/2, so 
that log i = zi/2. For the branch determined by 32 < 6 < 52, we have 
i = 92/2, so that log i = 9zi/2. 

8. Ifz=1+i, then_the principal branch of log z is given by 
log z = Inr + i0 = In V2 + zi/4 = (In 2)/2 + nifA, 

4, Log 0 is not defined. 


Some Properties of the Logarithm 


Log and Exp: To see that these are mutual inverses, let z = re 
with —z < @ < z as above. Then we compute 


exp log z = exp(In r + i0) = e!""e!® = re! = gz, 
On the other hand, if w = u + iv with —z < v < 2, then 


log exp w = log e“e” = Ine“ + v= u+ iv =w. 


This shows that the principal branch of the logarithm is the inverse 
function of exp when exp is restricted to the strip determined by 
—-n<u<t 

The moral of all this is that exp, defined on a horizontal strip S, 
of height 2x, is the inverse of some appropriately chosen branch of the 
logarithm. In particular, the mapping 


log: C — {0} > S, 
is one-to-one and onto. 


Continuity: The principal branch of log z is continuous on the 
z-plane with the nonpositive x-axis removed, that is, on the domain of 
points z = re’ with r > 0, -1 < 0 <2 (note 6 # 2). This is true 
because its real part, In r, and imaginary part, @, are continuous func- 
tions (think of them in polar coordinates) on this domain. 

Now we see why we might wish to delete the entire nonpositive 
%-axis in defining the principal branch log z. For the function @ is not 
defined at the origin and, moreover, cannot be extended to a continuous 
function on the negative x-axis as well. For as z = re!’ approaches any 
point é on the negative x-axis from above (see Figure 3.10), we have 

lim 6 = z, 
248 
while if z approaches € from below, we get 


lim 0 = —x. 
zg 
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this angle approaches r 


this angle approaches —7 


Showing 6, as a function of z, 
is not continuous at z=£ 
Figure 3.10 


Hence, @ (and log z) will not be continuous at ¢. Thus, it is convenient 
to delete these troublesome ¢é’s. 


Analyticity: There are several ways of verifying that every branch 
of log z is analytic. In the spirit of this section we will employ the 
Cauchy-Riemann equations in polar coordinates. 

The real and imaginary parts of log z = u + iv are 


u(r, 0) = Inz, u(r, 0) = 0. 
The partial derivatives are readily computed: 
u=-, Uy = 0, u, = 0, vg = 1. 
It follows immediately that u, v satisfy the Cauchy-Riemann equations 
(see Section 3.3), 
u, = Re ug = —TUy, 


and since all requirements of continuity are met, we may conclude that 
log z is analytic, 


The Derivative: What is (d/dz)log z? We could build it using the 
partials of u, v computed above and the standard trig relations between 
(x, y) and (r, 0). But here is a second way, useful when our function is 
the inverse of something known. It is standard calculus. 

The Chain Rule for complex functions tells us that 


(fel2)Y = F(e(2)g'(2). 
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For inverse functions we also have, for all z, 
f(g(2)) = z 
so that differentiating both sides gives the equation 
f(e(2)e'(2) = 1; 


that is, 
g (2) — ee Der 
f(g)" 
Thus, if f is the exponential and g the logarithm, we obtain 
—logz= : st 
dz B, explogz 2z 


This answers our questions. Compare the answer with the well-known 
(d/dx) In x = 1)x. 
The Addition Law Revisited: For a, b > 0, the natural logarithm 
satisfies: 
Inab =Ina+Inb. 


This generalizes in the complex case to the addition law 
log 2,2, = log z, + log z, + 2kni, 


where k is some integer. The 2kzi term reflects the fact that we do not 
specify the branches of log that occur, 

To establish the formula, write log z,z, = log z, + logz,+¢ 
and prove by exponentiating both sides that the error term ¢ satisfies 
é& = 1, whence ¢ must have the form 2kzi. 

A special case of this law is given by 


log z" = m log z + 2kzi. 


Here m is a given integer and k depends on the branch. 
Another Expression for the nth Roots of z: We saw earlier (end of 
Paragraph 3.4.1) that if z = re', then the n complex numbers 


i= rin ei G+ 2kRy/n (k = 0,1,...,.2-D 


each satisfy ¢” = z. When we write z'/" we mean the set Co, (1,..+, ("> of 
nth roots of 2. 
There is another quite useful way of writing z'/. It is 


2'/" = exp ( log 2) 4 
n 


Let us examine the right-hand side here to verify equality. Suppose that 


2 = rel = pelOt2™) — petra) — .., 
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as usual. Then, depending on our choice of a branch, log z may be any 
of the numbers 


Inr + i(@ + 2kn) (k = 0, +1, +2,...). 
Thus, (1/n) log z might be any one of the numbers 


In r'/" + (0 + 2k) 
n 


(k = 0, +1, 2,...). 


Finally, using the fact that exp t = exp(r + 2zi), you should convince 
yourself that 


exp (; log 2) = pil gOr2kea (k= 0, 1,..., 8 — 1) 


But these last m numbers are the nth roots fo, C;,.--, C,-1 of z found 
earlier. This justifies the new formula for 2'/". 
We will see more of this when we discuss 2° with c complex. 


Exercises to Paragraph 3.4.2 


1. Compute log z (principal branch) for the following z: 
(a) -1 +i, 
(b) 2 + 2%, 
(c) 4e'*/7, 
(@) -i. 

2, Likewise for the branch determined by z < @ < 3z. 

If x is real and positive, can log x be complex? Explain. 

4. Mapping by the exponential w = exp z. Sketch the following sets in the 
zplane and their images under the exponential function in the w-plane. 
Indicate where the boundaries are mapped. Here, z = x + iy. 


2 


Q, = {z|x<0,-r<y <n}. 

Q, = {z|0<x<m2,-1< y < 2}. 
Q; = {z|x< 0,0<y < x}. 

2, ={z|x>0,-r<y <x} 


5. Let w = log z denote the principal branch of the logarithm. Where does log z 

map the following sets? Sketch as in Exercise 4, Important: —x < argz <7. 

The punctured disc 0 < |z| < 1; the upper half-dise |z| < 1, y > 0; the 
annulus 1 < |z| < 2; the set |z| => 1 complementary to the open unit disc, 

6. Where does w = f(z) = e?"* map the horizontal strip —1 < y < 1? Write 
down an inverse function for f(z) whose image is the strip. 

7. To remember the defining formula for log z, write z = |z| e!**** and apply 
log to this product, using the addition law and properties of the natural 
logarithm. 

8. Let h(z) = ef@), where f(z) is a continuous function defined on a domain 2. 
(a) Prove A(z) is analytic on Q if f(z) is. 
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(b) Prove f(z) is constant on © if f(z) is analytic on and A(z) is constant 
on Q, 
(c) Now work (b) without assuming f analytic. 

9, Suppose f is analytic on a domain © in the z-plane, and that the image set 
f(@) does not intersect some ray y = constant in the w-plane. 
(a) Show that one can select a branch of log w so that the composite h(z) = 
log f(z) is analytic in 2, 
(b) Suppose now that A(z) is constant in Q, Prove that f(z) must be constant 
in Q. Hint: There is a one-line proof. 
(c) Is (b) true if f is not analytic? 


3.4.3 Complex Trigonometric Functions 


Now we use the exponential function to construct more elementary 
analytic functions. 
For real y, we have the Euler relations (Paragraph 3.4.1) 


e”=cosy+isiny, e-” =cosy —isiny. 
Solving for cos y and sin y in these two equations yields 


e” + e? " e” = e 
sey = Se 


These expressions are sometimes useful in ordinary calculus. But now 
we extend them to the case of a complex variable, defining 
el? + em! el? — eo lt 
cos # = ——_—3 sin z = ———_—., 
2 2i 

These functions are analytic because they are built from the analytic 
e and e~". It is easy to check that their derivatives are given by familiar 
formulas: 

eae = poke Gaps ing 

dz , dz . 


dust as in trigonometry, the other basic functions are defined in terms 
of sine and cosine. Thus, 


sin 2 cos 2 

tanz = ‘ cot z = —— 
cos 2 sin z 
1 1 

sec z = ——, esc z = — 
cos z sin z 


These functions are analytic in any domain where the denominators do 
not vanish. See the exercises for this subsection. 
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We leave it to you to verify the formulas (reminiscent of ordinary 
calculus) 


z tan z = sec? z, é cot z = —csc? 2, 


ae sec 2 

The complex trig functions satisfy many of the formulas of their 

real counterparts. For example, you might verify the Pythagorean 
relation 


d 
sec z tan 2, Boe TE OZ 


sin? z + cos? z = 1 
and the periodicity relations 
sin 2 = sin(z + 2kz), cos z = cos(z + 2kz), 
with k = 0, +1, +2,.... Note 2kz here, not 2kzi. See Figure 3.11. 


Figure 3.11 


sin z=sin (z+2mr) =sin (z:4r) =+-- 
cos z=sin (z+ 2m) =cos(z+4mr) =+++ 


Exercises to Paragraph 3.4.3 


1. Prove that the derivatives of sin z, cos z are cos z, —sin z, respectively. 
2. Prove that sin z = 0 only if z = x = kx for some integer k. 
3, Find all z such that cos z = 0, 
4. What is the domain of definition of tan 2? 
5, Prove (d/dz)(tan z) = sec* z, 
6. (a) Prove sin? z + cos? z = 1 from the definition of sin z, cos z. 
(b) State and prove addition formulas for sin(z; + z2) and cos(z; + 22). 
7. True or false? cos z = sin(z + 7/2) for all 2. Reason? 
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8. Proye that sin(z + 7) = sin zfor all zifand only ifr = 2kz for some integer k. 
9. (a) Given any complex wo, prove that there exists zp satisfying wo = sin zo. 
Hint: First solve for eo in terms of wo via the quadratic equation (e'*)? — 
2iwoe*o — 1 = 0. (Where did we get this?) 
(b) Solve sin z = —5. 
10. Prove that the zo found above is unique, provided it is required to lie in the 
vertical strip —2/2 < x < 2/2 or any such strip of width x, 
11. What is the image in the w-plane of the vertical strip —/2 < x < n/2 under 
the mapping w = sin 2? See the preceding exercise. 
12. In the spirit of Exercises 9 through 11, construct an inverse function (arcsine) 
for the sine function as we did for the exponential function (strips, branches). 
Is the arcsine analytic? 
13. Complex hyperbolic functions. 
(a) Generalize the real hyperbolic functions 
titi ere", oie eet 


by replacing x with 2 in these formulas. 
(b) Compute the derivatives of sinh z, cosh z. 
(c) How are the squares of sinh z, cosh z related? 
14. Solve the following complex differential equations for w = f(z): 
(@) w’ —w=0, 
(b) w” + w=0, 
(c) w” —w =0, 


3.4.4 Complex Exponents 


We have already defined z™ when m is an integer and, more generally, 
when m is a rational number. For if m = a/b is rational but not an 
integer, then 2’”” is a set of numbers (for example, the two square roots 
of z). We recall for z # 0 and m rational that 


2™ = exp(m log z). 
Now we define 2° for c complex by a similar formula: 
2° = exp(c log z) (z # 0). 


Of course 2° stands for a set of numbers, since log z is involved here. 
Selection of a branch of the logarithm (restricting —2 < arg z < 7, 
say) leads to a “single-valued” function f(z) = z*, 

An example: We have in the case z = i, c = i, 


i! = exp(i log i) 


no (Gem) 


W 
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n 
§ 
ith 
wla 
\ 
= 
— 


with k = 0, +1,...- 


The Derivative of 2°: We suppose that a branch of the logarithm has 
been chosen so that f(z) = 2° is a single-valued function, analytic (why?) 
in some domain (which?). We have 


ae = Z exp(c log z) 
= exp(c log z)cz™* (Chain Rule!) 
= c exp(c log z) exp(—log z) (trick!) 
= c exp((c — 1) log z) (why?) 
= c2°—1, 


That is, 


oe =e (2 #0). 


This compares nicely with (d/dx)x° = cx*~' from calculus. 


Exercises to Paragraph 3.4.4 


1. Write in polar form: 
(a) z', 
(b) 24, 
@mata 

2. State and prove an addition law relating 2’*© and z°z¢ for z, b, c complex. 
Discuss any ambiguities due to the multivaluedness of z°. Of course the law 
you state will have its origin in the addition law for the logarithm (Paragraph 
3.4.2). 


Section 3.5 THE HARMONIC CONJUGATE 


We are answering the question: “Do analytic functions exist?” 
Our work thus far has yielded two methods of verifying analyticity, 
namely, direct differentiation (polynomials) and the Cauchy-Riemann 
equations. Now we present a third method for obtaining analytic 
functions. A fourth method, power series, will be discussed in Chapter 5. 

Suppose u = u(z) is a real-valued harmonic function defined for all 
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zin some domain ©. We wish to construct a harmonic conjugate v = v(z) 
for u, that is, a function v such that, for all z in Q, the sum 


f(z) = u(z) + iv(z) 


is complex analytic. It is necessary and sufficient for the analyticity of 
f that the partial derivatives of v be continuous and satisfy v, = —uy, 
vy = ux throughout 2. 

We will construct v(z) by using a certain line integral. For motiva- 
tion, suppose v existed. Then its “total (exact) differential” is defined as 


du = v, dx + v, dy, 


and we have, from Section 1.4, a formula for v(z): 
rs 
2) — v(a0)= [ ao, 
zo 


where the integral is independent of the curve from Zp (any selected 
point) and z. 

We will play a variation on this theme. By the Cauchy-Riemann 
equations, dv should equal 


—u, dx + u, dy. 


Now we claim that if Q is simply connected (no holes) and if z, zo 
are in Q, then the integral 


2 
f [-u, dx + u, dy] 
Zo 


is independent of the path in Q from 2, to z. This is true essentially 
because the Jordan domain between any two nonintersecting curves 
from 2p to z lies inside ©, and so the line integral from zg to z and back 
to Zp (over one curve and back by the reverse of the other) is equal toa 
certain double integral over this Jordan domain (Green’s Theorem). 
But this double integral vanishes because u is harmonic in Q. You'll 
enjoy verifying these assertions. 

Hence, the integral displayed above is independent of the path and 
defines a function v(z): 


u(z) — v(z) = in du = f [-u, dx + u, dy]. 
20 0 


We may choose the real value v(2 9) at will, of course. See Figure 3.12. 
Here is an example. We are given u(x, y) = x? — y?, harmonic in C. 
This gives us a candidate for du, namely, 


—u, dx + u, dy = 2y dx + 2x dy. 


Line integrals of this differential are certainly independent of the path 
because (as we observe) it is the differential of any function of the form 
2xy + c with c real. To conclude (no need to carry out the integral), we 
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Figure 3.12 


v(e)—v(ea) = J tay hc bingy 
E) 


may define v(x, y) = 2xy + c for any real c and obtain a harmonic 
function that is conjugate to the original u(x, y). This leads to 


f(z) = u(z) + iv(z) = (@? — y?) + iQxy + ¢) 
= 27 + ci, 


which is surely analytic in C. 
We summarize our findings in the following statement. 


THEOREM 3 

Given a real harmonic function u(x, y) on a simply connected domain 
Q, then there exist infinitely many harmonic conjugates v(x, y) for u 
on Q, each differing by an additive constant. Hence, the given u is the 
real part of infinitely many analytic functions 


f(z) = uz) + iv(z) 
on Q, each differing by a purely imaginary additive constant. 


You should convince yourself that our argument used the data that 
u was harmonic and Q simply connected. In this regard, you might 
observe that the function u(z) = In|z|, harmonic in the punctured 
plane C — {0}, does not have a harmonic conjugate in the full domain 
C — {0}, though it does have harmonic conjugates on simply connected 
subdomains of C — {0} (such as C with the nonpositive x-axis deleted). 
Branches again! 


Exercises to Section 3.5 


1. Given u(x, y) = 2xy, compute all u(x, y) such that f = u + iv is analytic. 

2, Prove that if u = u(x, y) is harmonic in a simply connected domain 9 (a disc, 
say), then the line integral {, [—u, dx + us dy] is independent of the path in 
Q from Zo to 2. 
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Thus we may use the integral to define another function of z by agreeing 
that v(z) — v(20) equals the given line integral. 
3. Why does the function u(z) = In|z|not have a harmonic conjugate in C — {0}? 
4. Construct a harmonic conjugate for u(z) = In|z| on the simply connected 
domain © obtained by removing the nonpositive x-axis from the xy-plane. 
(Recall the “slit plane.”) 


Appendix 3.1 THE RIEMANN SURFACE FOR log z 


This is a beautiful idea, one of the seminal ideas of nineteenth 
century mathematics. We will describe it briefly. 

The formula log z = In r + if is ambiguous because @ = arg z has 
infinitely many values for each z # 0. We dealt with this ambiguity in 
an ad hoc fashion by defining “branches” of the logarithm. Unfortu- 
nately, we had to delete the nonpositive x-axis to maintain continuity 
of log z. This was somewhat unnatural. 

Riemann’s idea runs in the opposite direction. Rather than delete 
points, he added new points, building a huge so-called Riemann surface 
on which all branches of log z could coexist at once, and freeing complex 
function theory forever from its confinement within the flat z-plane. 


Figure 3.13 
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We construct the Riemann surface for log z as follows: 


@ Let X, (k = 0, +1, +2,...) denote the punctured plane C — {0} 
with polar coordinates r, @ and agree (2k — 1)x < @ < (2k + 1)n 
on X,. 

(ii) Imagine the punctured planes X, stacked one above the other 
(in 3-space) with X,,; hovering above X,. See Figure 3.13. 

(iii) Slit each plane X, along its negative x-axis,0 > x > —0, 

(iv) Join X, to X,4, along the slit negative x-axes by gluing the 
negative x-axis (9 = (2k + 1)z) of X,, the lower plane, along 
the top edge of the third quadrant, ((2k + 1)x < @ < (2k + 3)z) 
of the plane X,.., just above. See Figure 3.14. 

(v) Let X denote the union of all these planes X, joined as just 
described. We call X the Riemann surface for log z. 


Note that X deserves the title “surface.” Locally it looks like the 
z-plane in that every point of X is situated inside an open disc on X, 
which is essentially the same as a standard open disc in the z-plane. 
Now, however, the distinct coordinate pairs (r, 9), (r,@ + 2z),(7,0+ 
4nz),... correspond to distinct points on the surface X. We define the 
logarithm of the point (r, 9) by the familiar formula In r + i6. This 
gives a nice single-valued function log: X > C. 


Figure 3.14 


A portion of the Riemann 
surface for log z 
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You may check that this function is single-valued (we've just argued 
this), one-to-one, and onto C. Moreover, it is possible to define exp: C > X 
(rather than C + C — {0}) and thereby obtain an inverse function for 
log. 

Finally, it is reasonable to call the function log “analytic on X.” 
For each point (r, 0) of X has an open neighborhood on which log agrees 
with some branch of the usual complex logarithm (or two branches 
glued together, in the case that (r, 0) lies on a seam joining X, with 
X41). We may therefore do complex calculus on the surface X. 

Tt is standard to study certain other “functions” (such as 21/7) by 
constructing their natural Riemann surfaces. You might ask someone 
to show you the surface for the square root function, Or you may con- 
struct it yourself: Take two copies of the complex plane and start cutting 
and pasting. 

Geometry, as well as function theory, was greatly enriched by 
Riemann’s insight. The following sort of question now becomes meaning- 
ful: Given some surface, specified by geometric data only, is it perhaps 
the Riemann surface of some mysterious complex analytic function? 
Are there analytic functions whose natural domains of definition are 
the hollow globe, the torus (surface of a doughnut), the torus with many 
holes, the infinite cylinder, some other favorite surface of yours? But 
this is another story. 


Appendix 3.2 THE DIRICHLET PROBLEM 
WITHOUT DIFFERENTIAL EQUATIONS 


A friend of ours has remarked, “Analytic functions are precious 
because each one gives us ready-made solutions to boundary-value 
problems.” These solutions are, of course, the real and imaginary parts 
of the analytic function, which are harmonic and hence solutions to the 
Laplace equation Au = 0. 

We'll illustrate our friend’s comment by starting with an analytic 
function and then concocting problems that are solved with the aid of 
that function. 


Example 1: Let f(z) = log z = In|z| + i arg z. Thus, In|z2| and arg z 
(that is, each branch) are harmonic. 

Consider the pictured domain © (the right-hand half of an annulus) 
bounded by the four curves T;, 2,13, 4. See Figure 3.15. Now we 
introduce a heat flow in Q by declaring that the temperature at a point 
{ on &Q is equal to the polar coordinate 4 of the point ¢.(Say -17 << 0s 2 
for definiteness.) Thus, if B(¢) is the boundary temperature, it is con- 
stantly equal to z/2 on Tr, and —7z/2 on 4, while it varies with the angle 
on I, andT;,. 
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Figure 3.15 


It should be clear now that the Dirichlet problem 
AU=0 onQ, U=B onaQ, 


is solved by the suitable branch of the steady-state temperature 
U(z) = arg z. 

Example 2: Again using log z, we can solve the following variant 
of the Dirichlet problem: Q is the punctured unit disc. B = 0 identically 
on the unit circle. We seek a function U(z) harmonic in Q such that 
U = B = 0 for |z| = 1 and also lim,.,, U(z) = +00. Thus, the origin is 
an infinite source of heat. 


A moment’s thought shows that U(z) = —In|2| is a solution. Is it 
unique? 
Example 3; Now we examine —exp(—z) = —e~* (cos y — isin y). 


We observe that the real part of this function equals e~* on the horizontal 
lines y = +2, while it equals —cos y on the y-axis. 
Thus, we let Q be the semi-infinite strip 


Q = {%, y) |" < 0, -—2< y < x} 
and define a boundary temperature B(x, y) on dQ by 
B(x, +z) = e7*, BO, y) = —cosy. 


See Figure 3.16. Thus, the boundary is very hot as x + —0o, while it is 
relatively cool, |B(O, y)| < 1, along the right side. 

Of course a steady-state temperature on the strip 2, whose boundary 
behavior is that of B, is given by the real part U(x, y) = —e7* cos y of 
f(z) = —exp(—z). 
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Figure 3.16 


Example 4: We use the same function —e~* cos y. This time let 2 
be a well-chosen rectangle, 


a= ploce<t—Zey< 3}. 


We impose a boundary temperature along the sides of 2 by defining (see 
Figure 3.17) 


Where is this relatively warm or cool? 
The steady-state temperature on the rectangle with boundary 
behavior equal to that of B is again given by U(x, y) = —e7* cos y. 


Figure 3.17 
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Example 5: Now we see what cos z affords us. First we calculate its 
real and imaginary parts (from the definition), obtaining 


cos z = cos x cosh y — isin x sinh y, 


Keeping the real part in mind, we define 2 to be the infinite strip 
bounded by the vertical lines x = 0, x = n/2. See Figure 3.18. Now we 
impose a boundary temperature on Q by defining 
coshy, x=0 

0, x= 71/2 


‘Thus the left-hand edge gets hot as |y| + 00. 


Bly) = 


Figure 3.18 


A harmonic function on 2, which agrees with B on @Q, is given by 
the real part of cos z, namely, 


U(x, y) = cos x cosh y. 


Summary 


Our gallery of analytic functions furnishes an opportunity for 
studying many completed boundary-value problems involving harmonic 
functions. 


4 


Integrals of Analytic Functions 


Section 4.1 THE COMPLEX LINE INTEGRAL 
4.1.0 Introduction 


In our study of analytic functions thus far, the only property we 
have exploited is the Cauchy—Riemann equations, For further investiga- 
tions we must have at our disposal a means of integrating complex 
functions and a means of expanding such functions in power series. 
We turn first to integration. 

This chapter divides logically into three parts: first, the complex 
line integral is defined in Section 4.1; second, the basic theorems about 
integration are obtained in Sections 4.2 and 4.3. These are the Cauchy 
Integral Theorem and Cauchy Integral Formula. Third, the remainder 
of the chapter (Sections 4.4 through 4.11) is devoted to results that 
follow from the two theorems named. These results are the complex 
analytic versions of the qualitative theorems about harmonic functions 
obtained in Chapter 2. 


4.1.1 Basics 


Throughout this chapter Q is a plane domain, not necessarily 
bounded, and I is a piecewise-smooth curve lying entirely inside 2 and 
not. necessarily closed. For most of our theorems the function f(z) will 
be supposed analytic. 
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We ask, “What is meant by the complex line integral 
[row 
r 


and how do we compute it?” Let us deal with the definition now; the 
computation will be treated later in various stages. 


Here is our philosophy: The key to treating complex line integrals of 
the above form is to break everything up into real and imaginary parts 
and so reduce to the familiar case of line integrals of real-valued functions 
which we know how to handle. 

Thus, we write 

f(z) = ufz) + iv(z) 
as usual, and since z = x + iy, we have 


dz = dx + idy. 
Therefore, breaking things up, we obtain 


i f(z) dz = f (u(z) + iv(z))\(dx + i dy) 
r Tr 


= i (u(z) die — v(2) dy) + i ‘ (o(2) de + u(z) dy). 
Ig ir 


Now note that we already have a meaning for both of these last two 
line integrals. Recall that if [ is parametrized by the function )(¢) = 
(y(t), y2(t)) with a < t < 6, then the real part above is interpreted thus: 


bh 
f (u(z) dx — v(z) dy) = [ [uO@)y's© — vO@)y'2(0)] at. 


In the right-hand integral here, everything has been “pulled back” onto 
the t-axis. Likewise, of course, the imaginary part of J; f(z) dz becomes 


b 
i (u(z) dx + u(z) dy) = f [LOM © + uO@)y'2O] at. 


An Example of a Complex Line Integral 


We interpret f, z dz, where I is the quarter-circle from z) = 1 to 
=i (see Figure 4.1) parametrized by »(¢) = (x, y) = (cos #, sin 2), 
s<t<n/2. 
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Figure 4.1 


From our definition, we have 


fede= [e+ nae + ia) 
r r 
= [ @ae-yd +i f Gae+ ea 
J r 


nl2 
= i (—2 cos t sin t) dt 
0 


n/2 
+ if (—sin? ¢ + cos? t) dt 
0 


x/2 x/2 
--f sin 2 dt + i [ cos 2t dt. 
0 oO 

Thus, the complex integral is reduced to two real integrals. You 
may compute these as usual to obtain 


[ea 1, 
r 


Good news: We'll soon see much faster ways to do this. 


Exercises to Paragraph 4.1.1 


1, Compute f; 2? dz for various curves I, as follows: 

(a) Let T be the straight-line segment from z) = 0 to z; = 1 + i parametrized 
by increasing x. Thus, z = x + ix on I, and the curve is traced out as x 
increases from x = 0 to x = 1; no need to introduce a superfluous parameter #. 
Rewrite the integral above as two (real and imaginary) integrals in x and 
compute each in the good old way. 

(b) This time let I be the same segment traversed in the opposite direction, 
from 2; to Zo. Again, z = x + ix, but now x decreases from x = 1 (lower 
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limit of integration) to x = 0 (upper limit), that is, fe. Or, if you are fastidious, 
let z = (1 — t) + i — t) ast varies from ¢ = 0 to # = 1. In either case your 
result should be the same, namely, the negative of your result in (a). 

(c) This time let [ consist of two line segments, the first T, from z) = 0 to 
22 = 1, the second I’; from z2 to z; = 1 + i, Parametrize I’, by x, I, by y, and 
use the fact fr = fr, + Jr. Does your value here agree with your result 
in (a)? 

2. Compute the very important integral {,2z~' dz, where C = C(0; 1) is the 
unit circle traversed, as usual, in the positive direction and parametrized by 
0, z =e, 0 < @ < 2n. Check first that dz = de’ = ie! da, 

3. A simplified notation. Rather than invoke )(t), we suppose [ is given by 
2(t) = x(t) + iy(é) with a <t < b, and that, on I, dz = 2'(t) dt = (x(Q) + 
iy’) dt. Verify that [, /(z) dz is the same thing as pe f(z) 2'(t) dt, where this 
latter integral is computed by first multiplying out the integrand. Useful: 
complex function /, real parameter ft. 

4. Prove the following by reducing everything to real and imaginary parts. For 
(c), refer to the Exercises to Paragraph 1.4.1. 

(a) fr cf(z) dz = J, f(z) dz, force C. 
(b) fr (f(z) + (2) dz = fr f(z) dz + fr a(z2) dz. 
(©) Jor f(2) dz = —fr f(z) dz. 


4.1.2 On Evaluating frf(z) dz 


This evaluation will be a major theme of the remaining chapters. 
The Fundamental Theorem of Calculus was useful in evaluating 
real integrals. It contains a great deal of information; here is one version. 


THEOREM 


Let g(x) be a continuous real-valued function, a < x < b. Define 
G(x) fora < x < 6 by the integral 


G@) = f ” gt) dt, 


Then 
(i) G(x) is continuously differentiable in the interval a < x < b; 
Gi) G(x) = ga); 
(iii) if also F(x) = g(x), then F(x) and G(x) differ by a constant 
and 


i g(t) dt = F(b) — F(a). 


Statement (iii) here outlines the familiar process for evaluating 
definite integrals from calculus: First find F(x) whose derivative is the 
integrand g(x) (so-called antidifferentiation or indefinite integration); 
then compute the number F(6) — F(a). 
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We wish now to demonstrate that this theorem has a complex 
version. It is sometimes useful in evaluating complex line integrals 


[r de. 


First we must mention that it does not make good sense to imitate 
the real-variable situation and thereby define G by 


G@ = [ ‘10) dis 


where z, and { are joined by a curve I and the integral is the line integral 
along I defined above. This is because we have no guarantee that, G(¢) 
depends only on the point ¢ and not on the arbitrary choice of curve T 
from 2, to ¢. Contrast the real variable case, with only one curve (a 
piece of the x-axis) from a to x. We will see in Section 4.2 that in the 
important case where f(z) is analytic in certain nice domains © (details 
later), then it is possible to define an antiderivative G(Q) as above. 

However, we may state the following partial result now. It enables 
us to integrate functions that have a known antiderivative (or “prim- 
itive,” as complex analysts often term it). 


THEOREM 1 


Let f(z) be continuous in a domain Q and suppose that F(z) is a 
function defined, analytic, and satisfying F(z) = f(z) at all points 
2 of Q. If T is a curve in Q from Zo to z;, then 


[tea a I F(z) dz = F(2;) — F(z). 
a T 


Hence, the value of the integral depends only on F and on the end 
points of T, but not on T itself. 


Note: This means that if T’,, I, are curves from Zp to 2,, and fis as 
above, then 


f(z) dz = F(2,) — F(20) = g f(z) dz. 


rm 


Proof: We write, as usual, f = u + iv, F = U + iV. By the Cauchy- 
Riemann equations for U, V and the fact that u = U,, v = V,, we have 


[foe [eae - v dy|+ i [ae + udy] 
r r r 


= fle-ae + U, dy]+ i[ Weae + V, dy] 


= [avi av. 
r r 
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Here we have used the exact differential notation: dU = U, dx + U, dy 
and likewise for dV. 

Now Theorem 8 of Section 1.4, on the line integral of an exact 
differential, allows us to conclude that 


J dU = U(2;) — Ute0) [| dV = V(z;) — V(z). 
r r 


Our result follows immediately. Done. 


Comments 
1. If we write dF for F(z) dz, then our result becomes 


i} dF = F(z;) — F(2). 
4 


Thus, our theorem is the “complexification” of Theorem 8, Chapter 1, 
and ultimately of one version of the Fundamental Theorem of Calculus. 
2. To apply this result to the general line integral f; f(z) dz, we 
must, of course, be able to recognize f(z) as F(z) for some F(z) defined 
(and analytic!) throughout a domain © containing I. 
8. The Cauchy Integral Theorem will give us a better way of looking 


at the problem of 
i f(z) dz 
r 


for analytic f. It avoids the troublesome f = F’. 


Some Complex Line Integrals Evaluated 

Example 1: Compute fy 2” dz, where I is the straight-line segment 
from the origin 2) = 0 to the point z; = (1,1) =1+i. 

First approach: We parametrize I by the variable x (a very natural 
parameter, you will agree). Then, if z is on T, z has the form z = x + 
ix = (1 + i)x. See Figure 4.2. Thus we obtain, by brute force, 


x=l 1 
f Aden f (1 + px? d(1 + dx) = + »f x? dx 
r x=0 ° 

ver] ‘ 

=(-24+2)=] ==(-1+0. 

(24295) = F140 
Second approach: We observe that z? is the derivative of F(z) = 23/3 
because F(z) = z?. Since F(z) is analytic throughout 2 = C, it is 
certainly defined and analytic on [. Thus, Theorem 1 may be applied, 

giving 


as above. 


154 Integrals of Analytic Functions Chap. 4 


Figure 4.2 


Example 2: Compute J; (dz/z), where I is the unit circle parametrized 
in the counterclockwise direction. This is a most important integral. 

At the outset it is necessary to realize that even though the integrand 
1/z is the derivative of log z, the logarithm is not defined and analytic on 
the full unit circle T. See Figure 4.3. Reason: log z is a continuous 
function only if we consider a branch, and to select a branch of log z 
we must omit some ray leading from the origin in the z-plane (e.g., 
—n < @ < x, omitting the ray @ = —7). Hence, it is incorrect to appeal 
to Theorem 1 and argue that, since Zp) = 2, 


JF = 1082 — 10820 = 0. 
rz 


This is false! In fact the correct value of the integral will be 2zi. 


Figure 4.3 
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To compute this value, we note z = e” on the circle I, so that 
dz = ie" d6, This yields 


O=2n 2 
t dz _ i ie" do) = i f * dO = 2ni. 
r@ @=0 ° 


We will meet this integral again and again. Remember that it’s not 
zero! 


Exercises to Paragraph 4.1.2 


1, Compute f; z* dz for F given below. Use Theorem 1. 

(a) Let I be the straight-line segment from z = 0 to 2; = 1 + i. This was 
worked out in Example 1 above and (using the parametrization of T) in 
Exercises for Paragraph 4.1.1. 

(b) Now let F be the straight line traversed from z; to Zo. Note that you obtain 
the negative of the result in (a). 

(c) Let [ be any curve from Zo to z;. Does it matter? 

2. Show that, for any point Zo, Jy (2 — 20)"* dz = 2ni if = C20; r). Note that 

the value is independent of r > 0 as well as of the center Zp. This is a slight 

generalization of the important computation in Example 2. Hint: z — 29 = re'® 
on. 

(a) Compute f; 2~? dz where I is the unit circle C(; 1) with its usual positive 

(counterclockwise) parametrization. 

(b) Generalize to [; z~" dz, k an integer > 2. 

4, Prove that if f is a continuous complex function in Q such that f = F’ for 
some (analytic) function in Q and if I is a closed curve (loop) contained in 2, 
then fy f(z) dz = 0. Hint: Use Theorem 1. 

Note that this result gives an immediate solution to Exercise 3. 

5. Prove that [; 2~' dz = 0 if I is any loop that does not enclose the origin. 
Hint: Construct an analytic branch of log z by deleting a ray extending from 
the origin that does not intersect fr. Then apply Theorem 1 (or Exercise 4 
above). 

6. Calculate f; e* dz, where I is the graph of y = sin x parametrized by x from 
x = 0 tox = x. Warning: This is easy. Think first. 

7. Example 2 the hard way 

(a) Verify fr 2~' dz = 2zi, where I is the positively oriented unit circle, by 
using the parametrization «(@) = (cos 6, sin @),0 < @ < 2x, and breaking 
things up into real and imaginary parts, obtaining two ordinary integrals 
in @. Note how much faster it is to use z = e'®, dz = ie' dd as we did in the 
text. See Exercise 3 of Paragraph 4.1.1 in this regard. 
(b) Let z = z(0) = e!", 0 < @ < 22, parametrize the unit circle. Now we will 
see that the tangent vector can be obtained from this “complex” parametriza- 
tion. Prove in fact that 20) = dz/d0 = ie'® is the tangent to the circle at e', 
provided we interpret 2‘(@) as a vector with tail end on the curve at e! and 
arrowhead at e! + ie!®, Picture! 

8. Give a domain © and function f(z) analytic throughout 2 such that f(z) is 
not the derivative F’(z) of another function F(z) analytic throughout Q 
Hint: We'll see later that 2 must fail to be simply connected. 


3. 
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9, Local one-to-oneness. Let f(z) be analytic in 2 and f’(zo) # 0 at zp in Q. Prove 
that f is locally one-to-one in a neighborhood of Zo; that is, there is a disc 
D(Zo; R) in Q on which the function f is one-to-one. (Compare real calculus: 
Nonzero derivative implies the graph is rising or falling, whence the function 
is locally one-to-one.) Prove the complex result as follows: 

(a) Prove or assume: If g(z) is continuous in Q and g(zo) # 0, then there is an 
open disc D(z; R) such that 


{ a(z)dz #0 
(x) .22] 


provided the integral is taken over any line segment [2,, 22] with distinct end 
points z;, 22 in the disc. This lemma is not trivial. 

(b) Apply (a) to integrals fj.,,2,) f(z) dz, which by Theorem 1 equal f(z2) — 
f(2:), to conclude one-to-oneness. 


Advice: Look for other instances in which we prove by integration certain 
theorems that make no mention of integration. This is different from real 
calculus, 

4.1.3 The ML-inequality 


Soon it will be crucial to estimate the absolute value 


[14 


This estimation should be in terms of the “sizes” of the function f(z) 
and the curve I. It will be accomplished, again and again, by the follow- 
ing important theorem. 


THEOREM 2 


Let f(z) be a continuous function defined on the curve T, Suppose that 
|f(2| < M for all z on T and that L = length T. Then 


| f fle) az| < I if(2)| |de| < ML. 
r r 


Note: By |dz| we mean ds, where s is the arc length parameter on I. 


Proof: Write I = f, f(z) dz. For some angle w, we have I = |I\e. 
Thus, 


in = I e-"f(2) dz = [ ” -"F(a(t)2'C) dt, 
r a 


where 2(t) is a parametrization of [,a < ¢ < b. As usual, 
e-F(2))z'® = U® + iV. 
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Since |J|, U, V are real, it must be the case that 
b b 
\Z| = f U® dt, i V@ dt = 0. 
a a 
Since everything is real, we have surely 


W< [ |U@| ae. 


But also 
[U@| = le“F(2@)z’O| = |F(2@)| lz’, 
since U is the real part of the complex number U + iV. Thus, 


b 
 < [ {fete |e) dt = jf if¢2)| Idel. 


This is the first inequality of the statement. The second inequality is 
clear from elementary considerations of the real integral of positive 
functions and the fact that J; |\dz| = L. Done. 


Comments 


1. Our proof depended on a trick, multiplying through by e7!”. 
This helped reduce things to the real case. A more direct proof, which 
depends on the interpretation of the integral as a limit of finite sums, is 
offered in the exercises for this subsection. 

2. Exercise 2 will show you how the ML-inequality is generally 
applied. We’ll encounter this situation very frequently. 

38. Recall that f, if continuous, assumes its maximum modulus 
max |f(z)| on T, so surely |f(z| < M for some M and all z on I. 


An Example 


We estimate |f, 27 dz|, where I is the straight-line segment from 
2 = Oto 2, = 1 + i. See Figure 4.2. 

First observe that for z on I, |z?| < |1 + i]? = 2. In fact, the best 
possible estimate here is M = 2. 

Likewise, L = length T = |z, — zo| = V2. Thus, the ML-inequality 
gives |f, 2? dz| < 2V2. 

Of course we were able to integrate this function exactly. We know 
that |f- 2? dz| = |2(—1 + i/3| = 22/3. In cases such as this, it is 
pointless to estimate. The true purpose of the ML-inequality is to prove 
theorems. 
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Exercises to Paragraph 4.1.3 
1. (a) Use the ML-inequality to obtain the estimate 


[q-s0- aq < 22, 
Ir 


where F = C(zo;r), r > 0. Hint; Compute M = max |z — 20|~! on I. 
(b) Compare this with the known absolute value of f(z — zo)~' dz. 

2. The standard application of the ML-inequality. Suppose that two hypotheses 
are satisfied by a continuous function f, namely, (i) |f(z)| < M for all z in the 
punctured disc D(zo;.R) — {zo}, and (ii) the value i = Soveo;ry f(2) dz is the 
same for all r,0 < r < R. Prove J, = 0 for0< r< R. 

We will soon see that (ii) holds if fis analytic in the punctured disc. Thus, 
the ML-inequality is often used to show that a certain integral vanishes. 

3. Another approach 
(a) Convince yourself that the integral I above equals a certain limit of finite 
complex sums of the form SY, f(2(t,)) (z(s) — z(%x-1)), where z(f) is the 
parametrization, a < t < b, anda = fp < t) <++-< t, = 6 is a sampling of 
values from the parameter interval. Note the similarity with the Riemann 
integral of real calculus. 

(b) Prove the first inequality in the statement of Theorem 2 by applying the 
triangle inequality to the sum in (a) and basic observations about limits and 
absolute values. 


Section 4.2 THE CAUCHY INTEGRAL THEOREM 


This is the most-used complex version of the Fundamental Theorem 
of Calculus (one real variable) or Green’s Theorem (real-valued functions 
of x, y). It will enable us to compute certain integrals very easily and 
also to prove certain other basic theorems, most notably the Cauchy 
Integral Formula of Section 4.3. 


Note: int T is a subset of 0; 
f(z) is analytic throughout 2. 


Figure 4.4 
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Caucuy INTEGRAL THEOREM 


Let f(z) be analytic in a domain Q and let T be a closed Jordan curve 
inside Q whose interior is contained in Q so that f(z) is analytic on 
and inside T, Then 


[reac = 0. 


Note: This theorem does not apply to the situation f(z) = 1/z, 
Q = C — {0}, = the unit circle. Reason: The full interior of T is not 
contained in Q; that is, f(z) is not analytic at all points inside r. Example 
2 of Section 4.1 showed that this integral equals 2zi, not zero. 


Proof: We have, writing int T for the interior of I, 
[toa S (u + idx + idy) 
r r 


= [wde—vay +i ode + way 
Tr Fr 


= [fm — Uy) dx dy + i [fom — vy) dx dy 
int int Tr 


=0+0=0 


by Green’s Theorem and the Cauchy-Riemann equations. Done. 


As a first application, we may now compute such recalcitrant 
integrals as 


[ costsin ade, J e* de, 
- ‘4 


where I is the unit circle C(Q; 1) with its usual counterclockwise 
orientation. The Cauchy Integral Theorem assures us that each of these 
integrals equals zero. Note that we obtain these results without finding 
antiderivatives for the integrands cos(sin z) and e*”, Theorem 1 would 
be of little help in these cases. 


Generalizations 


Extending the Cauchy Integral Theorem to curves I less special 
than Jordan curves (which do not intersect themselves, simple loops) 
is a study in itself. We will now discuss three such generalizations. 

The Case T Is a Figure-Eight: Let f(z) be analytic in a domain Q 
that contains I’ and all points inside each “lobe” (see Figure 4.5). In 
this case we break I into two closed curves, I’, and I’;, each of which is 
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r=T,+Ts, T= (inner loop)+ T breaks up into 


two Jordan curves (outer loop) four Jordan curves 
(or two, if you are 
observant). 
Figure 4.5 


now nonself-intersecting, and apply the preceding version of Cauchy’s 
Integral Theorem to each curve. We obtain 


[roel toa f roa 
=0+0=0. 


Moral 


Even if I intersects itself and so is not a Jordan curve, it may be 
possible to decompose I into finitely many Jordan curves. If f(z) is 
analytic in the interior of each of these new Jordan curves (one must 
check this carefully!), then fy f(z) dz = 0. 


A General Statement: We will state, discuss, and occasionally apply 
this version of the theorem despite the fact that a rigorous proof would 
require too much topology and will not be given here. This version is 
geometrically appealing and worthy of meditation because it gets close 
to the essence of what is happening. 


Srronc Caucny INTEGRAL THEOREM 
Let f(z) be analytic in a domain Q and let T be a (not necessarily 


simple) closed curve in 2 which can be shrunk to a point within 9. 
Then 


i f(z) dz = 0. 
r 


Sec. 4.2 The Cauchy Integral Theorem 161 


Shrinking T to a point within 2. 


Figure 4.6 


Explanation: Imagine that we obtain the complicated curve I by 
taking a simple closed circle made of thread and dropping it into the 
domain 2. See Figure 4.6, Now suppose that the thread begins to shrink 
in time so that the length of the curve gets smaller and smaller until, 
after a finite time interval, the curve of thread has shrunk to a simple 
point inside 2, Suppose further that the shrinking curve lay within the 
domain Q at every instant, and never touched a point outside Q. In this 
case, we say that T has been shrunk (deformed) to a point within Q. 

The proof of the strong version (we do not give it here) depends on 
the following nontrivial fact: The desired value 


I f(2) de 
Tr 


does not change as we replace the original curve I by the ever shorter 
shrunken versions, provided the shrinking is carried out in a sufficiently 
smooth manner and, of course, occurs inside Q. Since the curve 
eventually shrinks to one point, and since the integral of f(z) over one 
point in Q is zero (proof?), the original integral must have been zero, 
Done! 


At this point it is instructive to consider once more the situation 
f(z) = 1/z,2 = C — {0}, = the unit circle. (See the note following 
our original statement of the Cauchy Integral Theorem.) In our present 
language the circle [ cannot be shrunk to a point inside Q because it is 
looped around the “bad point’ 0, at which f is not analytic. Thus, the 
Strong Cauchy Integral Theorem does not apply (and, in fact, the value 
of the integral is different from zero, as we know). 

Note also that the first situation we discussed, in which I was a 
figure-eight, may be handled by the Strong Cauchy Integral stated here. 
For the figure-eight, [ may surely be shrunk to a point within Q, the 
domain of analyticity for f(z). 


The Case Q Is Simply Connected: We now mention an important 
special case of the strong version of the theorem given above. Recall 
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that the domain 0 is said to be simply connected if it has no holes, that is, 
if all points inside every closed loop that lies in © also lie in 9, For 
example, the open disc is simply connected, as is the xy-plane and the 
xy-plane with the negative x-axis deleted. On the other hand, the punc- 
tured dise and punctured plane (one point removed) are not simply 
connected, 

Consider the following fact: If 2 is a simply connected domain, then 
every closed curve T in Q may be shrunk to a point within Q. This is true 
because the curve I cannot enclose any holes and so cannot be snagged 
on any points not in Q as it is shrinking. Because of this fact, we may 
state this corollary of the strong version. 


Caucny INTEGRAL THEOREM (SmMPLY CONNECTED CASE) 
Let f(z) be analytic in a simply connected domain Q. Let T be any 
closed curve in Q, Then 
f(2) dz = 0. 
r 


Further Results 


The next result is of the “independence-of-path” variety and is 
essentially a restatement of the Cauchy Integral Theorem. Note that we 
require f(z) to be analytic at all points between the two curves (which 
may intersect). See Figure’4.7. 


Figure 4.7 


T=loop T\+(—T2) 


f* to! =a 


CoroLary 3 

Let f(z) be analytic in , and let T,, T, be piecewise-smooth curves 
from the point Zo to the point z,, all lying inside Q and such that all 
points between the two curves are also in 2. Then 


f(z) dz = nf” dz, 


MT 
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Proof: 
i f(z) dz - i tedz=([ flede+ [fede 
mh a 


TM! -Ta 
= i f(z) dz =0 
r 


by the Cauchy Integral Theorem. Here, —I, is the curve I; traversed in 
the opposite direction, and I is the curve formed by I, followed by —T2. 
The first equality depends on the fact that reversing the path of integra- 
tion changes the sign of the integral. Done. 


Comment 


In the proof above we did not specify which version of the Cauchy 
Theorem was being used. If F, touches T, only at the end points, then 
T =T, + (—T,) is a Jordan curve, and our original version suffices. 
But the crucial hypothesis is the analyticity of f(z) between the curves. 
If this holds, some version of Cauchy’s Theorem can be found which 
guarantees J;, = Jr,. Here is a standard application. 


Corozary 4 


If f(z) is analytic in the simply connected domain Q and if z, zo are 
poinis of Q, then 


F() = { AO de 


is a value independent of the path from Zo to z in Q and hence defines 
a continuous function F = F(z) in Q. 


Proof: Use Corollary 3. 


Remarks 


1, In the Appendix to this section we will see in fact that F(z) is 
analytic and F(z) = f(z). This is another version of the Fundamental 
Theorem of Calculus. 

2. A different choice of zy in Corollary 4 leads to a different function. 
How different? 

3. The result above is false if © is the punctured plane C — {0}, 
which is not simply connected. For consider f(z) = 1/z. We have re- 
ferred to this phenomenon already (see Exercises to Paragraph 1.4.3 
following Green’s Theorem, log z). It may be stated thus: Differentials 
that are “‘exact”’ on simply connected subdomains may fail to be exact 
on the full, nonsimply connected domain. Advanced theories make 
much of this relationship between geometry and calculus: more “holes,” 
more inexact differentials. 
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The Case of Several Curves 


Now we deal with a different situation. Thus far we have discussed 
integration over a single, possibly quite complicated, closed curve I. 
The idea has been that if f(z) is analytic inside the curve I, then its 
integral around I vanishes. Now we show that this conclusion may 
also be true if I is replaced by finitely many curves of a certain type, 
namely, the positively oriented curves that comprise the full boundary 
of a Jordan domain. 

We recall that a bounded domain 2 is a k-connected Jordan domain 
if its boundary dQ consists of precisely k Jordan curves (simple closed 
curves) that are positively oriented with respect to Q (that is, Q lies on 
our left as we traverse the curve in the direction of parametrization). 


Caucuy INTEGRAL THEOREM FOR JORDAN DOMAINS 


Let Q be a k-connected Jordan domain, and let f(z) be analytic on 
some domain 2* containing 2 and a2. Then 


iE f(2) dz =0. 


Proof: Actually, we have done all the work for this already, in 
proving our first version of the Cauchy Theorem at the beginning of 
this section. The proof given there works here, word for word, provided 
we replaceI, int I’, and 2 there by 2, Q, and Q* here. The reason that 
the same proof works here is that we already have Green’s Theorem 
(Chapter 1) for arbitrary Jordan domains. We leave details to you. Done. 


This version has a pleasing and useful corollary (see Figure 4.8). 
The loops I’;, 2 are similarly parametrized (both counterclockwise, say) 
and the function f(z) is analytic in the domain (call it 2*) that contains 
both curves I, Pr, and the region between them (though f(z) may fail 
to be analytic at some points encircled by the inner curve). 


Figure 4.8 
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Now let the region between the two curves be denoted by 2, and 
observe that Q becomes a 2-connected Jordan domain if we agree that 
its boundary consists of the curves r, and —I;. That is, we reverse the 
orientation of I’, so that Q is now to its left. The preceding theorem says 
that f(z) dz integrates as follows: 


Loa ht heh k: 


In other words, the integral of f(z) around I, equals the integral of f(z) 
around (the original) T’,. Let us state this officially. 


Corotiary 5 


Let T,,1, be similarly oriented piecewise-smooth simple closed 
curves, and suppose f(z) is analytic in a domain containing the curves 
and all points between them. Then 


i fede = [ fle)dz. 
rm Tz 


Comments 


1. The two integrals in Figure 4.8 may each fail to be zero because 
f might not be analytic everywhere inside the inner curve. 

2. A topologist might say that the integral of f(z) dz around a loop 
is “invariant” under those deformations of the loop that take place 
entirely inside the set of points where f is analytic. 

8. Corollary 5 allows us to conclude that 


[=> 
r@ 


when I is any piecewise-smooth simple loop around the origin, not only 
the unit circle. Keep your eyes open for opportunities to replace un- 
palatable parametrized loops by much simpler circles! 


Culture: The Cauchy—Goursat Integral Theorem 


We mentioned earlier that many authors do not require that f’(z) 
be continuous in defining the analyticity of f(z), These people cannot 
use Green’s Theorem (as we did) to prove the Integral Theorem, since 
Green’s Theorem requires continuous partials. The French mathemati- 
cian E. Goursat (ca. 1900) gave a remarkable proof of the Integral 
Theorem, which requires only that f’(z) exist. Thus, this result is some- 
times called the Cauchy-Goursat Theorem. But, as we have already 
remarked, the Cauchy Integral Formula (Section 4.3) will imply that all 
these definitions of analyticity are equivalent. 
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4. 


5. 


7. 
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Exercises to Section 4.2 


. Compute f\,)=1 f(z) dz, where the integral is taken over the positively 


oriented unit circle and f(z) is given below. How many can you do without 
the Cauchy Integral Theorem? 

(a) 27. 

(b) sin(cos z). 

(c) z + (Jz). 

(a) 1(z — 9). 

(e) 1/z?. 

(f) 27[(2? + 4). 


. Consider I = f, f(z) dz, where f is continuous in a domain Q containing 


the closed loop I, True or false? 

(a) If f is analytic in © and 9 is a disc, then I = 0. 

(b) If I = 0, then f is analytic at all points of the plane on and inside I. 

(c) If fis analytic in Q and I # 0, then not all points enclosed by I are con- 
tained in Q. 

@) I£fis analytic in 2, then I = 0. 

(e) If 2 is the punctured unit disc 0 < |z| < 1 and if J = 0 for all Fin Q, 
then lim,.o f(z) exists as a finite complex number. 

(f) If f is analytic in the punctured unit disc 2 and if lim,.o f(z) exists as a 
finite complex number, then J = 0 for all loops T in Q. 

(g) If 2 has holes, the Cauchy Theorem may fail to apply. 


. (a) Verify by direct computation that fr, 2~' dz = zi = —f,, 2~* dz, where 


T, is the upper half-circle traversed from 29 = 1 to z; = —1 and given by 
z =e, 0 < 6 < x, while I. is the lower half-circle from 2p to z; (same end 
points) given by z = e~9,0< 0<7z. 
(b) Explain why the different values obtained for J,, and [,donot contradict 
the result of Corollary 3. 
Let Q be the simply connected domain obtained by deleting the nonpositive 
x-axis from the plane C. Define F(z) = [7 ¢~* d¢, where the integral is taken 
over any curve from 1 to z lying inside 2. 
(a) What is F(1)? 
(b) What is F(e)? 
(c) Give the real and imaginary parts of F(z) in terms of familiar functions. 
(a) What is the derivative of F(z)? 
Suppose f(z) = c_,2~* +++++c_127' + g(z) with c_, 4 0, k > 0, and g(z) 
analytic in the entire z-plane. Thus, f is analytic except at z = 0. Prove 
Sr {(2) dz = 2nic_,, where I is the positively oriented unit circle. Meditate 
upon the fact that the integral fails to vanish only because of the term in 
1/z. What “function” is the integral of 1/z? 

Preview: The theory of Laurent series will tell us how to express certain 
nonanalytic f(z) in the form [polynomial in 1/z] + [analytic] as above. In this 
case, integration reduces to computing the coefficient (“residue”) c_1. 


. Given that f is analytic in the punctured disc 0 < |z — 2o| < R and that 


|f(2)| < M there, prove that fj.-.,,= f(z) dz = Ofor0< r< R. 
Given that g(z) is analytic in the open disc |z — zo| < R, prove that 
i" gt) — Eo) 4, =0 for0<r<R, 
lz-zol=r ed 3 
Hint: Apply Exercise 6 to the integrand here. 
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8. 


9. 


10. 


il. 


12. 


18. 


Given that g(z) is analytic in the disc |z — zo| < R, prove that 


&(Z0) = = 2@) dz, 


Qni le iol=r*™ — 2 


provided 0 < r < R, This is the Cauchy Integral Formula. Hint: g(z) = 
(g(z) — g(20)) + g(z0). Use the preceding exercises. 

In the open disc |z| < 1, sketch a closed curve I that intersects itself four 
times. Then break up your curve into a finite number of simple closed (Jordan) 
curves, By repeated use of the Jordan curve version of Cauchy’s Theorem, 
argue that [; /(z) dz vanishes if fis analytic in |z| < 1. 

Verify that the function S(¢é, z) = (1 — #)z defined for 0 < ¢ < 1, ze DQ; 7), 
shrinks the dise down to the origin z = 0 as t (“time”) varies from t = 0 to 
t = 1. Conclude that any curve I lying in the disc is also shrunk to the point 
z = 0, This is a special case of our assertion that a closed curve inside a 
simply connected domain may be shrunk to a point within that domain, 


The complex differential f(z) dz. Let f(z) = u(x, y) + iv(x, y) as usual, with 
u, ve €(Q), We write f(z) dz as f dx + if dy, reminiscent of the real differ- 
ential p dx + q dy. Prove that if Q is simply connected, then the following 
four statements are equivalent. Use results from the text when applicable. 
(a) fr [f dx + if dy] = 0 for all closed curves I in Q. 

(b) f dx + if dy is exact in Q (that is, there exists a complex function 
F = U + iV with U, Ve €'(Q) such that 


fdx + if dy = dF (= F, dx + F, dy). 


(c) The partial derivatives f, (that is, u, + iv,) and (if), are equal throughout 
Q, 
@) f(z) is analytic in Q. 

The point of this exercise is that (a), (b), (c) are already known to be 
equivalent for real differentials p dx + q dy in the situation p, g € 1(Q) 
(so that (c) makes sense) and © simply connected. See Section 1.4. 

How have we used Green’s Theorem? Answer: We converted a given line 
integral into an integral of p dx + gq dy and then invoked Green’s Theorem 
to obtain a double integral. Retrace our steps in each of the following situa- 
tions: 

(a) The Inside-Outside Theorem. Given 


a 
r nm 

that is, fp Yu-N ds. 
(b) Curl and circulation. Given f{; V-T ds, where V is a “flow vector.” See 
the Exercises to Paragraph 1.4.3, 
(c) The Divergence Theorem. Given {; V-N ds. Compare (a). 
(a) The Cauchy Integral Theorem. Given fy f(z) dz. 
(e) Can you think of any others? 
Suppose f(z) is analytic in a domain Q, but f(z) is not the derivative of a 
function defined and analytic everywhere in 2. What can you conclude 
about Q? What is your favorite example of this phenomenon? 
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Appendix to Section 4.2 THE DERIVATIVE 
OF AN INTEGRAL 


We give a rather general theorem on path-independent integrals. 
This will be crucial in the characterization of analyticity known as 
Morera’s Theorem (Section 4.10). 


THEOREM 


Let f(z) be continuous in a domain 2 and moreover let the integral 
F(z) = §2, f@) dt be the same for all polygonal paths from 2 to z 
with Zo, z in Q. Then F(z) is analytic in Q and, in fact, F(z) = f(z). 


Note: This says that the derivative of the integral (taken with 
respect to the upper limit of integration) is the original integrand. 
Compare the Fundamental Theorem of Calculus: 


@ ft f) dt = fx) 


Proof; It should be clear that F(z) is well defined as a function, 
thanks to the path-independence hypothesis. See Corollary 4. 

Now we show that F’(z,) = f(z2,) for all z, in Q. This will yield in 
particular the analyticity of F and will complete the proof of the theorem. 

We will work directly with the difference quotient of F' at z,. Observe 
that, by the independence-of-path hypothesis, 


F(2) — Fe.) _ +, | [rox “ [roa 
z-2 | Js 20 


zZ- ek 


1_ ("Fe at, 


2-21Je, 


where all integrals are taken over polygonal paths (from 2g to z, etc.). 
We wish to take the limit here as z approaches z, and obtain f(z,). 
Hence, let us introduce f(z,) by rewriting f(f), 


F@) = f(z) + FO) — f(21))- 
The last integral above becomes two integrals (note z is fixed): 
* f© — Flas) a 
2-2 Jy zy 2 Sy 


The first term here is easily seen to be f(z,). Hence, it will suffice to 
show that 


tim {” f@) ~ fen) d=0, (zinQ,z # 2,). 


2-2, 
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Some meditation should convince you that the ML-inequality of Para- 
graph 4.1.3 is our only hope here. 

To do this, we first let I, denote the integral in the preceding 
equation. Since z will ultimately approach z,, there is no loss in assum- 
ing that J, is computed on a straight segment from 2, to z lying inside the 
domain ©. Hence, we must have, by the ML-inequality (Theorem 2), 
that 


lE| < mar {|KO — ed) lz — 2), 


where ¢ varies on the straight line from z, to z. Thus, for fixed z close to 
21, we cancel to get 


lZ| = max|f@ — f(z,)I. 


Now let z approach z,. Then { also approaches z, and so f(¢) ap- 
proaches f(z,). We conclude that 


lim |Z| = 0, 


zz, 


as desired. Done. 


Comments 


1. The process discussed in the theorem is not what is meant by 
differentiating under the integral sign. In fact, we did not even suppose 
that f was differentiable. (It is! See Morera’s Theorem, Section 4.10). 

2. You should check that everything here happened on polygonal 
paths (that is, on finite sequences of line segments linked end-to-end). 


Section 4.3 THE CAUCHY INTEGRAL FORMULA 
This is very important. 


Caucny INTEGRAL FoRMULA 


Let f(z) be analytic in a domain Q, and let T be a simple closed 
(Jordan) curve inside Q whose interior is also contained in Q. If zo 
is any point interior to T, then the value f(zZ9) is given by 
al z 
f(z) = — SF) dz. 


2ni Jr 2 — 2 


Comments 


1. The variable zis “integrated out,”’ leaving a number that depends 
on 29. Remarkably, this number is /(Zp). 
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2. The point Zo must lie inside I, never on TI, so that the denom- 
inator z — Zp never vanishes on T. 

3. This result is in the great tradition of integral representation 
theorems. Recall Green’s III and the Poisson Integral Formula from the 
first two chapters. 

4. Inthe case f(z) = 1 and zp = 0, then the formula yields J, (dz/z) = 
2zi if T winds once around the origin. This agrees with the value we 
computed in Example 2 of Paragraph 4.1.1. 


Proof of the Formula; Let C(r) = C(zo; r) be the circle of radius 
r > 0 centered at zo, and let r be chosen small enough that C(r) lies 
inside I as in Figure 4.9. By Corollary 5 of Section 4.2, we may as well 
be integrating around C(r); that is, 


f(2) f(z) 
aie = ce 


Figure 4.9 


Now we try the useful trick of writing 
f(z) = (F(z) — f(20)) + F(zo) 
so that the value f(z 9) appears in our computations: 
x Fg, — feo) dz +2 f(z) — F(@0) 9 


Qni Jr Zz — 2 2ri Jom 2% — 20 Qi Jou) 2-2 


We deal now with each of the right-hand terms. The first term on 
the right equals f(zo) because the value of the integral is 27i, as we saw 
in Section 4.1. 

Now we claim that the second integral on the right is zero. This, of 
course, will complete the proof. We'll show that if r > 0 is chosen 
sufficiently small, then this second integral can be made arbitrarily 
small in absolute value. But the value of this integral is independent of 
T (why?). Hence, this value must be zero. This style of argument is 
standard. 
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Since f’(Zo) exists, the integrand (f(z) — f(2o))/(z — 2) is bounded 
in absolute value on some disc centered at zp (why is this so?). Thus, 
If(z) — flzo)l/|z — 20| < M for all z near zo. The ML-inequality takes 
the form 


ua I f@) = Flo) 4, | < + ap-tength Cir) = Mr, 
Qui Jou) 2 — 2 Qn 
since C(r) has length 2zr. 

Since r may be taken very close to zero, the value of the integral 
about each C(r) must be zero. Done. 


Exercises to Section 4.3 


1. Compute the following integrals, applying theorems whenever possible. In 
each case, I is the unit circle |z| = 1 with positive orientation. Moral: The 
Integral Formula has practical uses. 

(a) fr 27* cos z dz. 

(b) fr (2 —@/4))~* cos z dz. 
() fr (2 — 2)-* e* dz. 

@) fr 2(z — @/4)~* dz. 

© fr@ — lz" dz. 

@) fr (2 — 2)~* cos 2nz dz. 

2. In the proof of the Integral Formula, we claimed that if f is analytic at zo, 
then the value fc(z9:r) (f(z) — f(z0)(z — zo)” * dz is the same for all (suf- 
ficiently small) r. Cite a previous result that justifies our claim. 

3. Prove the Circumferential Mean Value Theorem: If f is analytic at zo, then 

2n 


1 
f(@o) = 5 KR (zo + re") da 


for sufficiently small r > 0. Hint: z = zo + re’? on C(zo; r). 
4. Verify 


e(2(z — 1))~' dz = 2ni(1 + e) 
Izl=2 
by rewriting the integrand as a sum of two functions and applying the Cauchy 
Integral Formula to each term. 
5. Further calisthenics with the ML-inequality. Suppose we know that g(z) is 
analytic in the punctured disc 0 < |z — zo| < R. Which of these additional 
hypotheses (concerning g and 29) allow us to conclude that 


tr g(z)dz=0 for0<r< R? 
IC(zoir) 


Note that the value of this integral is independent of r, by Corollary 5. 
(a) g is defined and analytic at zp also. 

(b) g(z) = 0 indentically for 0 < |z — zo| < R. 

(©) gis bounded (that is, |g(z)| < M) for 0 < |z — z| < R. 

(8) g is defined and continuous at Zo also. 
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%. 


8. 


(e) lim,..z, g(2) exists as a finite complex number. 
() g(z) = 2xi identically for 0 < |z — zo| < R. 
(g) g(z) = 1(z — 20). 
(h) a(z) = 1(2 — 20)*. 
G) Tirny-s29 @(2) = 00. 
@) a(z) = (f(2) — f(20))(2 — 20) with f analytic in |z — z0| < R. 
(k) lim,,, g(z) does not exist as a finite complex number nor as 00. 
You might observe that each of (a), (b), (c), (d), (e), (£), (j) implies (c). 


. Discuss our progress in computing the complex line integral, as follows: 


(a) The Cauchy Integral Theorem enables us to integrate fy f(z) dz, where f 
is analytic at all points on and within the closed curve I. 

(b) The Integral Formula enables us to integrate functions f(z) which fail to 
be analytic at certain points 2) inside I, namely, functions of the form 
f(z) = g(2)(z — 20) with g(z) analytic (and fairly well known). What is 
Sr f(2 dz? 

(c) The procedure in (b) may be extended to functions of the form f(z) = 
a(2)|(z — zo(z — 21) and so on, provided zo # 21, by writing f(z) as a sum 
of two quotients with denominators z — 29, Z — 21. 

(a) Further questions: What if f(z) = g(z)/(z — 20)" with n = 2? What is 
Jr f(z) dz? Which functions f(z) can be put in this form? 

A question asked during the 1970 Berkeley Ph.D. oral examination: ‘What is 
the most important function in complex function theory”? The expected 
answer: 1/(z — 29). Do you agree? What reasons can you give? Keep this 
question in mind as you read on. 

(a) Prove that an analytic function is uniquely determined by its boundary 
values; that is, if f and g are analytic in a domain Q, and if f(z) = g(z) for 
all z on a loop I’ which is contained, together with its interior, in 0, then 
f(z) = g(z) for all z inside I as well. 

(b) What about existence? If f(z) is a complex-valued function defined on I, 
as in (a), does there exist a function analytic in 2 which agrees with the given 
fon I? Note that fis defined only on F at the start. Part (a) implies that there 
is at most one analytic extension of f into the interior of the loop I. 


. The Poisson Integral Formula via Cauchy's. We obtain this again (see Chapter 


2), using only the Cauchy Integral Theorem and Formula, avoiding Green’s 
III and the Green’s function. Given f = u + iv analytic in a domain contain- 
ing the disc |¢| < R and its (positively oriented) boundary |z| = R. 

(a) For |¢| < R, verify that the “inverse point” (* = R?/t is outside the 
circle |z| = R and lies on the ray from the origin through ¢. 

(b) Show that 


i fez — @)-t dz = tf(zK2t — R2)-! dz = 0. 
Iz1=R \sI=R 
(c) Apply (b) to prove that 
a 1 t 
10 = 55 er [; =e =| fz) dz 
1 (? — Df(e) dz 


~ Bai ji-r (2 — 0 (R? — 20) 
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10. 


11. 


12. 


(a) Using polar coordinates z = Re'®, £ = pe'®, check that 


dz es) ide 
(2- OR — 2) (z-— OE — 1) -R* — 2Rp cos — ¢) + 9?” 


(e) Combine (c) and (d) to obtain 


1 [7*_ = op) f(Re) a0 
Qn Jo R? — 2Rp cos(d — 9) +p? 


(f) Note that f(Re'®) is the only complex number in (¢). Hence, we may take 
real parts to obtain 


f@) = 


: 1 [7 p)U@ade 
U0) = wip cos #9 sino) = 2 [ ec aad> oe 


where U(0) = u(Re") is the value of u on the boundary |2| = 

This is the Poisson Integral Formula for the harmonic function u. This 
line of proof requires that we know that u is the real part of an analytic 
function. 
The Cauchy Integral Formula via Poisson's. Now observe that Cauchy’s 
Formula follows from Poisson’s plus the Cauchy Integral Theorem plus the 
harmonicity of u, v iff = u + iv is analytic on a domain containing |¢| < R, 
as follows: 
(a) Defining U(6) = u(Re'®), V(@) = v(Re'®) and adding the Poisson repre- 
sentations for u({) and iv(¢), obtain the first equality in part (c) of Exercise 9, 
Hint; Work backwards in Exercise 9. 
(b) This is the same as part (b) of Exercise 9. 
(c) Conclude the Cauchy Formula for the circle |z| = R. 
(d) Obtain the Cauchy Formula for an arbitrary loop I enclosing ¢ by the 
usual “deformation of path” argument (see Corollary 5). 
The Cauchy Integral Formula for k-connected Jordan Domains. Verify that the 
proof given in this section essentially gives a more general result, namely, 


‘THEOREM 


Let Q be a k-connected Jordan domain. Suppose f is analytic on a domain 
+ containing 2 and 02. Then for each point zo in Q, 


a1 (2) 
fl20) = 5 [Ae q 


where the standard positive orientation is taken on the Jordan curves 
comprising 02, 
Use Exercise 11 to conclude that if C,, C2. are concentric circles of radii 
1,72, respectively, with r; < 72, each with its standard counterclockwise 
parametrization, and if f is analytic on and between the two circles, then 


Ke = 3 [f. - {JZ *) 


for every point zo between the two circles. 
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Section 4.4 HIGHER DERIVATIVES OF 
ANALYTIC FUNCTIONS 


If fis analytic in a domain Q and ¢ is a point of Q, then we have just 
seen that 


1 f(z) 
© gals @ de 

provided I is a simple closed curve in 2 whose interior includes the 
point ¢ and is contained entirely in ©. Since f is analytic, the derivative 
f'() also exists. How do we compute it in terms of the integral formula? 

Just as in the case of Green’s III and the Poisson Integral Formula, 
our approach is straightforward calculus: We differentiate under the 
integral sign. We have 


“\=-2 79-14 [ 42 
fO= F710 = sa | ee 


1 2 


Ori Jp Hz —C 
1 f(z) 


© bai Je 2 — OF 
Note that this last integral is finite because ¢ is not on the curve F and 
the integrand is continuous in zon I. To justify the crucial third equality 


in the chain here, we use the following lemma. It is the complex version 
‘of the result for real variables in Chapter 2. 


dz 


LEMMA 6 


Let Q be a domain and T a (not necessarily closed) curve that is 
disjoint from Q. Let F(z, ¢) and the partial derivative F(z, ¢) be con- 
tinuous complex-valued functions of the pair (z, () with zinT, { inQ. 
Then the integral 


ii F(z, 0) dz 
r 
is an analytic function of { in Q and, moreover, 


d 
az] Peds ~ [ Re oa. 


Note: Since z = 2(s) on T and also = € + in in Q, we may write 
F(z, 0) = U(s, €, 7) + iV(s, €, 7). The continuity hypothesis of the 
lemma is equivalent to the continuity of U, V and certain partial 
derivatives as real-valued functions of three real variables. 
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Proof: This may be reduced to the real (Chapter 2) by using the 
functions U(s, €, 7) and V(s, &, 7), breaking all integrals into real and 
imaginary parts, and (as we establish in Exercise 7 below) using the 
fact that complex differentiation decomposes into real differentiation; 
thus, 


We leave the details to you. 


Having obtained an integral representation for f’(¢) by differentiat- 
ing under the integral sign, there is nothing to prevent us from 
differentiating once again to obtain 

mr a 2. f(2) 
FO = 55 ete ee 
Clearly, we may repeat this process as often as we wish! There is always 
a simple function of { waiting to be differentiated (note that the function 
may be complicated in z, the variable of integration). We sum up this 
phenomenon as follows: 


‘THEOREM 7 


Let f be analytic in 2. Then all derivatives f'(), F"O,..-, FO,-«- 
exist and are analytic at all £ in Q. Moreover, we have the formula 


! f(2) 
ey) =f _ 1) _ = 
0 = Ff gpd @=OL..0, 
where T is any simple closed curve inside 2 whose interior contains 
{ and lies entirely inside Q. 


Comments 


1. Is it clear that (0) has a continuous derivative? 

2. Keep in mind that this result depends on a routine process 
(differentiating under the integral sign: calculus!) and a deeper result 
(the Cauchy Integral Formula). 

3. In differentiating the integrand f(z)/(z — 0)", we never touch 
f(2) itself, but only 1/(z — 0". 

4, Later we will see that an analytic function enjoys an even 
stronger property with regard to derivatives: It may be expanded in a 
power series whose coefficients involve all derivatives of f. That is, we 
will see that 


f(z) = ¥ a,(z — 2)", 


n=0 
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where the coefficients satisfy 


= Ge (n = 0,1,...). 
nm: 


An Extension: Integrals of Cauchy Type 


Let ¢(z) be any function continuous on a curve I (not necessarily 
closed). For { not on I, we define a new function f(f) by the integral 
formula 


T (2) 
oe, dz, 
1O = 35 r2-¢ 

Note that the integral yields a finite value because the integrand 
is defined and continuous in the variable z. Moreover, f(¢) is continuous 
in {, essentially because the integrand is continuous in ¢. Finally, we 
may differentiate 

a H(z) 
eS) ani Je (z -— 0? 

The differentiation process may be repeated. Thus, we have constructed 
an analytic function f(¢) in the domain Q = C — I, The function f(t) 
is called a Cauchy integral or integral of Cauchy type. We emphasize 
that f() is analytic even though ¢(z) was not; in fact, ¢(z) wasn’t even 
defined on an open set! 

What other methods of constructing analytic functions can you 
recall? 

Caution: We remark that, in the situation described here, it is not 
generally true that 


La £0) (z) €eQ,zeP), 


That is, the original function ¢(z) does not give the “boundary values” 
(note that F = @Q) of the analytic function f(¢), ¢ ¢ Q. In fact, not every 
continuous ¢(z) on a closed curve I’ can be realized as the boundary 
value function of an analytic function f(¢), no matter what method of 
obtaining f({) is used. Contrast the cases of harmonic and analytic 
functions: If T is the unit circle, then every continuous real-valued 
¢(z), z €T, is the boundary value of a real harmonic function defined in 
the interior of the circle (Poisson Integral Formula), but no such real- 
valued ¢(z) is the boundary value of an analytic function, unless, of 
course, ¢(z) is constant (proof?). 


Exercises to Section 4.4 
1. (a) What property of the integrand in (1/2zi) fy f(z)(z — ¢)-? dz guarantees 


the existence of the integral? Here, I, ¢, f are as in the text, 
(bv) What is the key to proving that the value of this integral is f’(¢)? 
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(©) The function f™(¢) = (n!/2xi) Sr f(2Xz — 0-""* dz is seen to be con- 
tinuous, either because it is differentiable or because it is an integral. Give 
the details of each argument. 

2, (a) Verify 2ni cos ¢ = f(z — ¢)~? sin z dz, where I is the usual unit circle 
|z| = 1 and also |¢| < i, 

(b) Is this equation true for |¢| > 1? 

3. Compute: 

(@) S\zj=1 27° sin z dz, 
) Sij=2 27 7(z — 1)! dz. 

4, Verify lim,+0 fjzj=1 27" dz = 0. 

5. Compute a formula for f’(¢), where f() = fizj=1 (2 — ¢)~! sin xy dz with 
z=x + iyand |¢| 4 1. Gere, fis a Cauchy integral.) 

6. Write down a formula that enables us to compute the line integral f, f(z) dz, 
where f(z) = g(z)/(z — zo)" with ma positive integer, g analytic on and inside 
the closed loop I’, and 2p a point inside I. Note that several of the exercises 
above will be handled by this formula (which is a special case of the Residue 
Theorem of Chapter 7). 

7. Verify that if f(¢) = u(¢) + iv(¢) is analytic, then 


fy =} ( i2) (ulé, n) + in, 9). 


This relates real and complex derivatives. It was used in the proof of Lemma 6. 


Section 4.5 HARMONICITY OF u(z) AND v(z) 


The foregoing technical facts about existence of derivatives now 
yield a cloudburst of results on the behavior of analytic functions. 
We have already mentioned the following fact. 


THEOREM 8 


Let f = u + iv be analytic inQ. Then u = u(z), v = v(z) are harmonic 
ind. 


Proof: Since the higher derivatives f(z), f"(z) exist, you may verify 
that the second partials u,,, u,, and also v,,, Vy, exist and are continuous 
for each z in Q. But, as we saw in Chapter 3, these functions therefore 
satisfy ux, + Uy, = 0, VU», + Vy, = 0 as a consequence of the Cauchy— 
Riemann equations. Done. 


Moral 


1. An analytic function f(z) determines two real harmonic functions 
u(z), v(z), related by the Cauchy—Riemann equations. 

2. A real harmonic function u(z) in a simply connected domain 
and a single value f(zo) with real part u(z)) determine an analytic 
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function f(z) = u(z) + iv(z) (since we may solve for v(z), the harmonic 
conjugate of u(z), as in Chapter 3). 

These two points emphasize the close connection between the 
studies of harmonic and analytic functions in the plane. 

We may draw a further conclusion on boundary values of an analytic 
function f(z) = u(z) + iv(z). Since u(z) is determined (inside the unit 
disc, say) by its boundary values on the circle, it follows from the second 
point above that f(z) is determined up to an additive constant by the 
boundary values of its real part u(z), It is naive to hope, therefore, that 
we may prescribe arbitrary real and imaginary boundary values and 
then expect to construct an analytic function with those boundary 
values. The Cauchy—Riemann equations are looming here. 


Exercises to Section 4.5 


1, True or false? 

(a) If u is harmonic in Q, then it is the real part of an analytic function fin Q. 
(b) If uw is harmonic in Q, then it is the imaginary part of an analytic function 
ging, 

(c) The real and imaginary parts of a complex analytic function are harmonic. 
@) If two analytic functions f and g have the same real part u, then f = g 
identically. 

(e) If f(z) = u(z) + iv(z) with u, v harmonic, then fis analytic. 

(@ There exists an analytic f(z) with real part x? — y? which satisfies 
FO) = 2zi. 

2, Why could we not conclude the harmonicity of the real and imaginary parts of 
every analytic function immediately after deriving the Cauchy-Riemann 
equations in Chapter 3? 

3. Let H(w) be real harmonic and w = f(z) complex analytic. Prove that h(z) = 
H(f(z)) is real harmonic (assuming it is defined on some domain the z-plane), 
as follows: Construct g(w) = H(w) + iG(w), where G is a harmonic conjugate 
for the given H. Prove that h(z) is the real part of the analytic (why?) function 
a(f(z)). 

4, A direct approach to Ah(z) = 0 as in Exercise 3. Writing z = x + iy, w = 
f(z) = u(x, y) + iv(x, y), and applying the Chain Rule for partial derivatives 
(that is, hy = H(u(x, y), v(x, y))x = Hyx + Hyvz, etc.), the Cauchy-Riemann 
equations for u, v, and the fact that H,,, + Hyy = 0, verify that hx + Ay = 0. 
There are some nice cancellations to be seen here. 

5. Let H(w) = In|w| for w # 0 and let f(z) = e*. Verify that A(z) = H(f(z)) is 
harmonic by computing it exactly. (It’s well known!) 

6. In Exercise 1 above, statements (a) and (b) are false. What reasonable re- 
striction on the domain 2 would make them true? 

7. Write down a harmonic function u(z) in the punctured plane 2 = C — {0} 
which is not the real part of an analytic function in the full domain 9. 

8. Some Dirichlet problems solved by inspection. Let Q be the upper half-plane 
y > 0, 22 the x-axis, Suppose B(x) is a polynomial in x with real coefficients. 
We will find H(z) = H(x, y) continuous in 2 and harmonic in Q such that 
H(x, 0) = B(x). Dirichlet problem for upper half-plane.) 

(a) Show that the polynomial B(z) in the complex variable is analytic. 
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(b) Argue that H(z) = Re B(z), the real part of B(z), is a solution to the 
Dirichlet problem. 

(c) Show how this method generalizes to any real B(x) that is the restriction 
(to the x-axis) of a function which is analytic in 9. (That is, B(x) = sin x, e*, 
etc,) 

(@ Observe that this method fails for B(x) = 1/(1 + x*), because B(z) = 
1/Q. + z)? is not analytic at z = iinQ. 


Appendix to Section 4.5 ANALYTIC FUNCTIONS 
AND THE DIRICHLET PROBLEM 


We pause now to discuss one reason why analytic functions are so 
important: They may be used to solve boundary value problems. Here 
is the idea, 

As usual, we are given a Jordan domain Q, which is the interior of 
a smooth loop Fr = 42, See Figure 4.10. We are also given a continuous 
real-valued function B(z) for z on T (the “boundary values”), To solve 
the Dirichlet problem, we must find H(z) harmonic in Q, continuous in 
Q, and satisfying H(z) = B(z) for z on AQ. 


2-plane 


Figure 4.10 


A classical method of solution is this: Translate this problem into 
a closely related Dirichlet problem on the ordinary disc (a much simpler 
domain) and then use the Poisson Integral Formula to solve the problem 
on the disc. Moreover, we assert that this “translation” is done by an 
analytic function from the disc onto Q (and its inverse). 

Here are the basic details.’ Let Q be as above (in the z-plane) and let 
D be the disc |¢| < 1 in the ¢-plane. Suppose we can find a one-to-one 
analytic function f: D + Q, z = f(Q), with analytic inverse F:1 + D, 
¢ = F(z). Then, if H(z) is harmonic in Q, it’s not hard to see that 


h© = HF@) 


is harmonic in the disc D. This follows from the analyticity of f. See the 
exercises. Likewise, b(() = B(f(Q)) is continuous on dD, |¢| = 1. 
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Using the Poisson Integral Formula and the function b(¢), we can 
compute a harmonic h(¢) on the disc satisfying h(f) = b(¢) on the bound- 
ary 2D. To solve the original Dirichlet problem on Q, we translate A(¢) 
back to Q. Just define, for z in 9, 


H(z) = h(F(2)). 


Again, H(z) is harmonic (because F is analytic) and H(z) = B(z) on 
T = @Q. 


Moral 


The solution of the Dirichlet problem on certain domains 2 may be 
reduced to the search for analytic functions that map 2 in a nice way 
(“conformally”) onto a standard disc. This is the stuff of Chapter 8. 
See Paragraph 8.2.3 for a solved Dirichlet problem. 


Section 4.6 CIRCUMFERENTIAL AND SOLID MEANS 


Having made the connection between analytic and harmonic 
functions, we obtain a sequence of results reminiscent of those from 
Chapter 2. Note that we are in the happy position of having alternate 
methods of proof, namely (1) known results about the harmonic parts of 
f(z), or (2) direct analytic tools such as the Cauchy Integral Formula. 


CIRCUMFERENTIAL MEAN-VALUE THEOREM 


Let f be analytic in a domain Q which contains the closed disc D(zo; r). 
Then f (Zo) is the arithmetic mean of the values that f assumes on the 
circumference of the disc. That is, 


=20 
flza) = 2 i feo + rei) db. 
™ Jo=o0 


Note: As @ varies from 0 to 2z, the complex number 2 + re? 
traverses the circle of radius r centered at the point zo. See Figure 4.11. 
Note the similarity with polar coordinates (r, 0) centered at Zo. 


First Proof: Break up f into real and imaginary parts and apply 
the analogous result for harmonic functions. Done. 


Second Proof: We apply the Cauchy Integral Formula, noting that 
for zon T = C(29; r) we have, since r is constant, 


dz = d(zq + re) = r de” = ire” dé. 
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Figure 4.11 
‘Thus, 
_f(@)_ 
~ Oni elas a 
> poem a + re”) 
oe a aa ire! do. 
a re!%) dO, 
aed , fs + 
as claimed. Done. 
Question 
Why is the integral in the theorem not always zero by the Cauchy 
Integral Theorem? (Look closely!) 
Comment 


The first proof shows that the theorem is true for an even wider 
class of function than the analytic, namely, the complex harmonic 
functions f(z) = u(z) + iv(z) with u,v harmonic (but no relations 
necessarily between u and v). 


Sotm MEAN-VALUE THEOREM 
Let f, 2, D(z; r) be as in the preceding theorem. Then 


fe) = 3, { He) de dy. 


Note: The double integral may be broken into real and imaginary 
parts with f. 


Proof: As in the first proof of the preceding theorem. 
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Exercises to Section 4.6 


1. Compute: 
(a) [3% cos(Te") da, 
b) f2* log(l + (/me") do. 
2. Compute: 
(@) §jz|=7 0s 2 dz, 
&) fr log 2 dz, 
where I is the positively oriented circle |z — 1| = 1/z. 

3. Answer the question following the second proof of the Circumferential Mean- 
Value Theorem. Compare Exercises 1 and 2 above. 

4, In the Circumferential Mean-Value formula for (Zo), the radius r appears in 
the integrand on the right-hand side, but does not appear on the left (that is, 
f(20)). What corollary of the Cauchy Integral Theorem explains this phe- 
nomenon? 

5, Compute (1/2) [pf cos z dx dy, where Dis given by |z| < 1. 

6. Let f be analytic at zo. Prove that f cannot have a strict local maximum at zp; 
thatis, we cannot have |f(z)| < |f(zo)| for all z in some punctured disc 0 < 
lz — zo| < R. Hint: Use the fact that the upper bound M(r) = max)z—z9|=, 
|f(2)| is assumed and then apply the ML-inequality to a well-chosen integral. 


Section 4.7 THE MAXIMUM MODULUS PRINCIPLE 


This is the complex analog of the Maximum Principle for harmonic 
functions. Recall that the latter principle says that a real nonconstant 
harmonic function cannot assume a maximum value in a domain Q. 
For complex-valued functions f(z), we cannot speak of the “largest” or 
“maximum” value attained, since the complex numbers are not ordered. 
Use of |f(z)| enables us to create a similar theory, however. 

Let Q be a domain as usual and let f be a complex-valued function 
defined in Q. We say that f attains its maximum modulus at zg in Q if 
and only if |f(z)| < |f(2o)| for all z in 2. Geometrically, this means that 
f (Zo) is at least as far from the origin of the w-plane (note w = f(z)) as 
is any other point of the set f(Q) of values. 


Srronc Maximum Moputus PRINCIPLE 


Let f be a nonconstant analytic function defined in a plane domain Q. 
Then f does not assume its maximum modulus at any point of Q. 


Proof: If the set f(Q) is unbounded, then the theorem is clear, 

Now suppose the set f(Q) is bounded. Assume f attains its maximum 
modulus at 2) in Q. We will transfer this to the harmonic case and 
obtain a contradiction. First, however, we must translate the bounded 
set f(Q) away from the origin while retaining our hypothesis about 
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maxinium modulus, This is done for purely technical reasons, and our 
motivation should become clear in a moment. 

Thus, let g(z) = f(z) + ef(Zo), where c is a positive real number 
large enough that g(z) # 0 for zin Q and that a branch of the logarithm 
may be defined at all points of the set g(Q). See Figure 4.12. Note that 
g(z) is analytic and also attains its maximum modulus at Zo. 


Translating {(2) away from w=0 
Figure 4.12 


Now we define A(z) = In|g(z)|. This is harmonic because it is the 
real part of log g(z). Since the natural logarithm is an increasing 
function of its variable, in this case |g(z)|, we conclude that h(z) assumes 
its maximum at 2) in Q. But A(z) is nonconstant because f(z) is non- 
constant (exercise!), This contradicts the maximum principle for 
harmonic functions. Done. 


Still paralleling the harmonic theory, we have 


Weak Maximum Moputus PRINCIPLE 
Let Q be a bounded domain and f a nonconstant function analytic on 


Q and continuous on its closure Q. Then f attains its maximum 
modulus |f(z)| at certain points z of the boundary @Q. only. 


Proof: The function |f(z)| attains a maximum somewhere on 
because it is continuous and 2 is compact (that is, closed and bounded). 
This is a standard fact of analysis. But by the Strong Principle asserted 
previously, the maximum cannot be attained in the open set 2, and so 
must occur somewhere on the boundary. Done. 


It is also possible to prove 


Mintmum Mopu.us PRINCIPLE 


Let f be nonconstant analytic on a domain Q with f(z) # 0 for z in Q. 
Then f(z) does not attain its minimum modulus |f(z)| at any point 
of Q. 
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We will leave the definition of minimum modulus and the proof of 
this result to you. Note that f(z) # 0 implies that 1/f(z) is defined and 
analytic. 


Application to Boundary-Value Questions 


This is a favorite theme of ours. Using the results of the last few 
sections, you should be able to prove quite simply the following unique- 
ness assertion. 


ASSERTION 


Let f and g be analytic in a domain 2 and let T be a Jordan curve 
inside ©. whose interior is also inside 2. If f(z) = g(z) for all z on 
the curve I, then f(z) = g(z) for all z in the interior of T as well. 


Note that it suffices to prove that the function f — g vanishes 
throughout the interior of I if it vanishes on I. Refer to Figure 4.13. 


f—g=0onT 


Figure 4.13 


Question 
Is it true that f = g throughout Q and not merely inside r’? 


Exercises to Section 4.7 


1. Let f be analytic on the domain 9. Prove that if the image f() is compact 
(closed and bounded) in the w-plane, then it must be a single point; that is, f 
is constant. Hint: |w| assumes its maximum on a compact set. (Can you prove 
this latter fact?) 

We comment that the Open Mapping Theorem (Paragraph 8.1.4) will 
give us much better information about f(Q). 

2. (a) Prove that there exists z satisfying |z| = 1, |cos z| > 1, 

(b) Using continuity and (a), prove z exists satisfying |z| < 1, |cos z| > 1, 
(c) Contrast cos x, x real. 
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3. Proof or counterexample: if / is a nonconstant analytic function defined in 
2 = C (that is, f is entire), then lim,..., f(z) = ©. 

4, Let f be nonconstant analytic in C. Define M(r) = maxjz)=, |f(2)]. 

(a) Prove M(r) is a nondecreasing function of r > 0. 

(b) Is it true that lim,,,, M(r) = 00? In other words, can a nonconstant entire 
analytic function be bounded? Note that this assertion is weaker than that 
of Exercise 3, 

5. (a) Prove the uniqueness assertion appearing at the end of this section. 

(b) See Exercise 8 following Section 4.3 for a proof that does not use the 
theory of maxima, 

6. Let f be a nonconstant analytic function on a domain 2. Prove that if f(Q) 
is contained in the closed dise |w| < r, then it is in fact contained in the 
open disc |w| <r. 

1, The Schwarz Lemma. This is a virtuoso application of the Maximum Modulus 
Principle. The statement is : Let f be a nonconstant analytic function on the 
unit disc |z| < 1, satisfying |f(z)| < 1 and f(0) = 0, Then either f is a rotation 
through a fixed angle 9, f(z) = e'? z, or f contracts toward the origin: |f’(0)| < 1 
and |f(z)| < |z2| for 0 < |z| < 1. You are to prove this in several steps, as 
follows: 

(a) The key idea is the application of the Maximum Modulus Principle to 
a(z) = f(2)/z. Note that lim,.9 g(z) = f’(0). It is a fact that defining g(0) = 
f’@ yields an analytic function g(z) at z = 0 and hence in the full dise 
|z| < 1 (proof in Exercises to Section 4,10 and in Chapter 6; assume the fact 
for now). 

(b) Prove that |g(z)| < 1. Hint: Show that M(g; r) = max |,)=,|g(z)| < 1/r. 
But as r increases to 1, 1/r decreases to 1. Since M(g; r) is nondecreasing 
(why?), it is <1 for allr < 1. 

(c) First case: If M(g;r) = 1 for some r, then (Exercise 6) g is constant, 
whence f(z)/z2 = e!® for all |z| < 1. 

(d) Second case: |g(z)| < 1 implies |f(z)| < |z| for z # 0 and |f’(0)| < 1. 

8. Verify that the polynomials f(z) = cz" (with 0 < |c| < 1 and n > 1) satisfy 
the hypotheses of the Schwarz Lemma (Exercise 7). Which of these f(z) are 
rotations? contractions? 

9. A detail in the proof of the Maximum Modulus Principle. Given f(z) analytic 
on Q, such that f(Q) lies in the upper half-plane u > 0 (this may be weakened 
considerably). Suppose that In|f(z)| is constant in 2. Prove that f(z) is con- 
stant in Q. Hint: log f(z) is constant in 2 (why?). Review the relevant exercises 
in Chapter 3. 

10. Let © be a bounded domain and f a function continuous on © and analytic in 
Q. Prove that, for all f¢ 2, 


|f@| = max |f(2)|, 
ze0Q 
and if the equality sign holds for one ¢ in , then f is constant on 9. 


Section 4.8 THE FUNDAMENTAL THEOREM OF 
ALGEBRA 


This result, so often used in algebra, seems to require a certain 
amount of real or complex analysis for its proof. It is possible to obtain 
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the theorem as a corollary of several other theorems of this chapter. 
Our first proof, given here, uses the Minimum Modulus Principle. 


FUNDAMENTAL THEOREM OF ALGEBRA 
Let 
PZ) = G2" +++ + az + Ay 


be a nonconstant polynomial of degree n => 1 with complex co- 
efficients. Then the equation p(z) = 0 has a root z in C. 


Proof: We assume p(z) never vanishes (never equals zero) and obtain 
a contradiction. Let m(7), the “minimum modulus,” be defined for r => 0 
by 

mr) = oa Ip(2)l. 
Since p(z) # 0, the Minimum Modulus Principle assures us that m(r) 
decreases as r > © (think about this). 

But we will prove in the next paragraph that |p(z)| > 0 as r = 
|z| + oo. This implies in particular that m(r) > 00 as r+ o and yields 
the desired contradiction. 

To show |p(z)| > 0 as |z| > 0, we factor 


we) = 2" (a, + +S). 


Now, as |z| > ©, the first factor satisfies |z"|-> 0, while the second 
factor approaches the limit a, (check!). Since a, is not zero (00-0 is a 
delicate business), we may deduce that lim|p(z)| = lim|z"| |a,| = © as 
|z| + 0, By our remarks in the paragraph above, the proof is complete. 
Done. 


Comments 


1. To see that the equation p(z) = 0 has n (not necessarily distinct) 
complex roots is now a problem in algebra. Ifp(z,) = 0, then long division 
yields a factorization p(z) = (z — z,)p;(z), where p,(z) is a polynomial 
of degree n — 1. This new polynomial now has a complex root, and 
so on. 

2. The Fundamental Theorem is an existence theorem. It gives no 
method of finding the roots exactly. If the degree is 2, the famous 
quadratic formula 

—b+ Vb? — 4ac 
2a 
gives both roots of p(z) = az? + bz + c. There are similar, more com- 


plicated formulas for degrees n = 3, 4. It was demonstrated by the young 
mathematicians Niels Abel (Norwegian) and Evariste Galois (French) 
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in the early nineteenth century that there are polynomials of degree 
5, 6, 7,... whose roots cannot be constructed by starting with the 
coefficients and performing only arithmetic operations and the extraction 
of square, cube, and higher roots. Thus, there is no hope of a formula 
like the quadratic formula in degrees 5 and higher; some equations are 
not “solvable by radicals.” 

Thus, the moral of this section is that roots always exist, but it may 
be very difficult to write them down. 


Exercises to Section 4.8 


1. Prove this corollary of the Fundamental Theorem of Algebra: If the poly- 
nomial p(z) has degree n, and if c is any complex number, then there exist 
complex 21,..., 2, (not necessarily distinct) satisfying p(z,) = c. 

2. Towards localizing the roots. Let p(z) = 2" +++-+ az + do (observe a, = 1) 
so that p(z) = (z — 212 — Z2)++(z — a) 

(a) Observe that ap = +2122-++Z. 

(b) Prove that at least one root z, satisfies |z,| < R, where R is the positive 
nth root of |ao|. Estimates less crude than this are possible; see the applications 
following the theorem of Rouché in Paragraph 8.1.5. 

3, Let p(z) be a polynomial whose coefficients are real numbers. Prove that if 2, 
is a root of p(z), then its complex conjugate 2, is also a root. Hint: The proof 
should be brief. 


Section 4.9 LIOUVILLE’S THEOREM 


This should be familiar from our study of harmonic functions. 

We will say that a function f is entire if it is defined and analytic 
at all points of C. A function f: Q + C is bounded if the image set f(Q) 
is a bounded subset of the plane C, 


LIoUVILLE’s THEOREM 
A bounded entire function is a constant. 


Proof: If f = u + iv is entire (analytic), then u and v are entire 
(harmonic). If the image set f(C) is bounded in the plane, then the sets 
u(C) and v(C) must be bounded subsets of R. By Liouville’s Theorem for 
harmonic functions, u and v are constant. Thus, f is constant. Done. 


Comment 


This depended only on the fact that f = u + ivhad real andimaginary 
parts that were harmonic. We did not need the condition that f be 
analytic. Which of the other theorems in this chapter are also true 
for these weaker hypotheses? 
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Application to Growth of Entire Functions 


This is a classical theme, differing somewhat from issues relating to 
boundary values. The natural domain of an entire function, namely C, 
of course has no boundary curve for 2 to approach in the limit. Rather 
we consider the behavior of f(z) as |z| gets large. Questions sound like 
this: “If|f(z)| behaves like such-and-such as | 2| gets large, is f(z) actually 
equal to so-and-so?” 

You might try to prove the following example of this. 


ASSERTION 


Let f(z) be entire and |f(z)| < |e*| for all z in C. Then, in fact, 
f(z) = ce? for some complex constant c with |c| < 1. 


Thus, if a nonconstant entire function “grows” no faster than the 
exponential function, it is an exponential function. For the proof, 
consider the entire function e~*f(z). 


Exercises to Section 4.9 


1. Deduce that an entire (analytic) function w = f(z) that maps the z-plane into 
the upper half w-plane (compare v(z) > 0) must be identically constant. 

2. Prove that the image set f(C) of a nonconstant entire function intersects every 
straight line in the w-plane. 

8. Which result is stronger for polynomials p(z): Liouville’s Theorem or Exercise 
1 to Section 4.87 

4, (a) Prove the assertion about |f(z)| < |e*| which appears at the end of the 

present section. 
(b) A naive student might argue that the assertion is false because he has 
heard that “polynomials grow more slowly than the exponential function,” 
but surely p(z) # ce*. Educate him by proving that if |p(z)| < |e*| for all z, 
then p = 0, identically. Hint: Look at z = x < 0. 

5, An alternate proof of Liouville’s Theorem, independent of harmonic functions. 
(See Section 4.11 for a third proof.) 

Given the bounded entire function /, prove f(z:) = f(z2) for arbitrary 
21, 22 in C, as follows: 
(a) Prove f(21) — f(22) = (/(2xi)) fc f(zKz1 — zz — 21) “(z — 22)7* dz, 
provided C = C(Q; R) with R > |z,|, |z2l. 
(b) Apply the ML-inequality to prove that the integral in (a) vanishes as R 
gets very large, whence it is zero for all R > |z,|, |z2|. 

6. An alternate proof of the Fundamental Theorem of Algebra, using Liouville’s 
Theorem. Assume that the nonconstant polynomial p(z) has no roots in C. 
Prove that f(z) = 1/p(z) is bounded and entire, and apply Liouville’s Theorem. 

‘7. An extension of Liouville’s Theorem, Prove that if w = f(z) is entire and not 
constant, then the image set f(C) intersects every open set in the w-plane. 
Hint: Assume f(C) misses the disc D(wo;«) and consider the function 
B(z) = If(f(z) — wo). 
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8. Another extension 
(a) Suppose f(z) is entire and either its real part or its imaginary part is 
bounded. Prove that f(z) is constant. 
(b) The imaginary part of any branch of log z is bounded. Why doesn’t part 
(a) imply that log z is constant? 


Section 4.10 MORERA’S THEOREM 


This theorem is the converse to the Strong Cauchy Integral Theorem, 
and therefore gives a sufficient condition for analyticity of f(z). (Can 
you name other such results?) The proof of Morera’s Theorem depends 
on the powerful fact (Theorem 7, Section 4.4) that the derivative of an 
analytic function is analytic. There is no mention here of harmonic 
functions. 


Morera’s THEOREM 
Let f(z) be a continuous function on some domain 2, and suppose 


[toa=o 


for every simple closed (Jordan) curve T in Q whose interior also 
lies in Q. Then f is analytic in Q. 


Proof: The idea is to define a new function F(z) in Q which is 
analytic with f(z) = F(z). Since analytic functions F(z) have deriv- 
atives of all orders (Section 4.4) it must be the case that f(z) = F’(z), 
and so f(z) is analytic as claimed. Subtle, no? 

A reduction of the problem: Since f is analytic in Q if and only if it 
is analytic in every open subdisc of 2 (that is, analyticity is “‘local’’), it 
suffices to consider the case 2 as an open disc, say N = D. 

Fix some point 2 in D. For any ¢ in D (see Figure 4.14), 


Figure 4.14 


¢ 
Mi f(z) dz is the same over either path 
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define j 
FO = | f(2) de, 


where the integration is carried out on the line segment in D from the 
fixed z to the point ¢. Thus, F(¢) is a well-defined function on D and, 
moreover, it is continuous at every point ¢. This latter fact is most 
easily proved using the hypothesis about integrals of f(z); however, it 
will also follow from the differentiability of F, with which we now 
concern ourselves. 

We claim that the number Jf, f(z) dz is independent of the polygonal 
path from 2 to ¢. That is, we obtain the same value (namely, F(¢)) 
whether we integrate over the straight-line segment from 2, to ¢ or any 
other polygonal path from 2 to ¢. This is true because we get zero 
when we integrate f(z) dz around the closed path from 2 to ¢ over the 
straight-line path and then back from ¢ to 2 by another path; this last 
assertion follows from the hypothesis about integrals of f(z) dz around 
closed curves I. You should check details here in the spirit of Section 4.2. 

Since FQ is “independent of path,” the Fundamental Theorem of 
Calculus as stated in the Appendix to Section 4.2 guarantees that 
F’ = f. By our comments at the start, the function f is analytic. Done. 


Comments 


1. We could have proved this immediately after Section 4.4. 

2. This result (and the whole story) is remarkable in that the con- 
tinuous complex differentiability (analyticity) of f(z) is equivalent to 
f(z) having “nice” integrals. 

3. You might check that the only closed curves I that appeared in 
the proof were polygonal. Thus, the statement of the theorem could be 
strengthened: Replace “for every simple closed curve” with “for every 
closed polygonal path.” And this can be pushed even further. Since every 
two-dimensional set with polygonal boundary (triangle, trapezoid, 
pentagon, etc.) can be cut up into triangles (“triangulated”), we may 
replace “for every polygonal path” in the statement of the theorem with 
“for every triangular path.” Refer to Figure 4.15. We leave details to 
you. 


Exercises to Section 4.10 


1, The function f(z) = 1/z? satisfies [; f(z) dz = 0 if f is any closed curve en- 
closing the origin in its interior. Does Morera’s Theorem imply therefore that 
f is analytic throughout C, in particular at zo = 0? Explain, 

2. A preview of removable singularities. Prove that if f is continuous in a disc D 
containing the point zo and is known to be analytic in D — {Zp}, then f is 
analytic at 2) as well. Thus, the “singularity” (point of nonanalyticity) zo 
may be removed from this category. Method: Show f; f(z) dz = 0 for every 
loop I inside D, as follows: 
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Figure 4.15 


si dte =f, * r, 


because two integrals over diagonal cancel 
each other (opposite directions). 
(a) Argue that fy /(z) dz exists, even if T passes through zo. 
(b) If zo is not on or inside I, then fy f(z) dz = 0, for a well-known reason. 
(c) If zo is inside I, then the ML-inequality can be used to show that the 
integral vanishes. Refer to Exercise 5 from Section 4.3. 
(a) Suppose zp lies on I. Argue that there are loops f close to I but avoiding 
the point Zo (whence ff f(z) dz = 0) such that the value of {comes arbitrarily 
close to fr, whence J; must equal 0. Details? 


We remark that the geometric details of (d) may be unwieldy and that 
removable singularities will be officially discussed in Chapter 6, using methods 
other than Morera’s Theorem. 


Section 4.11 THE CAUCHY INEQUALITIES FOR f()(zo) 


Let f be analytic in a domain Q as usual. Let 29 be a point of Q and 
suppose the disc D(zo;r) and its boundary, the circle C(z9;1r), are 
contained in 2. We write 

M(2o; 7) = max|f(z)| (z= C(z03 7), 
a nonnegative real number. We now state, prove, and discuss the Cauchy 
inequalities, 
Caucny INEQUALITIES 
Let f, 2, M(zo; r) be as above. Then the nth derivative of f satisfies 
n!M(2o; r) 
=a 


Proof: This follows easily from the Cauchy Integral Formula. We 
have, writing C = C(z; r) and using the ML-inequality, 


[F%(z0)| = 4 f(z) a| <3 n! M(z0; 1) » 


r, 
Qi Jo (2 — Zo)"*? Qn ttt ‘ 


since the length of C is 2zr. This gives the result. Done. 


IF(Z0)| = 
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Comments 


1. It is standard to bound or “control” the values of a function in 
terms of the values of its derivatives (that is, rate of change). This is the 
idea behind many applications of the ordinary Mean-Value Theorem of 
differential calculus. Analytic functions are remarkable in that the 
opposite phenomenon occurs as well. The complex derivatives are 
bounded in absolute value in terms of the values of the function itself! 

2. These inequalities lead to another proof of Liouville’s Theorem 
(“A bounded entire function is a constant’’) independent of the harmonic 
theory, as follows: 

Given |f(z)| < M for all z in C. By the Cauchy inequality, |f’(zo)| < 
M(Zo; r)/r < M/r for all points zg and radii r. This is true as r+ 0; 
thus, as M/r + 0. Hence, |f’(zo)| = 0 for all 29. Thus, f = constant. 
Done. 


Exercises to Section 4.11 


1. How many applications of the ML-inequality in this chapter can you recall? 
To which integrals was the inequality applied? 

2. Suppose f is entire and M(zo; r) < ar* for some a > 0, positive integer k, and 
all sufficiently large r. Prove that f(zo) = 0 for all n > k + 1. Hint: See 
proof of Liouville’s Theorem in this section. 

3. Suppose fis an entire function such that f*+(z) = 0 for all z. Prove that fis 
a polynomial of degree <k. 

4, On polynomial growth. Suppose fis entire and that, for some 29, M(zo; r) < ar* 
for some a > 0, positive integer k, and all sufficiently large r, Prove that fisa 
polynomial of degree <k. Hint: By Exercises 2 and 3, it suffices to show that 
for each z,, M(z:; 11) < a, ri* for some a, > 0 and all sufficiently large r; 
(where r; = |z — z:|). To show this, use M(z:; r1) < M(zo; |21 — zo| + ri); 
which follows from the Maximum Modulus Principle. 

Comment: This problem points out the organic nature of analytic functions. 
Growth conditions on derivatives at a single point zo imply similar conditions 
at all other points and severely restrict the nature of the function. The Taylor 
series (Chapter 5) of f carries this theme much further. 

5. On the role of the complex integral. How many of the results of Sections 5 
through 11 actually mention the complex line integral in their statements? 
Contrast this with their proofs! 


Section 4.12 WHAT’S AHEAD? 


Though we have now caught a glimpse of several remarkable 
properties of analytic functions, much more remains to be seen. It will 
soon be necessary to construct more technical tools: power series, 
convergence. Before we embark on this, therefore, let us organize our 
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search by raising two quite different (or so it seems) questions that we 
have not answered satisfactorily to date. These two questions motivate 
a great deal of what follows. 


First Question: Integration of Nonanalytic Functions 


We have said a great deal about J; f(z) dz in the case I is some loop 
and f is analytic at all points on and inside I. But what if f fails to be 
analytic at certain points so that the Cauchy Integral Theorem (in 
particular) does not apply? Such integrals occur frequently in applica- 
tions. 

The result we are headed for here is the so-called Residue Theorem 
(Chapter 7). Our work on Laurent Series (Chapter 6) will tell us what 
certain nonanalytic functions look like. 


Second Question: Mapping by Analytic Functions 


Suppose w = f(z) is analytic in a nice domain Q in the z-plane. 
What can we say about the image set f(Q) as a subset of the w-plane? 
Is it open? connected? bounded if Q is bounded? 


Another basic question: In ordinary calculus, if the derivative 
fo) is nonzero, then y = f(x) is strictly increasing or decreasing near 
%o, and hence the function is one-to-one for x near x9. Now suppose 
w = f(z) is complex analytic and f’(z9) # 0. Is w = f(z) one-to-one in 
a small disc about Z9? In general, what does the complex derivative tell 
us about the geometric behavior of f(z)? 


A very deep question: Given domains 9,,Q, in the z-plane and 
w-plane, respectively, does there exist a one-to-one analytic mapping 
w = f(z) of Q, onto Q,? As we noted in the Appendix to Section 4.5, this 
is important in boundary value problems. 

We will devote Chapter 8 to these geometric issues. 


D 


Analytic Functions and 
Power Series 


Section 5.1 SEQUENCES AND SERIES 
5.1.0 Introduction 


In Chapter 4 we developed the machinery of complex line integra- 
tion, used this to prove the Cauchy Integral Theorem and Formula, and 
at last derived from these a host of marvelous consequences: infinite 
differentiability of analytic functions, the Maximum Modulus Principle, 
Liouville’s Theorem, and so on. The pattern of the present chapter will 
be similar. We will first develop the general machinery of sequences and 
series. It is possible you have seen some of this already. Then we will 
establish Taylor’s and Laurent’s Theorems. These will assure us that the 
functions we are interested in may be written as so-called power series. 
Thus, for example, we will see that the familiar exponential function 
may be written 

2: owe oe 
expz=1+z+ ai fait - 2a 
Finally, we will gain further insight into the nature of analytic functions 
by examining the related power series. Be encouraged that this gain in 
insight will justify our initial technical labors. 

Let us first mention a major technical question in an informal way. 

Suppose we are given a power series, an infinite formal sum: 


Qo + a,z + G22? + a3z9 +--+ 


This is an “infinitely long polynomial” in the variable z with given 
coefficients Go, a1, 42, a+.---. What is the result of “plugging in” a 
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particular complex number for z, say, z = z,? While we know what it 
means to add two or three or any finite string of complex numbers, we 
must make some careful definitions before an infinite sum makes sense. 
Let us turn to this now. 


5.1.1 Series of Real Numbers 


Complex power series will be discussed in terms of series of complex 
numbers. In turn, series of complex numbers will be treated in terms of 
series of real numbers, We will recall here some of the basic facts about 
real series (essentially one definition and one theorem), All subsequent 
theory will depend on these. 

A real series is an infinite formal sum 


Up + Uy + Up te°%y 
with each term u, in R. This series is also denoted 
oo 
Yu or, moresimply, ) uy. 
K=0 


We say that the series above converges to the sum u (a real number), 
provided 


n 
lim =u. 
ao 2, ue 
Some comments: The numbers 
a 
So = Ups 8, ='Up + Uy,-.55 Se = 2» Has.en 


and the partial sums of the series. Thus, the series converges to u if and 
only if the sequence 89, $;,..., 5,,-.- has limit wu; that is, lim, 8, = u. 
This is the standard language. 

For example, let us look at the series 


ZL uk * B Yi 
Lak SS fesayp (FS es 1 
tatatet () to ZG) 


aspecial case of the geometric series (of which, more later). The sequence 
of partial sums begins 
8 =1, 8, =1+}=i, s2=1+4+3=%, 

and so on. You should convince yourself that the series converges to the 
sum u = 2, Note that the nth term u, = (4) is one-half of the difference 
2 — 8-3. 

We have so far neglected to give an exact definition of the limit 
statement used to define the sum of a series. It is this: 
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if and only if, given any e > 0, no matter how small, there is an index 
(subscript) n, depending on the given ¢ with the property that, ifn > n;, 
then 


<& 


2 
Dm—u 
k=0 


In other words, the partial sums s, eventually come arbitrarily close to 
the sum u. 
If a series does not converge, it is said to diverge. For example, the 
series 
LT+1l+1+1+1+1+4-:-- 


diverges to infinity, while the series 
© 
1-1+1-1+1----= ¥ (-1$ 
K=0 


diverges because its sequence of partial sums oscillates between 1 and 0, 
thus: 1, 0, 1, 0, 1,..., and so never tends to a unique limit. 

Now we mention what is perhaps the crucial theoretical description 
of convergent series. It is an internal property that every convergent 
series has and no divergent series has. We say “internal” because the 
property makes no explicit mention of the sum of the series. 


REAL CAucHY CONVERGENCE CRITERION 


The real series fo u, is convergent <> given any e > 0, there is an 
index n, such that, whenever n > n, and p is any positive integer, 
then 


June + Ung2 Hees + Unepl < & 


We discuss this briefly. First, if the series is convergent to a sum u, 
then the partial sums s, and s,,., must both be close to u for sufficiently 
large n, and hence must be close to each other. But note that the finite 
SUM U4; +°*-+ Unyp is simply the difference s,,,—s, and hence 
should be of small size. 

Conversely, if the sums u,4; ++*:+ U,ayp are small in absolute 
value as hypothesized in the theorem, then all pairs of partial sums s, 
and s,,,, become close for large n. It then follows from the completeness 
property of the real numbers (roughly, “the real axis has no gaps”) 
that the partial sums must be close to some actual number u, which is 
proved to be the sum of the series. That is, the series converges. Hence, 
the Cauchy Convergence Criterion embodies the completeness of the 
real number system. 

At last we may discuss series of complex numbers. 
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Exercises to Paragraph 5.1.1 


1. Some famous real series. Recall the following facts from calculus and see if 
you can prove any at the moment. We will discuss methods for some of these 
in subsequent sections. We will see statement (e) often. 

(a) The harmonic series >” , (1/n) diverges. 

(b) } (/n?) converges (to 27/6, in fact, though this exact value requires much 
more work). 

(c) More generally, if p is a real constant, then )) (1/n”) converges if and only 
ifp>1 

(d) The alternating harmonic series 5° (—1)"/n converges (to In 2, in fact). 

(e) If |r| < 1, then the geometric series )}* , r” converges to 1/(1 — r). 

2. For those who know some elementary real analysis (or topology of the real 

line): 

(a) Recall the definition of “Cauchy sequence.” 

(b) Recall that the Completeness Axiom of the real line may be stated: “A real 
sequence converges if and only if it is a Cauchy sequence.” 

(c) Verify that the Real Cauchy Convergence Criterion given in this section 
may be restated: “A real series converges if and only if its sequence of partial 
sums is a Cauchy sequence.” 

(a) What other formulations of the Completeness Axiom do you know? 


5.1.2 Series of Complex Numbers 


Now we define convergence and establish a Cauchy criterion for 
series 


¥ 


k=0 


where the 6, are complex numbers. We exploit the fact that the complex 
term b, decomposes into real and imaginary parts, 


By = U_ + Wks 


3 na (%, u) e (3, n) : 


Thus, we say that )'2. b, converges to the sum b, written 


whence we write 


if and only if b = u + iv, where wv and vu satisfy 


oo 0 


2, ae & ten ee 
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Note that if the terms b, are actually real (v, = 0), then this defini- 
tion reduces to that for real series. 
It is a fact that © b, = b in the above sense if and only if 


where the complex limit has a standard ¢, n, definition. We will omit 
discussion of this, however, as it is not essential to our purposes. 

The theoretical tool that we will use again and again to conclude 
that a given series converges is the following: 


ComPLex CAUCHY CONVERGENCE CRITERION 


The complex series >) b, is convergent <> given any e > 0 there is an 
index n, such that, whenever n > n, and p is any positive integer, 
then 


[Ont1 + On¢2 +++ + Daryl < & 


Proof: (=) Standard routine: Reduce to real case and use the triangle 
inequality. Thus, writing b, = u, + iv,, we have 


[One Hees Beapl = [nga Hee Uney) + HOnsr + 2° + Unsndl 
S [Unger + 17+ + Unepl + [nga +e + Unsals 


since |i| = 1. Now we supply the details. 

Suppose e > 0 is given. Since }) b, converges, the real series 5° u,, 
> vo, converge. By the real Cauchy criterion, given e’ = ¢/2, there exist 
n* and n** (for the u,’s and v,’s, respectively) such that 


é 
at 


@ 
[Unga Feet Uneol <5 [mea eee Umea <5 


provided n > n*, m > n** for arbitrary positive p, g. Now we define n, 
to be the larger of n* and n**, Thus, 


ae. 
lune Hees t Unto! + leer +2°°+ Untol <5 ig 


provided m>n,. The triangle inequality displayed above yields 
longs +e+++ Daypl < 2, as desired. 

(<=) To show >) b converges, we will show that both } u, and uy, 
converge, via the real Cauchy criterion. To show that >) u, satisfies the 
real Cauchy criterion, let ¢ > 0 be given. By hypothesis, there is an 
index n, such that 


JOnz1 tore t Ongpl < @ 


Sec, 5.1 Sequences and Series 199 


forn > n,. But u,,; +-+:+ Uq+p is the real part of the complex number 
bay +++ + Bpyp, and so (look at a triangle!) 


lunes tre Unepl S loner tre + Basel < & 


Thus, n, works for >) u, and likewise for ¥ v,. By the remarks above, we 
are done. 


Comments 


1, This is an intrinsic criterion. It makes no mention of the sum of 
the series in any limit statement. 

2. Interpretation: If, as n gets sufficiently large, the nth partial sum 
bo +++++ 6, tends relentlessly to the sum 6, then there can be no por- 
tion bay, +++++ bay, Of the difference b — (bp +--+ 6,) that will be 
very large in absolute value. 

3. We will often combine this with the Comparison Test (coming) to 
prove convergence of a given series, 


Exercises to Paragraph 5.1.2 


1. Consider S72 , by, where by = (i)/k. 
(a) Write down the first six terms of this series. 
(b) Compute the first six partial sums s,,..., 85 of this series. 
(c) Prove that this complex series converges by applying your knowledge of 
alternating series to its real and imaginary parts (note that this embodies our 
definitions of convergence). 
(d) Can you determine the actual sum of this series? (Observe, at least, that 
this can be much more difficult than merely proving that the sum exists!) 

2. Concoct a (nonreal) complex series that diverges, Hint: Use a divergent real 
series, 

3. Some metric topology of the plane (see the set of exercises to Paragraph 5.1,1 
also). 
(a) Recall the definition of Cauchy sequence in the plane (in fact, in any metric 
space, if you know what that is), 
(b) How is the completeness of the plane formulated in terms of Cauchy 
sequences? Hint: See Exercise 2(b) to Paragraph 5.1.1. 
(c) Verify that the Cauchy criterion of the text states that ‘“‘A complex series 
converges if and only if its sequence of (complex) partial sums is a complex 
Cauchy sequence,” 


5.1.3 Absolute Convergence 


We say that the complex series )° b, converges absolutely if and only 
if the series > |b,| of nonnegative real numbers converges. We will be 
dealing in later sections with many series that converge absolutely. 
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It is worth noting that it is more likely that a complex series con- 
verges than that it converges absolutely. Absolute convergence is 
“difficult to achieve” because an infinite set of positive numbers must 
add up to a finite sum. There is no hope of subtraction aiding con- 
vergence. 

For example, you may be familiar with the alternating harmonic 
series 


1-4+4-b4b-05 


It is often shown in calculus that this series converges (in fact, its sum 
is log 2), However, the positive harmonic series 


T+44+44+4tdte: 


does not converge. This sum is infinite. In other words, the alternating 
harmonic series converges, but does not converge absolutely. 

Now we will see that the property of absolute convergence is strong 
enough to guarantee convergence in the ordinary sense. 


THEOREM 1 
If the complex series >, b, converges absolutely, then it converges. 


Proof: Note first that |biy. +-+*+ Dasol < [Oneal +-7-+ [Dnt 
Absolute convergence and the Cauchy criterion guarantee that the 
right-hand term here can be made less than any given « > 0, provided 
only that n is chosen large enough. By the inequality noted, the same 
is true of the left-hand side. But, again by the Cauchy criterion, this is 
equivalent to convergence of the complex series, Done. 


We mention that a series which converges but does not converge 
absolutely is said to converge conditionally. 


Exercises to Paragraph 5.1.3 


1. Prove that S72 , (i'/k converges conditionally, not absolutely (see the exer- 
cises to Paragraph 5,1.2). 

2. Do the-following converge absolutely, converge conditionally, or diverge? 
@) D4 2" with |z| < 1, 
) Sina Un, 
©) Dies Ok, 
@) Dies (ilk. 

3. Proof or counterexample: If the real and imaginary parts of a complex series 
converge absolutely, then the complex series converges absolutely. 
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4, True or false? 


(a) The Cauchy criterion for complex series was, for us, a consequence of the 
criterion for real series. 

(b) We used the complex Cauchy criterion to prove that absolute convergence 
implies convergence. 

(c) The Cauchy criteria tell us the exact sum of a convergent series. 


5.1.4 Further Properties of Series 


We mention some facts we will be using soon. First we discuss the 
terms of a convergent series. 


THEOREM 2 
If the complex series >. b, is convergent, then 


G) lim... = 0, 
(ii) the terms b, are bounded; that is, there exists M > 0 such that 
|| < M for all k. 


Proof: (i) This follows from the Cauchy criterion by taking p = 1. 
For, given any ¢ > 0, we are thereby assured that all but a finite number 
of terms satisfy |b,| < 2, whichis the same as convergence of the sequence 
{b,} to zero. 

Gi) Since all but a finite number of terms satisfy |b,| < ¢ for any 
positive e, we can clearly pick a somewhat larger M = e > 0 such that 
all terms satisfy |b,| < M. Done. 


We will make considerable use of the following theorem on series 
of nonnegative real numbers. 
Comparison TEST 
Let © uy, and > v, be real series with 0 < uy, < vy. Then 


(i) if © vu, converges, then > u, also converges and Su, < ¥ vy5 
Gi) if © u, diverges, then > v, also diverges. 


You should be able to prove both these statements. Use the Cauchy 
criterion to prove (i). Note that the divergence of the positive series 
¥ yu, in (ii) means that this sum is infinite. 


Exercises to Paragraph 5.1.4 


1, Proof or counterexample: If limp... b, = 0, then }" 6b, converges, 
2, Proof or counterexample: If |b,| < M for all k, then > 6; is convergent. 
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3. Given that } r, converges with real ry; = 0. Suppose |b,| < ry for each k. 
Prove that >) by converges absolutely. This is a basic technique. We'll see it 
again. 

4. Given that >‘ , (1/2) = 2 and |z| < 1/2, how much can you say about 

to 2 and convergence? 

5. Give a full proof of the Comparison Test. 


Section 5.2 POWER SERIES 
5.2.0 Introduction 


Let us begin with the very important geometric series 
Ltzt2?t zr gees, 


We ask: “For which values of z does this series converge to a finite 
complex sum?” Note that z = 1 yields divergence: 1 +1+1+1+---. 
Suppose that for a particular value z the series converged to the 

sum s(z). This would mean that the sequence of partial sums would 
converge to s(z); that is, 

lim (1 + z + 2? +-+++ 2") = 9(z). 

a0 
Let us examine the special polynomial 1 + z + z? +---+ 2". We note 
that this polynomial may be realized as a quotient of simpler polynomials, 

L= gntt 


L+2t+2? tet 2t= ‘ 
Laz 


To check this, merely observe (1 + z +-+-+ 2"(1 — z) =1— 2%}. 
Thus, by basic properties of limits, we have 
1-21 1 ( 


s(z) = lim —-—_ = —— 


nso 1—-Z Las noo 


1— lim 21) S 
To evaluate this last limit, note first that 


lim 2" = lim z"*!. 


ao neo 
Also, |z"| = |z|". Now suppose |z| < 1. Then |z| > |z|? >---, and in fact, 
lim |z"| = lim|z|"=0 (jz| < 1). 
noo n+ 


Since |2"| is approaching zero, we see that 2” is approaching the origin, 
lim,...0 2" = 0. Our conclusion is 


s(z) = lim(1 + 2 4+-+-+ 2) = — lz] < 1). 


n+ i 
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As a corollary, Yo (4)* = 2, a result mentioned earlier. 

On the other hand, if |z| = 1, then |z"| = 1. Consequently, the nth 
term of the series does not approach zero, whence (Theorem 2) the series 
must diverge. 

In summary, we have seen that 


@ the geometric series 1 + z + z* +--+» converges for all 2 in 
the open unit disc D(0; 1) centered at the origin; 

(ii) for z in this disc, that is |z| < 1, we have a “closed form” for 
the sum, namely, 


Lltzteters 


1-2’ 


(iii) the series diverges for all z with |z| = 1. 

We will devote the remainder of this section to obtaining similar 
results for arbitrary power series. We will see that they converge inside 
a disc of a certain radius (possibly zero or infinite) and that they repre- 
sent analytic functions (say, f(z) = 1/(1 — z)) within that disc. Note 
carefully, however, that the series 1 + z + z? +--+ converges only if 
|z| < 1, whereas the function f(z) = 1/(1 — z) is defined in the entire 


plane except for the single point z = 1, Power series representation is a 
local affair! 


5.2.1 The Disc of Convergence 


We will discuss power series of the form 
@ + a,(z — 2) + @2(z — 2)? ++°*, 
which we may write 
o 
DY a¢z— 2)" orsimply Yaz — 29)". 
K=0 


Here the point 2 is the center and we say that the series is centered at zo 
or is expanded in powers of z — Zo. 
The following is a very important tool. Refer to Figure 5.1. 


Lemma 3 
If the series ¥. a,(z — Zo)* converges at the point z,, then it converges 
absolutely for all points z such that |z — zo| < |z, — Zol. 
Proof: Since the series >, a,(z; — 20) of complex numbers converges, 
we know by Theorem 2 that its terms are bounded, 
la,(2z1 — zo)'| < M 
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If a series centered at 
20 diverges here, then 
it diverges at all 

points farther from z. 


The meaning of Lemma 3 
Figure 5.1 


for some M > 0 and k = 0,1,.... Now we note that 


k ke 
2— seh = [axes ~ (=) | <™ z= 20|" _ age 
lax(2 — 20)*| = |ax(21 — z0)* Te ae 
where we write 
t= eee . 
2 — 2 


If |z — zo| < |2; — 2o|, then r < 1 and the geometric series } r* con- 
verges. By comparison with M > r*, the series >. |a,(z — 2o)*| of positive 
numbers also converges. Done. 


Now we describe the region of convergence of a power series. 


‘THEOREM 4 


Given a power series \ a,(z — 2o)* centered at zo, there is a value 
R satisfying 0 < R < 0, such that 


(i) the series converges absolutely for all z in the open disc 
D(2o; R) if R > 0, or at the point z = Zp only if R = 0; 

(ii) the series diverges at all points z outside the closed disc 
D(z; R), that is, for |z — zo| > R. 
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Note: The series may or may not diverge at a point on the circle 
|z — 20| = R. This is often a more delicate issue. 


Proof: If the series converges only for z = 29, let R = 0 and we 
are done, If on the other hand, the series converges at some z, different 
from Zo, then Lemma 8 assures us that it converges in an open disc of 
radius (at least) |z, — Zo|. Let us form the union of all open discs centered 
at 2 throughout which the series converges. This union is an open 
dise centered at Zo, and as such has a radius R (possibly infinite, so that 
the disc of convergence is the entire plane). It is now clear that the 
series converges at each point of this open disc D(zo; R). If, on the other 
hand, |z — zo| = R, > R, then the series must diverge at z, or else, by 
Lemma 3, it would converge in the disc D(z); R,), which is strictly 
larger than D(z ; R). This contradicts the construction of D(z; R). 
Done. 


The number R whose existence is proved here is termed the radius 
of convergence of the given series. See Figure 5.2. For example, we saw 
at the beginning of this section that the geometric series has radius of 
convergence R = 1. Any polynomial in z is an entire function and 
hence converges in the disc of radius R = ©, the entire plane. 


Figure 5,2 
convergence at 
each point 
in here 


convergence or divergence possible 
at each point of circle 


The disc of convergence 


Note in Figure 5.2 that the radius R is measured from the point z 
(which is the “center” of the series). 

Suppose the radius of convergence of the series ¥ a,(z — Zo)" is R, 
with 0 < R < o. Then the series converges at all points of the open 
disc D(zo; R) and also (possibly) at certain points on the rim of the disc, 
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that is, on the circle C(z9; R). Usually, we are concerned with the be- 
havior of the function defined by the series on the open disc D(z); R) 
rather than at any boundary points. Thus, it is helpful to call D(z); R) 
the disc of convergence of the series. If R is infinite, then its disc of 
convergence is the entire plane. 


Warning 


A typical series converges on its disc of convergence and at some 
(possibly none, possibly all) points on the rim of this disc as well. Don’t 
make the mistake of thinking that every series converges only on an 
open disc (even if we speak of “the disc of convergence”). 


For The Connoisseur 


The question of convergence of a series at points on the rim of the 
disc of convergence is a study in itself. Some elementary phenomena are 
treated in the exercises. 


How to Compute the Radius of Convergence 

Tt is occasionally useful to be able to compute the radius R for an 
explicitly given power series, We will present a method that works in 
most cases, It depends on the Ratio Test for convergence, which is proved 
in most calculus texts. Let us state this test first. 


Ratio TesT 
Let Yb, be a real series with b, > 0, and suppose the following 
limit of ratios exists; 

lim best _ A 


kao by 
Then 


(i) if A < 1, the series converges. 
(ii) if 4 > 1, the series diverges, 
Giii) if A = 1, the test is inconclusive. 


We may now obtain the radius of convergence from the following 
result. 


THEOREM 5 


Given ¥. a,(z — zo)‘, if 


At 
a 


lim 

kro 
exists, then the series has radius of convergence R = 1/L if L #0 
and R = © if L = 0, If the limit is infinite, then R = 0. 


=L 
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Proof: We form the ratio 


Q41(Z — Zo)**? = |A+1 lz — 2 
a(z— 2o)* a 
Put 
- +1 
f= tim [Onea0@ — 20¥**) L-|z — 2ol- 
kro} a(z — Zo)* 


Thus, the A of the Ratio Test exists for this series if and only if L exists. 
Now 4 < 1ifand only if|z — 29] < 1/Lso that R = 1/Lis the radius of 
convergence, Done. 


Examples 

1. Given 1 — (2 — 1) + (2 - 1? —---= 3X (-1)“z — 1%. Thus, 
a, = (—1)* for all k and so L = 1. By the theorem, R = 1. 

We might verify this in another way. We note that 


a, 1 = 1 
z 1l1+(z-1) 1-{-(2-)} 


=1+ {-(2-D} + {-@- DP +--- 


by our work with geometric series. Removing the brackets, we see that 
1jz = 1 —- (z — 1) + (2 — 1)? — (2 — 1° +---, Thus, the given series 
is actually an expansion of the function f(z) = 1/z in powers of z — 1. 
But this function “blows up” at z = 0 only, and so we might expect 
that a disc of convergence centered at zg = 1 would extend only to the 
origin. That is, R = 1, as found above by the theorem, 

2. Given the series 


2 2 
a eee St 
Then 
a= i, aul. 1 
on RN a | +)! k+1° 


Thus, the limit L as k gets large is zero, and so R = ©. This power 
series converges in the entire plane (to which familiar function? See 
Exercise 11, next page). 


Exercises to Paragraph 5.2.1 


1, Compute Sf? » 2* in the case z = (1 + i)/2. 

2. Given that }'°. 9 a is a convergent series of complex numbers. We apply 
Lemma 3 to the power series }\ a,2*. 
(a) Argue that > a,2* converges for 2 = 1. 
(b) Conclude 5° a,2* converges if |z| < 1. 
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10. 


ll. 
12. 


(c) Can you conclude > |a,2*| converges if |z| < 1? 
(a) Can you conclude >’ |a,2*| converges if |z| = 1? 
(e) Can you conclude © a,2* diverges if |z| = 1? 
(@) Can you conclude >" a,2* diverges if |z| > 1? 


. Given that 5° a,(z — i) converges at z = 2i but diverges at z = 0. 


(a) Does the series converge at z = (1 + i)/2? 

(b) Does the series converge at z = 37 

(ec) Does the series converge at z = 1 + i? 

(d) What is the radius R of convergence of this series? 

(e) Draw a picture of the disc of convergence, if you have not done so already. 


. Given that }° a, converges conditionally, what is the radius of convergence 


of Dayz"? 
Compute the radius of convergence of }"°_ , (—1)*z"/k without using Theorem 
5. Hint: Exercise 4. 


. Likewise for (a) P° 2*/k; (b) 3 kz*. 


Construct a series in powers of z — 1 which converges for |z — 1| < 1 and 
diverges for |z — 1| > 1. 

Construct a series in powers of z which converges for |z| < } and diverges 
for |z| > 4. Hint: |z| < 4 if and only if |¢] < 1, where ¢ = 2z, 


. A series that converges precisely on the closed disc |z| < 1. 


(a) Prove > 2*/k? converges for |z| < 1. 

(b) In fact, the convergence is absolute at all points of the closed unit disc. 
(c) Prove that the series diverges for z = 1 + 6 for any real 6 > 0. Hint: 
Look at (1 + 6)*. 

(d) Conclude that ¥° z*/k? converges if and only if |z| < 1. 

A series that converges precisely on the open disc |z| < 1. 

(a) Given the geometric series }? 4 z*, recall that the nth partial sum is 
8,(z) = 1 — 2"**)/( — 2). 

(b) Fix z with |z| = 1. How does z"*! move in the plane as n + 00? 

(c) Prove that if |z|>1, then there exists no complex s such that 
(1 — z"**)/(1 — z) approaches s. 

(d) Conclude that the geometric series converges precisely for |z| <1 
(contrast Exercise 9). 

The series }" 2*/k! sums to e* for all z. Proof? 

True or false? 

(a) The power series } a,(z — 2o)* converges on a set of points z which 
equals either the single point zo or some open disc of finite radius or the 
entire plane, but no other type of set. 

(b) If } a,2* is convergent for z = 1, then it is convergent for all z with 
jz) <1. 

(©) If >, a,2* is convergent for z = 1, then it is convergent at all points on the 
circle |z| = 1. 

(@) If ¥ a2" is convergent for z = 1, then it is convergent for z = —1. 

(e) Some power series converge at all points of some open disc and at certain 
points on the rim of this disc as well, and at no other points. 

(f) A power series that converges on a certain set of points z defines a function 
on that set. 

(g) There are power series that converge on a set of points which is exactly 
equal to the closed disc |z| < 1. 
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(h) If the series }° a,2* diverges at z = i, then it diverges at z = 1 + i also. 
(i) If the series }' b,(z — i)* diverges at z = 1, then it diverges at z = 0 
also, 


5.2.2 Uniform Convergence of Power Series 


We are led to this by asking for the properties of the function defined 
by a convergent power series. Such a series may be thought of as the 
limit of an “infinite sequence of polynomials.’’ Hence, we begin by 
discussing sequences of functions and their limits. 

Let fo(z), fi(2), f2(2), ... be a sequence of complex-valued functions, 
each defined for all z in the one domain 2. We denote such a sequence 
{f,}. We do not yet require that the functions be analytic or even con- 
tinuous. 

The limit of a sequence of functions (if it exists) should be a function. 
We define a function 

f=lmf, 


no 


by telling what f(z,) is for each z; in Q. Namely, f(z;) = lim, fxlZ1). 
Note that {f,(z:)} is a sequence of complex numbers, not functions, 
once we choose 2Z,. If lim,... f,(z,) converges for each fixed z, in Q, 
then the limit function f is defined on all 2. 

For example, let f,(z)=1+z+---+ 2". If Q is the unit disc 
DQ; 1), then we know that 


fle) = lim fe) =. 


Note that it is essential that we restrict ourselves to the unit disc for 
this limit statement to be true. 

Now on to uniform convergence. The definition f(z,) = lim, f,(21) 
involved a separate limiting process at each z = 2,. We say that {f,} 
converges to f uniformly on a subset S of Q if and only if, given any 
é > 0, there is an index n, such that if n > n,, then |f(z) — f,(z)| < € 
for every z in S. The crux here is that the index m, depends only on the 
given sequence {f,} and on the given ¢ > 0, but not on the point z. The 
same n, works for all points z in S. 

In this situation we say that fis the uniform limit of {f,}, or that fis 
uniformly approximated by {f,} (always on some specified set such as S, 
of course). 


Culture: It is an important theme of analysis that if each function 
f, has a nice property and if the f, converge uniformly (crucial!) to a 
limit f, then it is reasonable to hope that f also enjoys this property. 
The next two theorems exemplify this theme. 
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‘THEOREM 6 


The uniform limit of continuous functions is continuous (all defined 
on the same set S, as usual). 


Proof: Let lim,.... f, = f uniformly on S. To show f is continuous at 
z, in S, suppose ¢ > 0 is given. What we eventually wish to conclude is 
that |f(z) — f(z,)| < ¢ for certain z. Hence, we use the old trick of 
rewriting our absolute value: 


If) — Fes)| = IF) — fi2) + fil2) — ful@s) + fal2s) — FE1)I 
= If) — fA) + fe) — fal@s)| + Vales) — f(es)I- 


Now we show that each term here can be made less than ¢/3 by appro- 
priately restricting m and z. Note that this will prove the theorem. 

Given ¢/3, uniform convergence assures us there is an index n* 
such that ifn > n* then both 


Ife) — fa < = and Ihe) - fel < 5. 


Having chosen n > n*, we use the continuity of f, to select a 5 > 0 
with the property that 


Ihe) — hel < 5 


whenever |z — z,| < 6. But choice of this particular 6 assures us that 
If@) — f@:)| < «. That is, 
lim f(z) = f(@1) 


zz, 


so f is continuous at z,. Done. 


We will use this result soon to prove the continuity of power series 
functions. In the meantime, however, let’s see how uniform convergence 
allows us to interchange two of the limiting processes of analysis, 
namely, convergence of sequences and line integration. This will 
applied later on via our integral representation theorems. 


THEOREM 7 


Let {f,} be a sequence of functions continuous on a curve T, and 
suppose f = limy... f, uniformly on T. Then 


lim | f,(2) dz = f lim f,(z) dz = | f(z) dz. 
r 


An Taw 
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Proof: Since the difference of two integrals is the integral of the 
difference of the integrands, it suffices to prove that 


lim | | (iz) — F(2)) de| = 0. 
at 


By our standard inequality for the integral, we know that 


| f (ide) - fle) de| < ML, 
r 


where L is the length of F and M > |f,(z) — f(z)| for all z on T. Now 
uniform convergence allows us to choose M arbitrarily small by taking 
the index n large enough. This can happen only if the absolute value of 
the integral has zero limit. Done. 


Now we will see how the above discussion applies to power series. 
Suppose the series ) a,(z — zo)“ converges in a disc D(z9; R), where as 
usual we allow the radius R to be infinite. Thus, the power series defines 
a complex-valued function f(z) in D(z; R): 


f@) = Yale — zo). 
As usual we define the nth partial sum of the series by 
$,{Z) = do + a,(2 — Zo) +++ + a,(Z — Zo)" 


Thus, the sequence {s,(z)} of polynomials converges to the function f(z) 
on D(z; R). Now we may ask whether this convergence is in fact 
uniform. The very important answer is this: 


‘THEOREM 8 


Let f(z) = Saz — 20)" in D(@o; R). Then on each smaller closed 
disc D(zo; p) with p < R, the sequence {s,} of partial sums converges 
uniformly to the function f. 


Note: We say that a power series converges uniformly on closed 
discs inside the disc of convergence. No explicit mention of the partial 
sums, since we are mainly interested in the series. 


In order to prove Theorem 8 we will first establish a general lemma 
that is useful in proving uniform convergence of series. It is this: 


Wermrstrass M-TEstT 


Let fo(z)-+ f,(2) +--+ be a series whose terms are functions defined 
on a plane set S. Suppose that My + M, + -:- isa series with positive 
terms and that M, is a number such that |f,(z)| < M, for all z in S 
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and each n = 0,1,.... If the series My + M, +--+ converges, then 
the series fo(z) + f\(2) + +++ converges uniformly and absolutely 
throughout S. 


Note: The convergence is uniform because the “dominating” series 
Moy + M, +--- is clearly independent of z. 


Proof: Let z be any point of S. We have by hypothesis 


fn 1@) + +++ + fra e2) = Ufrei@] + +++ + Mfrs) 
S Maar to00 + Mise 


Given any ¢ > 0, convergence of the series of M’s yields an index n, 
such that ifn > nm, and k > 0, then the right-hand side of this equality 
is less than e, Since z is arbitrary, the convergence is uniform (and 
obviously absolute). Done. 


Obviously, the M-test could not be used to prove uniform con- 
vergence of a nonabsolutely convergent series. However, we have 
already seen that power series do converge absolutely inside their disc 
of convergence, so all is well. 


Proof of Theorem 8: This is a reworking of the proof of Lemma 3, 
We choose a point z, in the large disc but not in the small one: 


p< |z — Z| < RB. 


Since the series converges at z = 2, its terms are bounded there by some 
M > 0: 


lax(21 — 20)*| < M. 
Now let z be in the closed disc, |z — zo| < p. We have 


k 
zZ-2Z 
lax(z — 20)*| = |ax(z1 — Zo)*| |>—2] < M, = Mr', 


1 — 20 

provided r = p/|z, — zo|. Thus, r < 1. Since MY r* is a convergent 

geometric series, the M-test gives uniform convergence, Done. 
CoroLiary 9 


Let f(z) = ¥ a,(z — z)* be a function given by a convergent power 
series on the disc D(zy; R). Then f is continuous at each point of 
D(Zo; R). 


Proof: Use Theorems 6 and 7 and the fact that the partial sums of 
the series are polynomials and hence continuous. Done. 


We will soon show that the power series function f(z) is not merely 
continuous but actually analytic. 
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Exercises to Paragraph 5.2.2 


1, Let f,(z) = 2"forn = 0,1,2,.... 


6. 


(a) Fix 2; satisfying |z,| < 1. What is lim, f,(2:)? 

(b) Describe the function f = lim, f, on the unit disc |z| < 1. Can you 
give an explicit formula for f? 

(c) Prove that {f,} converges to f uniformly on any closed disc |z| < p < 1 
strictly inside the open unit disc. Proceed as follows: Given p and given 
« > 0, show there exists n, such that ifn > n,, then p" < e, Conclude |z|" <e 
for |z| < p. 

(a) Show that the convergence of {f,} to f is not uniform on the full open disc 
\z| < 1. Proceed as follows: Given any « > 0 and any index n, prove there 
exists a point z (close to the unit circle) such that |z"| > «. 


. Let f = lim, f, uniformly, with all functions defined on a plane set S. True or 


false? 

(a) If each f, is continuous, then fis continuous. 

(b) If all but a finite number of the f,, are continuous, then f is continuous. 
(c) Iff is continuous, then each f, is continuous. 

(d) If each f, is a polynomial in z, then f is likewise. 

(e) If each f, is a polynomial of degree <3, then f is likewise. 


Uniform convergence of real functions. Suppose f, = lim, f, where f,(x) 


and f(x) are real-valued functions defined on a subset (S) of the x-axis, Con- 
vince yourself that this has the following pictorial interpretation: Given any 
e > 0, then the graphs of all but a finite number of the f, lie in a “belt” of 
width 2e drawn about the graph y = f(x) of the limit function. This belt is the 
set 


{(x, y) | xe S, fz) — e << y < fe) + 4. 


. Let the complex function f be the uniform limit of f, on a plane set S, Prove 


that if the f, are each bounded on S, |/,(z)| < B, for all z in S, then |f(z)| is 
bounded in S. This is false if the limit is not uniform! 


. (a) The polynomials f,(z) = 1 + z+ +--+ + z, converge to which rational 


function f(z) on the open disc |z| < 1? 

(b) Prove that this convergence is not uniform on the full open disc |z| < 1. 
Hint: Use Exercise 4. 

(c) Prove directly (do not appeal to Theorem 8) that lim f, = f is uniform on 
closed discs |z| < p < 1. Hint: Write f,(z) = (1 — 2"*+)/(1 — z) and look at 
Ift2) — F(2)|- 

(d) Does f(z) = lim f,(z) for |z| > 1? 

(e) Compute fcc1;1) dz/(1 — z). Hint: Chapter 4. 

(f) Compute lims+ foci;1) (A + 2 + +++ + 2") dz. 

(g) In view of Theorem 7, why are the answers in (e) and (f) different? 
Given that )'° , 2*/k! converges to e* for all z, compute 


b 2) 
lim 1te+(E sent (2 dz. 
nso Ja 2! nt 


Note that each integral is independent of the path from a to b. 


. Uniform convergence was initially defined for sequences of functions. How 


did we relate it to power series? What does it mean to say that a power series 
converges uniformly on some plane set? 
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8. Topics for meditation 
(a) The M-test is a variant of the Comparison Test. 

(b) Roughly speaking, uniform convergence of power series on closed discs 
was established by comparing the series to a certain geometric series. 

(c) Suppose lim,... f, = f on a set S. What reasonable extra conditions (on 
{f.3, S, etc.) will guarantee that the convergence is in fact uniform? Can you 
discover a useful theorem? 

9. A Cauchy criterion for uniform convergence of {g,}. Prove the following internal 
characterization: The sequence {g,} converges uniformly on S to its limit if 
and only if, given any ¢ > 0, there exists n, such that n,m > n, implies 
lg.(z) — Bn(z)| < efor all zin S, 

Note that we essentially used this in our proof of the M-test, taking 
Bn(2) = fo(2) + +++ + frl2)- 

10. (a) Let {f,} be a sequence of entire analytic functions which converges 
uniformly on C to the zero function. Prove thai all but a finite number of the 
fn are identically constant. 

(b) Show by example that (a) is false if we replace C by a disc |z| < p. 


5.2.3 Uniform Convergence and Analyticity 


We now know that a power series is the uniform limit of a sequence 
of polynomials, namely, its partial sums. These polynomials are each 
analytic. The next result will enable us to conclude the analyticity of 
the function defined by the power series. 


THEOREM 10 
Let {f,} be a sequence of analytic functions all defined on a domain 9. 
Let f(z) = lim, f,(2) uniformly on Q. Then f is also analytic on Q. 


Proof: We will use Morera’s Theorem to conclude the analyticity of 
f. By Theorem 7, 


ao 


tim [f(2) de = f fie) dz 
} r 


where I is any closed curve contained in any disc inside Q. Since f,(z) 
is analytic, its contour integral around [ vanishes (why?). Thus the 
integral of f(z) around I vanishes. Since I was typical, Morera’s Theorem 
gives the result. Done, 


Corotiary 11 
A power series defines an analytic function at each point inside its open 
disc of convergence. 


Proof: Every point of the disc of convergence (open!) is interior to 
a closed subdisc. We leave the rest to you. Done. 
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A Delicate Point 


The power series might converge at some point on the rim of its 
disc of convergence. It does not always follow, however, that the function 
represented by the convergent series is analytic at this point on the rim. 
Points on the rim must be handled separately. See the Exercises for 
various phenomena on the rim. 


Power Series and Derivatives 


Our original definition of complex analyticity involved existence 
and continuity of the derivative. Hence, we are led to ask about the 
derivative of a power series. Given the series 


Gq + ay(2 — 20) + a,(z — 2)? +..., 


we may differentiate it term-by-term in a formal way, obtaining a power 
series 
a, + 2a,(z — 29) + 8a3(z — Zo)? + 

Now we ask, “If the first series converges for z = z,, does the second 
converge there also?” And here is a somewhat more subtle question: 
“If the first series represents an analytic function f(z), does the second 
series converge to f’(z)?” To answer these questions, let us first consider 
the following general theorem. 


THEOREM 12 


Let the sequence {f,} of functions analytic on the domain Q converge 
uniformly on each closed subdisc of Q to the analytic function f, Then 
the sequence {f’,} of derivatives converges uniformly on each closed 
subdisc of Q to the derivative f’. 


Proof: Let D be any closed subdisc of 2. We must show that for any 
# > 0, there is an index n, such that ifn > n,, then |f’(¢) — fn) < & 
for all ¢ in D. 

Since we have some information about f(z) — f,(z), we use the 
Integral Formula, 

ry — ft f@) — fil2) 
£0 - 1 = 55) “Eo 

which immediately yields the Said estimate 


max [f@) — fil2)| 
——— lensth I. 
= e-e e 
Here, I is a circle in 2, which has the same center but a slightly larger 


radius than D, In fact, let d > 0 be the smallest distance from I to D; 
that is, 


IF @® — FOl = o 


d = radius I — radius D. 
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Now let e* = 22x d?/length I. Since {f,} converges uniformly on the 
closed subdisc bounded by I to its limit f, we know there is an index n* 
such that n > n* implies |f(z) — f,(z)| < e* for all z on I. Thus the 
standard estimate above assures us that ifn > n*, then 

If © ~ Fl < + -length r = 
* 2x d? 
for every ¢ in D. Thus, if we define n, to be n*, we have satisfied the 
requirement for uniform convergence on D. Done. 


Now we may answer our question about term-by-term differentiation 
of power series. 


CoroLiary 13 

Let f(z) = ¥ a(z — 2)* have dise of convergence D(zo; R). Then the * 
differentiated power series > ka,(z — 2o)*~1 converges to the deriv- 
ative f(z) and has the same disc of convergence D(z,; R). 


Proof: Because f(z) is an analytic function, we know first that 

f'(2) is defined on D(z); R). Now we consider the partial sums 
@y + 2a,(z — Zo) +--+ + naz — Zo)"*. 

On the one hand, these are the derivatives of the partial sums of the 
power series that defined f. By Theorem 12, these derivatives converge 
to f(z) on 2 = D(Z; R). On the other hand, these derivatives clearly 
approach the series )' ka,(z — Z)*-', which thereby equals f(z) and 
converges on D(zo; R). 

To see that the derived series does not converge in any open disc 
larger than D(zy; R), let z, be some point such that |z; — z9| > R. Now 
let k be an integer larger than |z, — 29|. We have 


lax(z1 — 20)*| < |kay(z, — Zo)". 


Since the series obtained from terms on the left diverges, so does the 
series with terms given by the right-hand side. Done. 


Moral of Section 5.2 Convergent power series yield analytic 
functions. 


In the next section we will learn that analytic functions yield 
convergent power series! 


Exercises to Paragraph 5.2.3 


1. On Theorem 10. True or false? 
(a) If f is the uniform limit of any sequence of polynomials (not necessarily 
the partial sums of a power series) defined on a domain ©, then fis analytic in 
Qa 
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(b) If f = lim f,, with each f, analytic on a domain Q, and if the convergence 
is uniform on eyery closed subdisc of 9, then f is analytic on Q, 
(c) If the series f = )° g, is uniformly convergent in a domain Q, and if each 
8, is analytic in Q, then fis analytic in Q. 

2. A different proof of Theorem 10, Given that f is the uniform limit of analytic 
functions f, on Q, we will show that f’ exists and is continuous. 
(a) Prove that {f’,} converges uniformly on closed subdiscs 2 to some limit 
(call it g), Hint: Write /’, in terms of f, by means of an integral formula and 
show that the sequence of integrals satisfies a uniform Cauchy criterion (all 
this on a closed subdisc of 2), 
(b) Observe that g is continuous on 2. 
(c) Prove that g is the derivative of f on 2. Hint: Fundamental Theorem. 


8. A third proof of Theorem 10 
(a) In the difference quotient (f(z) — f(zo))/(z — 20), replace f(z) by 
lima « f,(z), ete., so that f’(zo) is expressed as a double limit. 
(b) Argue that uniform convergence permits the interchange of lim..., and 
lim, in (a). This is the point of uniform convergence. 
(c) Deduce that f’(zp) exists and equals lim, = f’n(Zo). 
(d) Conclude f’ is continuous, whence f is analytic. 

4, A fourth proof of Theorem 10 
(a) Show that f(z) = (2xi)~* fp f((~ — 2)~* dé by writing f,(z) in terms of 
the Cauchy Integral Formula and then letting n approach oo, Verify details. 
(b) Differentiate under the integral sign to prove analyticity. 

5. Invent another proof of Theorem 10, 


6. Theorem 10 implies that the uniform limit of complex polynomials on a plane 
domain 2 must be analytic (and hence a very nice function). Contrast this 
with the following two facts true of real functions. 

@ Weierstrass Approximation Theorem. Every real function y = f(x) 
continuous on an interval a < x < 6 is the uniform limit of real 
polynomials on that interval. 

(ii) There exist many continuous real functions that are not differentiable 
at any point. 


Granted (i) and (ii), answer the following (true or false?): 
(a) The uniform limit of complex polynomials on a plane domain Q is con- 
tinuously complex differentiable. 
(b) The uniform limit of real polynomials on a real interval is continuously 
real differentiable. 
(c) The Weierstrass Approximation Theorem fails spectacularly for con- 
tinuous complex functions. 
(d) The Weierstrass Approximation Theorem for real continuous functions 
follows from Theorem 10 by restricting things to the x-axis. 
(e) A real power series } a,x* convergent for |x| < R is the uniform limit of 
its partial sums on subintervals |x| < r < R. 
(f) Every continuous real f(x) has a convergent real power series expansion. 


7. Real analytic functions 
(@) Let 3 a(x — xo)‘, with ay, x, xo real, converge at x = x; # Xo. Argue 
that the complexified series }' ai(z — xo)* converges (at least) for all z 
satisfying |z — xo| < |x: — xol. 
(b) Deduce that the real series converges on an interval symmetric with 
respect to the center x9. 
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10. 


(c) Deduce that the function } a\(x — xo)* is the uniform limit of real 
polynomials and is infinitely (real) differentiable on an open interval of 
convergence. 
(@) The real function f(x) = 1/(1 + x?) is well behaved for all real x. Why 
does its power series 1 — x? + x* — --- converge on no open interval larger 
than |x| < 1? 


. Given that f(1) = 0 and f(z) = S29 (-)Me — I) 


(a) Expand f(z) in powers of z — 1. ‘ 
(b) The function f(z) is famous. What is it? 


. Producing analytic functions 


(a) Let 5’ a, be any convergent series of complex numbers. Argue that 
¥ az" converges in the disc |z| < 1 (at least) and hence yields an analytic 
function there. 
(b) Think of some ways of producing convergent series 5" a, of scalars. 
(c) How would you obtain convergent series )\ a,(z — 2o)* with 2o arbitrary? 
(a) Name some other ways of generating analytic functions. 
Why closed subdiscs? Here is an example of a series that converges uniformly 
on |z| < 1, but whose derivative does not converge uniformly on |z| < 1. 
(a) Show that 

ao a 
ie) Pa 
converges uniformly on |z| < 1 (in fact, on |z| < 1), Hint: M-test, 
(b) Show that 


get 


re=> 
k=1 


does not converge uniformly on |z| < 1. Hint: It suffices to show that the real 
series f(x) does not converge uniformly on the real open interval —1 < x < 1. 
Note that the series diverges at z = x = 1. Use this to show that, given 
any index N, no matter how large, the “tail end” )\¥ (x*~*/k) can be made 
larger than any given number z by choosing x sufficiently close to 1, Thus, 
convergence is not uniform in x. 

(c) Prove that the series in (b) does converge uniformly in z, provided 
lz| = r < 1. Note that in this case we cannot choose x arbitrarily close to 1, 
as we did in (b). 


Section 5.3 ANALYTIC FUNCTIONS YIELD POWER 
SERIES 


5.3.0 Introduction 


In this section we will begin with an analytic function (contrast 


Section 5.2, where we began with a power series). We have three 
objectives: 


1, Proof that f(z) analytic in a neighborhood of zg implies a repre- 


sentation f(z) = ao + a,(z — 2) + a2(z — 2p)? +°°-. 
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2. Interpretation of the coefficients ao, @;,... in terms of f. 
3. Methods for obtaining the power series (that is, the a,’s) for an 
explicit function f. 


5.3.1 The Coefficients 


It is perhaps simplest to deal with objective (2) first. Hence, we will 
begin by supposing that f does have a power series representation. 


THEOREM 14 
Suppose the analytic function f(z) has a power series representation 
Ff) = do + ay(@ — 20) + an(2 — 20)? + +> 


valid in some open disc centered at zo. Then the coefficients are given 
by 
rt) 
a, =f) & =0,1,2,...). 
kl! 
Note: It follows that f is represented by only one power series 
centered at Zp, namely, its Taylor series: 


fo) 
k! 


Fo) + foe — 20) + +++ + (@ — aR ++. 


Here, of course, f = f, f = f’, ete. 


Proof: Let z = Zo in the equation f(z) = ap + a,(z — Zo) +++: to 
justify ag = f(Zo). The terms involving @,, @2,--- all vanish. 
To isolate the unknown ay, differentiate both sides of this equation: 


f(@) = a, + 2a,(z — 2) + °°. 


Again, letting z = 2p yields a, = f’(2o). 
Continuing in the fashion, we obtain in general 


FP@) = LK BX ++ x Ray t (ZX BX +++ KR + Mayle — 20) +o 
Plugging in 2p for z yields (k!)a, = f(z). Done. 


Example 


Let us suppose that f(z) = e* does have a power series expansion 
centered at 2) = 0 (it does). Thus, 


e = Ay + ayz + a2? +°°°. 


How do we obtain the coefficients a,? 
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By the theorem, 
_ F&O) 
y= on . 
Since f(z) = e* for all k, and since e® = 1, we conclude a, = 1/k!, and 
thus we obtain the famous expansion (see Paragraph 5.1.0) 
a os 
ater St ap tett 


Exercises to Paragraph 5.3.1 


1, Compute the general form of the derivative f (zo) for the given function f(z) 
and center zp, and thence the general coefficient a, of the Taylor expansion 
f@) = Y ale — 20)*. 

(a) f(2) = e*, 2 = 0; 

(b) f(2) = sin 2, zo 
(©) f®) = 2, 20 = 3; 

(@) f@) = &, 20 = 1; 

© f@ = 2,2 =i; 

©) f@ = sin z, zo = 7/2. 

2. In Section 5.2 we argued algebraically that f(z) = 1/1 — z) is represented by 
the Maclaurin series 1 + z + 2? + -++ for |z| < 1. Obtain this series now by 
using the formula for a, of Theorem 14. 


3, Suppose f(z) = 5 identically in an open disc about Zo. Is it possible that 
f(z) = 5 + as(2 — 20) + a2(z — 20)” + ++ with some a, # 0,k > 1? 


4, Justify the term-by-term differentiation of power series in the proof of Theorem 
14. Hint: See Section 5.2. 


5. (a) Some algebra of power series. Verify that we add, subtract, multiply, and 
divide power series (same center Zo) as if they were polynomials. Thus, 


XE ale — 20)* + DY blz — zo) = Y Cae + bile — 20)*, 


0; 


k 
Y ade — 20) D blz — 20)* = x [Zam i (2 — 20)", 


Laz — 20) _ (a0 a aobi 4 
rhie= aa (b) *[(6) ~ (te) ¢-29 
with bo # 0 in the last equation. 
It may be necessary to invoke absolute convergence here to justify certain 
rearrangements. 
(b) Suppose now that f(z), g(z) are analytic at zo with Taylor expansions 
DY az — 20)", © bx(z — zo)", respectively. Verify that the functions f(z) + 
az), F(e)g(2), f@/g(2) have Taylor expansions equal to the sum, difference, 
product, and quotient, respectively, of the given expansions, 
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6. Suppose we had defined the exponential function by its power series, exp z = 
Do 2*/k! Using series methods (see Section 5.2), how would you prove 
(a) exp 2 is entire analytic, 
(b) exp z is its own derivative, 
(c) exp z has period 2zi? 
Which definition do you prefer? 


5.3.2 The Taylor Expansion 


Now we will see that the hypothesis of Theorem 14 actually does 
hold, that analytic functions may be represented by power series. 


THEOREM 15 


Let f be analytic in a domain Q, and let zo be a point of 2. Let D(zo; p) 
be the largest open disc centered at 29 and contained entirely inside 
Q. Then, for z in D(z; p), we have the representation 


5 f (20) 
f® = Pea ( — Zo). 


Note: The series here is called the Taylor series for f at zp (or 
Maclaurin series in the case 2) = 0). It clearly depends on 2g. Also, it is 
possible that the series converges on some disc larger than D(z; p), 
since in particular Q was not specified to be the “maximal” domain of 
definition for f. 


Proof: Given 29, hence D(Zo; p) and a point z in this disc, we write 
by the Cauchy Integral Formula: 


reo= 2 [ JO a 


Qi JrC-—z 


Figure 5.3 
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Here, I is a circle C(z9; p,) centered at 2) with |z — zo| < p, < p. Thus, 
z is inside I and T is inside Q. 
Now we manipulate the integrand here. We have 
nf 1 aves ae 1 
t-z C-2z—(@- 2) 6-2 1-((z— z)ME — 20)” 
Now note that |(z — z9)/(¢ — zo)| < 1. Thus we have a geometric series 


1 = x ( - = 
1 —(z — z)E — 20)) Ko \C — zo) * 
whence our integrand becomes a series: 
[© _ f© G = “al * (2 — zo)" 
C-2 t-2= ¢ — Zo, LO i 

We wish to integrate this series term-by-term. To justify term-by- 
term integration, note first that the geometric series here, being a power 
series, converges uniformly in (2 — Zo)/(¢ — Zo) on those closed discs 


for which |(z — z)/(¢ — zo)| < 1. Since 2, Zo are fixed, this geometric 
series converges uniformly in ¢, and thus our series 


— 2o)* 
Lie =. 


converges uniformly in £ to pi integrand. It follows that we may 
integrate this series term-by-term (see discussion below) around T' so 
that 


© 
f@=5 (en J z en aa ar} (@ — 20h, 


But we recognize the expression in the brackets as the Cauchy integral 
representation of f(z9)/k!. Done. 


We first comment that our proof here duplicated the work of Theorem 
14, showing 
_ £®G@0) 


aaa 
Let us review our argument on term-by-term integration (used in the 
proof). Suppose we have g(¢) = ¥ g,(¢) converging uniformly on some 
set of ¢’s, That is, the sequence whose nth term is yo g,(¢) converges 
uniformly to g(¢). By Theorem 7, we have that 


J ed = tim | ¥ a at, 
r rk=o 


n> 00 
where convergence is uniform on I (at least). Since the sum on theright- 
hand side is finite, however, we may interchange it with the line integral 


to obtain 
 @ 2 
f Oa tim Ff sto a = ¥ fase a, 
r ao kK=0 Jp K=0, 
that is, term-by-term integration. Let us state this result formally. 
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LEMMA ON TERM-BY-TERM INTEGRATION 
Let ¥ g,{0) converge uniformly in € on a curve T. Then 


If Lao a => i alt) dl. 


The existence of a Taylor expansion for all functions analytic in a 
neighborhood of zg has the following simple consequence, which you 
may find startling. 


Locat IpentiTy THEOREM 


Let f(z) and g(z) be analytic in a domain Q containing the point 2o, 
and suppose that both functions and all their derivatives have equal 
values at the point Zo; that is, 


£2) = 820) (k = 0,1,...) 


Then f(z) = g(z) for all points z in the largest open disc centered at 
2 and contained in Q. 


Proof: It is easy to see that f(z) and g(z) are represented by the 
same Taylor series centered at z9. Hence, they are equal as functions 
in the disc of convergence of this series. Done. 


Question 


If, as just above, f (zo) = g™(z,) for k = 0, 1,..., can we conclude 
the stronger result that f = g throughout their common domain of 
definition 2 and not merely on some disc, as in the result above? See 
Theorem 18 (p.233). 


Exercises to Paragraph 5.3.2 


1, On Theorem 15. True or false? 
(a) I£f() is entire, that is, analytic in all of C, and if zo is any point of C, then 
f(z) is represented by a Taylor series centered at z) and convergent for all z 
inC. 
(b) Theorem 15 guarantees that log z may be expanded in positive powers of z. 
(c) f() is analytic at zo if and only if it has a Taylor expansion in powers of 
Z — Zo convergent in some open disc centered at zo. 
(d) A function analytic at z) may have two different Taylor series expansions 
centered at 2o. 
(e) If fis analytic at zo and f (zo) = 0 for k = 0,1, 2,..., then f(z) = 0 for 
all 2 in some open disc centered at 2. 
2. Given that f(z) is analytic at 29 (and hence in some domain containing 2p), 
we expand it in Taylor series, (2) = )) ax(z — 20)". True or false? 
(a) The set of all points at which the series converges is an open disc of finite 
radius or the entire plane. 
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(b) If the series converges in the open disc D(zo; R), with R < 00, but inno 
open disc of larger radius, then f fails to be analytic at some point on the 
rim C(zo; R). 

(c) f(2) must fail to be analytic at some points on the rim of the (maximal) dise 
af convergence of ¥) a,(z — zo)*, even if the series conyerges at these points, 
(d) The principal branch of log z is analytic at zo = 1, but is not analytic at 
the origin. 

(e) The Taylor expansion )° a,(z — 1)* of the principal branch of log z has 
D(1; 1) as open disc of convergence. 

(f) If f is analytic at the origin and f“(0) = 1 for k = 0,1, 2,..., then f is 
entire, and in fact f(z) = e*. 


. From your knowledge of f(z) below, predict without computation the radius 


of convergence of its Taylor expansion about the given center Zp. 
(a) f(2) = 1/4 — 2), 20 = 0; 

b) f@) = 1/0 — 2), 20 = 38; 

(c) f(2) = sin 2, 20 = 7/6; 

(A) f@) = Isin z, 20 = 2/2; 

(e) f(z) = sin(/z), 20 = i: 

() f(z) = cot z, zo = 2/2. 

Hint: What is the nearest point to 2) at which f fails to be analytic? 
Parseval’s identity and corollaries. Suppose f(z) = Yn @,(z — 20)" for |z — 2o| < 
R. We write z — zo = re'® (use polar coordinates centered at zo). Prove the 
identity 


gg [Meo + re do = Fla 
; : 


for r < R, as follows: 
(a) Show 

Meh) =D anlur™*rem-ne 

am 

(b) Verify §3* e*? do = 0 if k is a nonzero integer. 
(c) Integrate both sides of (a) over 0 < @ < 2z to obtain the identity. Can you 
justify the multiplication of series in (a) and the term-by-term integration in 
(c)? 
(a) Corollary: Liouville’s Theorem again. Prove that, as r + 00, the right-hand 
side of the equality becomes arbitrarily large unless a, = 0, n > 1. Deduce that 
|f(2)| cannot be bounded in C. 
(e) Corollary; The Maximum Modulus Principle again. Prove that if f is not 
constant in a disc about 2o, then |f(20 + rie1)|? > |f(20)|? = |ao|? for each ri, 
0 <r; < R, and some 4, depending on r;. Conclude that |f(z)| has no interior 
maxima. 
Bessel's inequality. Let f be as in Exercise 4, and define 


M(r; 20) = maxy,-2o}=r |f(2)|. 
Prove that 
M(r; 20)? = & |anl?r?*. 


Polynomial growth. Prove (see Section 4.11) that if f(z) is entire (analytic for 
all z) and if |f(z)| < |az*|, provided only |z| is sufficiently large, then f(z) is a 
polynomial of degree <k. 
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7. Nonanalyticity on the circle of convergence. Given that f(z) is analytic in the 
dise |z| < r (at least). 
(a) Recall that f is represented by a series in powers of z which converges to 
f(z) at all z satisfying |z| < r. Simply quote a theorem from the text for this. 
(b) Suppose the series in (a) that represents f converges in |z| < r, butinno larger 
open disc |z| < r; with r, > r. Prove that the function f fails to be analytic at 
some point on the rim |z| = r. Hint: If f is analytic at a point on the rim, it is 
analytic in a small open disc about that point. If we assume this happens at all 
points of the rim |z| = r, then f must be analytic in some larger open disc 
(details?), Now apply (a) to obtain a contradiction. 


8. An enlightening example. Demonstrate that analyticity of f and convergence 
of its Taylor series are not equivalent on the circle of convergence as follows. 
Take the slit plane Q = {z = re®|r> 0, —x < @ < x}, and define f on 
QU {0} by f(2) = z log zfor zin Q, f(0) = 0. Here, log z = log re’? = logr + id 
with —z < @ < x (that is, principal branch). 

(a) Prove that f is continuous at the origin and hence at all points of the set 
2 u {0} (not a domain!). Use the fact that z log z > 0 as z— 0in 2 vu {0}. 

(b) Observe that f is not analytic at the origin. Hint: f can’t be extended to 
points on the negative x-axis so as to be continuous in an open neighborhood 
of the origin. 

(c) Check that the Taylor expansion of f(z) about z9 = 1 is given by 


fe =@-y+ pve", 


n=z n(n — 1) 


Hint: Usez = 1+ ( — 1), logz = D2, (-1)"** — 1)"/n. 

(d) We know that this Taylor expansion converges to f(z) for |z — 1| < 1 at 
least. Show also that this series converges at z = 0 and in fact that its sum 
there is 0 = f(0). Hint: Show 


be 1 1 * ee it 
Eat (-))+G-3 += 


by telescoping (write out the first few partial sums!). 
(e) Conclude that even if a Taylor expansion of f(z) converges at a point { on 
the circle of convergence to the correct value /(¢), the function f may fail to be 
analytic at this point. 

9. A summary. Much of what we have done is contained in the following theorem. 
How many of the equivalences can you prove? 


‘THEOREM 


Let D be an open disc. The following assertions are all equivalent and merely 
state that f(z) = u(z) + iv(z) is analytic in D. 
i) f(2) has a continuous complex derivative in D; 
Gi) u, ve @'(D) and uy = vy, ty = —vx; 
Gii) fp f(@) dz = 0 for every Jordan curve T in D; 
(iv) (2) is represented in a neighborhood of every point of D by a con- 
vergent Taylor series centered at the point. 
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5.3.3 How to Expand Functions in Taylor Series 
The situation is this: We know f(z) in some way (by a formula, say). 
It is analytic at z = zo. To study f near 2p, we want the expansion 
F@) = ao + ay(@ — Zo) + a2(@ — 2)? +°°+5 
that is, we want the coefficients a,. Here are four methods. 


First Method: Take Derivatives 
Theorem 14 tells us 
_ Fo) 
a= 
For some functions f(z), the general kth derivative f is readily com- 
puted. 


Example: Let f(z) = e?, 2) = 0. Then, as we saw in Paragraph 
5.3.1, each a, = 1/k!, so that 


Example: Let f(z) = sin z and let z) = 0. We know f(z) = cos 2, 
f'(@ = —sin z, f(z) = —cos z, f(z) = sin z, so that 


fO=0, fO=1, fO=0, FO=-1, fO)=0,.... 
It follows that coefficients with even index vanish, a2, = 0, while 


ei 3 ee 
antt Qn + 1! 
Thus we get the Taylor series 
. = 2 2 ay ey 2n+4 
ame=e—aite ~Ab@n+ Dl’ 


Second Method: Substitution in Known Series 
This is widely applicable, and best described by examples. 
Example: Given f(z) = e~*", 29 = 0. Expand f(z) in Taylor series 


centered at 2. 
Well, we know 


a See 
eSV C+ gt = 
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for any complex ¢. Now replace ¢ with —z”. We obtain immediately the 
desired series, namely, 


fe) =e? =i 4 (-2) 4 ‘2 er 
2 ao zn 
wie +8 Scr 


Example: Expand f(z) = 1/z in Taylor series centered at zg = 1. 
We alter the by-now-familiar geometric series 


1 
L=% 


To do this, we put 1/z in the form 1/(1 — 1) so that t looks like z — Zo, 
that is, z — 1. This is easy: 


=lt+tt+ +--+» (le) <1). 


2 pees 
z 1+¢-1° 
The idea here is z = (z — 1) + 1. Thus, we have 


1 i. 


er ar a ee ie ace i reer a a 


=U -ve - 1%. 


This converges when |r| = |z — 1| < 1. We worked this out before 
following Theorem 5. 


Another Example: Expand f(z) = 5z/(3 + z*) in powers of z. To do 
this, we deal first with 1/(3 + 27), as follows: 


1 1 


Dee Mea EH EE 2} 


= 4 (are. 


Having this, ordinary multiplication gives us 


Note: Once again we used a variant of the geometric series (for 
1/(1 + 7) this time), This is much easier than computing derivatives! 


Third Method: Integrating or Differentiating Known Series 
We illustrate this method with examples. 
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Example: Expand f(z) = log z in powers of z — 1. 


Well, we know f(z) = 1/z,f(1) = 0. Also, we found above the 
expansion of 1/z in powers of z — 1, namely, 


Lii-@-p+e---- 
z 


in the open dise |z — 1| < 1. Integrating this series term-by-term along 
any path in the open disc form 2) = 1 to z, we obtain 


log2 = [°F = @- 1) ~ He -1P + He P= 
1 


Example: Let f(z) = cos z. Expand it in powers of z. 


We recall that cos z is the derivative of sin z and, moreover, we 
computed by the first method that 


3 25 so  (—1)" : 
sinz =z—-— +> —+-- = Y 21, 
3! ob! », Qn +1)! 
Differentiating term-by-term, we see that 
Z 2 © (—1)" . 
cosz=1—-—+——---= Fy 
2! 4! py (2n)! 


Note; The series for log z and cos z obtained in the last two examples 
(by integration and differentiation, respectively) converge in the same 
disc as the series used to obtain them. This verifies Corollary 13 of this 
chapter. 


Fourth Method: Solve Differential Equations 


This is a subject in itself. Let us content ourselves with a very 
simple example. 


Example: Find an analytic function f(z) that satisfies the differential 
equation f” — f = 0 and the further conditions f(0) = 1, f’(0) = 0. Such 
an equation might have occurred in the study of some physical phenom- 
enon, for example. To solve it, we write a series with “undetermined 
coefficients”: ' 

F(z) = Go + ayz + azz? +++ + aye e+e. 
We know 
_ fF) 
I 


What is f (0)? 
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Well, we are told that f(0) = 1, f’(0) = 0, To get f”(), observe that 
the differential equation requires that f’(z) = f(z). Thus, f’(0) = f() =1. 
Likewise f"(z) = f(z)—by differentiating both sides of f(z) = f(z) 
say—so that f”(0) = (0) = 0. Continuing in this fashion, we see that 
all even derivatives equal 1, all odd derivatives vanish, whence 


x 
a2, = RV G41 = 0, 
Thus, a solution (unique!) to the problem is given by 
2 2* ork 
S1Lt a to tere + S— tees, 
1) ai” 4! Qh! 


It is not hard to verify that this series converges in the entire z-plane. 
The function f(z) is commonly known as the hyperbolic cosine, f@ = 
cosh 2. 


Exercises to Paragraph 5.3.3 


1. Expand f(z) in Taylor series about zo in several ways. You may utilize the 
expansions given in the text. 
(a) f@) = e**, 20 = 0; 
(b) f(@) = sin xz, zo 
(c) f(2) = 1/2 + z), zo 
@) f@) = 1/2 + 2), 20 = 
(©) F@) = 1/0 + 2x), zo = 0; 
) f@) = xi + Q/z2), 20 = i. 

2, Determine by inspection of f(z) the radius of convergence in each case in 
Exercise 1, 

8. The hyperbolic sine. Let f(z) be the solution of the differential equation f"(z) — 
f(z) = 0 satisfying f(0) = 0, f’(0) = 1. We write f(z) = sinh z. 
(a) Expand sinh z in powers of z by using the differential equation. 
(b) Verify that sinh z = (e* — e7*)/2i. 


5.3.4 An Application: The Zeros of an Analytic Function 


The use of Taylor series allows us to approach this general problem: 
Describe the set of zeros of an analytic function, that is, the set of points 
z with the property that f(z) = 0. If f(z) is a polynomial, these are just 
the roots of the polynomial. 

One reason this problem is important is this: If we are studying the 
mapping properties of an analytic function w = g(z), then the zeros of 
the analytic function g’(z) play a central role. (Think of calculus!) These 
are the so-called critical points of g(z). 

For example, f(z) = z? + 1hastwozeros,z = +i, while the function 
e* has no zeros. The function sin z has an infinite set of zeros; can you 
find all of them? See Exercise 2 to Paragraph 3.4.3. 
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Suppose z = 2p is a zero of the analytic function f(z), and that f(z) 
is not identically zero near Zo. Then, by the Local Identity Theorem, 
we may write the Taylor series centered at Zp as 


f@) = a,( — 20)" + Gna s(S — Zo)"** +--+, 
with a, # 0 for some n > 1. In other words, we have for some n, 
(20) = fo) = +++ = F(Z) = 0, 
but f(z) # 0. 


Now we wish to treat f(z) as if it were a polynomial. Factoring out 

(z — Zo)", we have 
F(z) = (@ — 20)"@n + Gn41(@ — Zo) + Gny2(@ — Zo)? +++) 
= ( — 2oJ'g(2), 

where g(z) is defined by the power series @ + G,41(2 — Zo) ++++. Note 
that this new power series converges at each z for which the original 
series for f converged, because its partial sums are those for f(z) divided 
by (2 — 29)". Hence, g(z) is analytic in an open disc around the point Zp. 

In fact, if f(z) is analytic in some domain Q containing Zp (larger, 
perhaps, than the disc of convergence of the following series, a,(z — Zo)" + 
@n43(Z — Zo)"*! +--+), then g(z) is analytic in Q also. This is because 
we have identically 


_f@) _ 
(@ — 2p)" 
and both numerator and denominator are analytic in 2 (and, moreover, 


the quotient g(z) is well behaved at Zp). 
We now scrutinize g(z). First observe that 


gz) = 


&(Z0) = a # 0. 


In essence, we have factored out the “‘zero-ness” of fat zo. But even more 
is true. Since g(z) is analytic, it is certainly continuous, and since 
&(20) # 0, there is an open disc of some radius centered at z) such that 
g(z) # 0 for any z in that disc. (This follows readily from the definition 
of continuity. Think about it. Or see Exercise 9 to Paragraph 3.2.1.) Let 
us call this new disc D. F 

Now we ask: “For which z in D is f(z) = 0?” 

Since 0 = f(z) = (z — 20)"g(z) implies either (z — zp)" = 0, or else 
g(z) = 0 (which doesn’t happen), it follows that f(z) = 0 for zin Dif and 
only if z = zo. (Note that (z — zo)" = 0 if and only if z = zo.) 

Thus we have proved 


THEOREM 16 


Let f(z) be analytic in some domain Q containing the point 29, and 
suppose f(zo) = 0. Then there is an open disc D centered at zp such 
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that either f(z) = 0 for all z in D or else f(z) # 0 for all z # 29 in D, 
Thus, the zeros occur either in solid discs or at isolated points. 


This result may be reformulated as follows, 


CoroLLary 17 


Let f be analytic in a domain Q, and let z,, Z2,... be an infinite 
sequence of distinct points of 2. with the properties 


(i) 2* = lim, 2, exists and is a point of 2; 
Gi) f(z.) = 0 for n = 1, 2,.... 


Then f(z) = 0 for all z in some open disc containing z*. 


Proof: By continuity, f(z*) = 0, By hypothesis, there are points z, 
arbitrarily close to 2* such that f(z,) = 0. Theorem 16 allows only one 
conclusion: that f is identically zero in some open disc about 2*. Done. 


Thus, for example, if f vanishes along some small piece of curve in 
Q, then it must vanish in a two-dimensional open subset containing the 
curve. This is true because a curve will surely contain a sequence 
2, Z2,.-. Of the type described in the corollary. 


Remark: Corollary 17 is not the best possible result, as our next 
theorem will show. 


Exercises to Paragraph 5.3.4 


1, Meditate upon the following important facts, supplying as much of the argu- 
ment as you can. 

(a) A function analytic at zo is uniquely determined in a neighborhood of zo 
by its Taylor series centered at Zo. 
(b) If f(z) is analytic at z and not identically constant near Zo, then there 
exists an integer n = 1 and function g(z) analytic at z) such that f(z) = 
F(Z) + (2 — 20)"g(z) and g(zo) # 0. Compare “polynomial” with n-fold root 
at 2. 
(c) If f(z) is as in (b), then there exists an open disc about zo such that f(z) # 
fo) for z in this disc except when z = Zo. 

Fact: Most of our applications of power series will really be applications 
of 1(b) above. See Exercise 11 to Paragraph 3.2.3. 

2. Let f(z) be analytic in some domain 2 and not identically zero on any disc inside 
Q, The phrase “The zeros of fin 9 are isolated” implies which of the following? 
(a) f has only finitely many zeros in Q. 

(b) The zeros of f occur at points not in Q, 

(c) If f(z.) = 0 for a sequence {z,} of distinct points of 2, then this sequence 
does not have a limit point in C. 

(d) Same as (c) with final C replaced by 2. 
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(e) If Q is a Jordan domain (open disc, say) with f defined and continuous on 
the closure 9 and free of zeros on 92, then f has only finitely many zeros 
inside Q. 


3. An interesting example. Discuss the following: 
(a) The function f(z) = sin(1/z) has zeros at the points z, = 1/nz,n = +1, 
2,000 
(b) The sequence z, = i/nz,n = 1, 2,..., tends to the origin z = 0. 
(c) Why doesn’t the existence of the limit point z = 0 contradict the isolated- 
ness of the zeros of sin(1/z)? For z = 0 is not isolated from the set {z,}. 
(a) Can it be shown that lim,..o sin(1/z) = 0? Hint: Consider the graph of 
y = sin(1/x) near x = 0. 

4, Let 5. a,x" be a power series with all a, real. Suppose the series converges for 
real x precisely in the interval —-R < x < Rforsome R > 0. 
(a) Prove that )° a,z" converges in |z| < R but in no larger open dise. Hint: 
Section 5.2. 
(b) Can the series in (a) converge at any points on the circle |z| = R? 
(c) Prove that the real analytic function f(x) represented on —R < x < Rby 
> a,x" has a unique extension to a complex analytic function f(z) on the open 
disc |z| < R. Thus, there is only one reasonable complex e*, sin z, cos z, etc., 
namely, that defined by us. 


5.3.5 A Topological Bonus 


The key to Corollary 17 was an analytic fact, namely the existence 
of power series. We combine this with a simple topological observation 
about connectedness to prove the following stronger and more satisfying 
theorem. See Figure 5.4. 


Figure 5.4 


If f(z:) = f(z) = «++ =0, then f =0 throughout @ 
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‘THEOREM 18 


Let f be analytic in a domain Q, and let 2;, z2,... be an infinite 
sequence of distinct points of 2 with the properties that 


(i) 2* = lim,..o 2, exists and is a point of Q; 
Gi) f@) = 0,n = 1,2,.... 


Then f = 0 identically throughout the entire domain Q. 


Proof: First we decompose 2 into three disjoint subsets: 


Qo = {z€Q| f vanishes on some D(z; r)}; 
Q; = {ze Q| f(2) = 0 but f # 0 in some D(z; r) — {z}}; 
Q, = {ze 0.| f(z) # 0}. 


By Corollary 17, the point 2* is in Qo, the set of nonisolated zeros of 
f. Also, Qo is clearly open. 

By continuity, Q, is open. Moreover, it is crucial to note that 
Q, U Q, is open, since all its points are interior points (check!), 

Thus, the domain Q is the disjoint union of two open sets, Qo and 
Q, UQ,. Since Q is connected, Q; UN, must be empty. This means 
f = 0 on all of Q. Done. 


Remark: This answers the question raised in Paragraph 5.3.2 
following the Local Identity Theorem. We see now that if two functions 
f and g defined in the same domain Q have identical power series expan- 
sions centered at one point 2, in Q, then the functions are equal through- 
out 2, f = g. This shows the “rigid” nature of analytic functions. If you 
alter or deform the function near one point, then you must alter the 
function everywhere if it is to remain analytic. 


Exercises to Paragraph 5.3.5 


1. On Theorem 18. Let f, g be analytic on a domain Q. Which of the following 
conditions imply f = g identically on 2? Give proofs or counterexamples. 

(a) f(z0) = g(2o) for some point Zp of 2. 

(b) f and g have identical power series centered at the point 29 of 2. 

(c) F(@n) = g(2n) for a sequence {z,} of distinct points of Q. 

(@) f (20) = g(Zo), k = 0, 1, 2,..., at some point 29 of Q. 

(e) f(z) = g(z) for all z on a curve I inside Q. 

(f) f(2,) = g(Zn) for a sequence {z,} of distinct points of 2 which has a limit 
point in ©. 

On. the number of zeros. Let T be a simple closed (Jordan) curve in the plane, 
and suppose fis analytic on and inside the curve I. In Chapter 7 we will inquire 
about the number of zeros of f inside [. Suppose f has no zeros on I itself. 
Prove that the number of zeros of f inside I is finite. Hint: This requires a bit of 
basic topology. If there were infinitely many zeros inside I, then the set of 


2. 
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zeros would have a “point of accumulation” z*, which would lie on or inside T 
(Bolzano-Weierstrass Theorem). But f(z*) = 0 (why?) so that z* is not on the 
boundary curve I. Now apply Theorem 18 to prove finiteness. 

3. True or false? 

(a) If two entire functions are equal on the unit disc, then they are equal 
throughout C. 

(b) Two successive branches of log z agree at all points of the negative x-axis. 
(c) If two analytic functions have the same set of zeros in 9, then they are 
equal throughout 9. 

(d) If f(z) is defined and continuous on the closed upper half-plane y = 0, 
analytic for y > 0, and equal to 0 on the full x-axis, then f vanishes identically 
throughout the closed upper half-plane. (Guess!) 

(e) A function analytic in 2 is fully determined by its values at any sequence 
of points in 2 which converges to a point of Q. 

4, Analytic continuation. Let f;, fz be analytic on 2;, 2; respectively and suppose 
that the overlap 2; m Q, is not empty and that f; = f, on Q, M Q,. Then f; is 
called an analytic continuation of f; to 22, and vice versa. 

(a) Prove that the analytic continuation of f, to Q, is unique (if it exists). 

(b) Let fi(2) = S2¢ 2* in the disc Q, given by |z| < 1. Determine the unique 
analytic continuation of f; to the domain 2, = C — {1} (which in this case 
contains 2,). 

(c) Let 9, be the upper half-plane of points z = re’? with the agreement 
r> 0,0 < @< z, and let f,(2) = log r + i@ in Q,. Let Q, be the right half 
plane of points z= re’ with r>0 and —x/2 < 6 < 2/2. Determine the 
analytic continuation of f; to Nz. Note that 2; m Q, is the open first quadrant. 
@) Let Q3 =.{z = re | r > 0, —z < 0 < x}, aslit plane, and f(z) = log r + 
i0. Let Q, = {2 = re? |r > 0,0 < @ < 2n}. Verify that f; has no analytic 
continuation to 2,4. Note that the overlap Q3 M 9, is very large and also that 
3; UM, =C — {0}. Contrast (c) with @). 

5. The Monodromy Theorem for log z. Prove this special case. Let D be a disc and 
fa branch of log z defined on D (which therefore does not contain the origin). 
Suppose 2,, 92 are domains such that 2 7 2, > D and Q; uv Q; is simply 
connected. If f,, fz are analytic continuations of f to 2,, 22, respectively, then 
in fact f; = f2 on all of 2; M7 Q2. Hence, f,, f, are analytic continuations of 
each other and so define a unique analytic continuation of f to the domain 
2, U Q2, In brief, analytic continuations to simply connected 2 > D are unique 
(if they exist). 

6. The Schwarz Reflection Principle. This, too, is in the spirit of analytic con- 
tinuation. Let f(z) be continuous in the closed upper half-plane y = 0, analytic 
in y > 0, and real-valued on the x-axis y = 0, We “reflect” f across the x-axis 
as follows, obtaining a function analytic in the entire 2-plane. 

(a) Prove that F(z), defined for all z = x + iy by 


fe), y20 
7@, y<0o’ 


is continuous everywhere. Check the x-axis especially. 

(b) Prove that F’(z) exists and is continuous for z in the lower half-plane 
y < 0, and in fact F(z) = 7’@). 

(c) Prove that F is analytic at each point on the x-axis as well. This is non- 
trivial. 


F) = { 
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(@ Argue that F is the unique analytic extension of f to the entire z-plane. 
(e) Suppose the given function f vanished identically on the x-axis. Prove that 
f vanished everywhere. (See Exercise 3(d) above.) 

(f) Consider f(z) = sin z in the closed upper half-plane y > 0. What is /(@) for 
z in the lower half-plane? 

7, Find all entire analytic functions which agree with e* on the x-axis, 

8. Proof or counterexample. If two real harmonic functions uo(x, y), ui(x, y) agree 
on a curve contained in Q, their common domain of definition, then they are 
equal at all points of Q. 

9. Let F(x) be a real-valued function defined for —co < x < oo and equal to a 
power series (real coefficients) convergent for all x, F(x) = > a,x", That is, F 
is real analytic. 

(a) Prove there exists a complex analytic function defined for all z which 
agrees with F when z = x. Hint; Find a concrete expression for the new 
complex function. 

(b) Argue that the function found in (a) is unique. 

(c) If we denote the entire function found in (a) by f(z), prove that f(@) = f(z). 


6 


Singular Points and 
Laurent Series 


Section 6.1 THE THREE TYPES OF ISOLATED 
SINGULARITY 


6.1.0 Introduction 


We are sometimes faced with the following situation: We are given 
a plane domain Q containing the point zp and are given also a function 
f, which is known to be defined and analytic at all points of Q except the 
point 29. That is, f is analytic on the domain Q’ = Q — {zo}. We ask, 
“What can happen at zo?” For instance, is it always possible to define 
the value (29) so that f becomes analytic at the missing point 29 as well, 
and hence analytic in all of 2? The answer to this is clearly “No,” as the 
example f(z) = 1/z, Z) = 0 shows. Hence, we are led to make some 
definitions, analyzing the different phenomena that may occur. 

Some nonisolated singularities appear in the exercises to the next 
paragraph. 


6.1.1 Isolated Singularities of an Analytic Function 


As above, f is analytic on Q’ = Q — {zo}, where Zp is an interior 
point of the domain Q. In this case we say that zp is. an isolated singularity 
(or singular point) for the function f. Now we define three types of isolated 
singularity and then show that each type actually occurs in nature. We 
have throughout this discussion f analytic on Q’ = Q — {zo}. 

We say that 2, is a removable singularity for f, provided there is some 
finite complex number w, such that 

lim f(z) = wo (Ze Q’). 


2420 
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On the other hand, Zp is a pole of f, provided 
lim |f(z)| = © (zEQ’. 
220 


As usual, this means that given any positive lower bound m (no matter 
how large), there is a small punctured disc centered at zo such that 
|f(| > m for all z in the punctured disc. The absolute value |f(z)| is 
arbitrarily large, provided z is sufficiently close to 2. 

Finally, we say that the isolated singularity z) is an essential 
singularity of f if it is neither of the two types just defined. One thing we 
must do is show that essential singularities occur. Later we will give a 
somewhat more complete picture (the Casorati-Weierstrass Theorem) of 
the behavior of an analytic function in the neighborhood of an essential 


singularity. 


Examples of Isolated Singularities 


Removable Singularities: It is easy to give many examples of this type. 
Just let f be any analytic function on any domain Q. Let zp be any point 
of Q. Then f is analytic on Q’ = Q — {29} and lim,.,,, f(2) = f(2o) = Wo, 
so that Zp is a removable singularity. 

Such examples miss the point, however. But consider the following: 
Let f(z) = (sin 2)/z. This is clearly defined and analytic on the domain 
Q’ = C — {0}, the punctured plane. The point z) = 0 is an isolated 
singularity for (sin z)/z. Moreover, it is not immediately clear what 
happens to f(z) as z approaches z) = 0. Does lim, (sin z)/z exist as a 
finite number? Is it infinite? Neither of these? 

To deal with this puzzle, we appeal to Chapter 5 to write 


Thus, we readily compute that lim... f(z) = 1. Hence, 2 = 0 is a 
removable singularity for f(z) = (sin z)/z. If we define f(0) = 1, the 
function f is now defined and continuous for all z, the origin included. 
Moreover, f is even analytic at z) = 0 because it is represented by the 
Taylor series 1 — (z?/3!) + (2*/5!) — --- there. This example is worthy 
of meditation. 


Poles: The function f(z) = 1/z has a pole at the origin z) = 0, for it 
is clear that 1/|z| becomes arbitrarily large as z tends to the origin. 
Likewise, g(z) = 1/z? and A(z) = 1/( — 1) have poles at z = 0 and 
2 = 1, respectively. 


Essential Singularities: Let f(z) = e'/*. This is defined and analytic 
in the punctured plane C — {0}. We claim that the isolated singularity 
2o = 0 is neither removable nor a pole and therefore essential. To see 
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this, first let z approach 0 along the positive x-axis (from the right). We 
get 
lim e¥* = lim e!* = lim e' = +0. 
240+ x0+ t++0 
Thus, z) = 0 is certainly not a removable singularity for f(z). Now we 
show that neither is it a pole. To see this, simply let z approach the 
origin along the negative real axis (from the left). We obtain a finite 
limit: 
lim e!* = lim e/* = lim e' = 0. 
2407 x40- t4-0 
You should check this last limit, using the definition of the exponential 
function. It follows that z9 = 0 is not a pole for f(z), either. This example 
shows that essential singularities do exist and must be dealt with in 
order to understand isolated singularities. In fact, the Casorati— 
Weierstrass Theorem will show that e'/* behaves even more wildly than 
we have indicated here. 


Exercises to Paragraph 6.1.1 


1, Locate all isolated singularities of the following functions and classify each 
singularity according to type (see examples in the text). 
(a) 1/(2? + 2). 
(b) e~*. 
(c) ells? 
(@) Gin 2)/2*. 
(e) 1/sin z. 
@) ( + Ie? + 8z + 2), 
2, A nonisolated singularity 
(a) Verify that sin(1/z) is analytic except at z = 0 and vanishes precisely at the 
points z, = 1/nz,n = +1, +2,.... We have seen this already. 
(b) Verify that f(z) = 1/sin(1/z) is defined and analytic except at z = 0 and 
the points 2, given in (a). 
(c) Verify that the points z, are poles of f(z). Use either the Taylor series for 
sin(1/z) in powers of z — z, or (much quicker) Exercise 3 below. Are the points 
2n isolated from each other? 
(d) Conclude that the origin z = 0 is a singularity (point of nonanalyticity) of 
f() which is not isolated from the poles z,. 
For another type of function with a nonisolated singularity, see Exercise 6, 
3. (a) Recall the Taylor series argument that f(z), if nonconstant and analytic 
at 29, may be written as f(z) + (2 — Zo)"g(z) with n a nonnegative integer, 
g(2) analytic at z>) and g(zo) 4 0 (whence n is uniquely determined). 
(b) Prove that if f(z) is nonconstant and analytic at zo with f(2o) = 0, then the 
function g(z) = 1/f(z) has a pole at zo. Why, first of all, is 29 an isolated sin- 
gularity of g(z)? 
4, Give examples of each of the following: 
(a) A nonrational function with a pole at 2) = 0. 
(b) A function with an essential singularity at zp = 1. 


Sec. 6.7 The Three Types of Isolated Singularity 239 


(c) Different functions f(z), g(z), each with poles at z = 0, such that the 
function f(z) — g(z) has no singularities (technically speaking, a removable 
singularity). 

(a) A polynomial p(z) such that f(z) = p(z)/z*e* satisfies lim.o f(z) = 5. 

(e) A polynomial p(z) such that f(z) = 1/p(z) has poles at z = +1, +i and at 
no other points in C. 

(f) A function f(z) with one pole (at z) = 0) and one essential singularity (at 
z= 1). 

5, Verify that every isolated singularity of a rational function f(z) = A(z)/B(z) 
in lowest terms is a pole. (Note that “lowest terms” helps avoid removable 
singularities.) 

6, Logarithmic singularities. Let zo ¢Q, and suppose f(z) = log(z — zo) + g(2), 
where g(z) is analytic throughout 2. 

(a) Observe that fis not analytic at zo. 

(b) Argue that fis not even continuous in a punctured disc about zp, owing to 
the necessity of choosing a branch of the logarithm. Thus, the “branch point” 
2o is a nonisolated singularity of f. 


6.1.2 The Removability of Removable Singularities 


The Laurent series is a useful tool in studying isolated singularities. 
Even before we introduce these series, however, we can justify the name 
“removable singularity.”” We will now see that what happened in the 
removable singularity example for f(z) = (sin z)/z actually happens in 
general; that is, a removable singularity may be regarded as a point of 
analyticity. The function seemed to be nonanalytic at zp only because of 
a lack of information, not because of any pathology, 


THEOREM 1 


Let f(z) be analytic on the domain 2’ = Q — {zo} where zo is an 
interior point of 2, and suppose that 29 is a removable singularity for 
f; that is, lim,.,, f(z) = Wo exists. Then, if we define f(z) = Wo, 
the function f is analytic at zo also, and hence is analytic in all of 9. 


Note: It is clear that defining f(z) = wo produces a function 
continuous at 29. However, analyticity at zo is less clear and must be 
proved, 


Proof: We choose a circle C(z); R) contained in 9’ and then define, 
for |z — 29| < R, a “new” function: 


peLit © 
~— 2ni pe C—2 > 


The theorem will follow from two assertions: First, F(z) is analytic for 
lz -— 2o| < B Gn particular, at z9); and second, F(z) = f(z) provided 
0 < |z — 2| < R so that F is the extension of f to 2. 
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First, it is immediate that F(z) is analytic as asserted, for it is an 
integral of Cauchy type (just differentiate under the integral sign!). 
See Chapter 4. 

Second, let 0 < |z, — z9| < R. To show F(z,) = f(z;), write 


1 1 
Fe) -1ed-55( fe a- hl Mw 
2ni Joco:ny $ — 21 2nt Sceuny  — 21 
This follows from the definition of F and the Integral Formula for f. 
Note that the small circle C(z,; r;) does not contain the “questionable” 
point 29. See Figure 6.1. 


D(z; R) 


a 


D(a ri) 


D(a; p) 
Figure 6.1 
Now we refer this to zo, claiming in fact that 


Fe) - fle) = ale aoe 
(Zo;9) 


Here, C(29; p) does not intersect the other small circle C(z,; r;). This 
formula follows from the fact that f(¢)/(¢ — 2) is an analytic function in 
the Jordan domain 


D@o; R) — D(z; 71) — Deo; p) 


(that is, points in the big open disc but not in either small closed disc) 
whose boundary consists of three oriented circles, 


C(zo; R) — Clei3 11) — C@o; p). 


Here, the minus signs denote negative (clockwise) orientation. The 
Cauchy Integral Theorem for Jordan domains (Chapter 4) yields 


f * i) os ) > * 
C(z93R) (arin) Clore) 
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which proves that F(z,) — f(z:) equals the integral around C(zp; p), as 
claimed. 

We are done if we can show that this last integral vanishes. To show 
that this is indeed the case, note that |f(¢)| is bounded for |{ — z9| = p 
sufficiently small because lim f(f) = wy is finite. (Important observation! 
See Riemann’s Criterion below.) Also, | — z,| = |z, — zo| — p because 
¢ on C(Zo; p) is bounded away from z,. Thus, the integrand satisfies 


© 
C-z 


for some upper bound M > 0 and all sufficiently small radii p > 0. The 
ML-inequality applied to the integral around C(Z9; ») now yields 


<M 


1 
|F@:) — fe) < aye oP = Mp 
for arbitrarily small p > 0. This can happen only if F(z,) = f(z). Done. 


Comment on the Proof 


This was an orchestration of themes from the complex integral 
calculus of Chapter 4; defining a function (F(2)) as an integral of Cauchy 
type, representing another function (f(z)) as an integral, sliding the path 
of integration across a region of analyticity, bounding an integral by the 
ML-inequality. Once again, there is no mention of integration in the 
statement of the theorem! 


A Useful Extension of Theorem 1 


In the preceding proof of Theorem 1, we did not actually require 
that lim._,., f(z) = wo exist. Note that the same conclusion holds, given 
only the seemingly weaker hypothesis that f(z) is bounded in some 
punctured disc 0 < |z — zo| < R. Thus, we may conclude the following 
stronger theorem. 


RIEMANN’s CRITERION FOR REMOVABLE SINGULARITIES 

Let f(z) be analytic in a punctured domain Q’ = Q — {zg}. Then the 
isolated singularity zo is removable if and only if |f(z)| is bounded in 
some punctured disc about 2. In this case lim,.,, [(2) = Wo exists, 
and defining f(z.) = Wo produces a function analytic in all of Q. 


Remark 


Thus, |f(z)| must be unbounded in every punctured neighborhood of 
an isolated essential singularity. However, it is not true that 


lim |f(2)| = +2, 


=Z0 


for this happens only at poles. We'll apply this in Section 6.4. 
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Exercises to Paragraph 6.1.2 


1. (@) Verify that cos(xz/2) = (¢ — 1)g(z) with g(z) analytic and g(1) = —z/2, 
(b) Verify that lim,.,; {cos(xz/2)/(z — 1)} = —2/2,80 that f(z) = cos(x2/2)/(z — 1) 
has a removable singularity at z) = 1, 

(c) How should we define f(1) so as to remove the singularity? 
(a) Verify that f(z) is now analytic at z) = 1. Hint: Imitate what we did with 
(sinz)/z. 


2. Suppose f(z) = (2 — zo)"/i(2), g(z) = ( — 20)"g:(z) with fi,g. analytic and 
nonzero at zy and h, k positive integers. Note f(zo) = g(zo) = 0. 
(a) Find a necessary and sufficient condition on the pair h, k that the quotient, 
f(z)/g(z) have a removable singularity at Zo. 
(b) For which pairs h, k is lim,-,, f(2)/g(z) finite and nonzero? 
(c) What happens if your condition in (a) is not satisfied by h, k? 

3. Prove the following fact, a slight variation of one used in the proof of Theorem 
1: If f(z) is analytic in a punctured disc 0 < |z — zo| < R and, moreover, |f(z)| 
is bounded there, then Seasnte) dz=0Oforr< R. 

Note that this generalizes (and utilizes) the Cauchy Integral Theorem. 


4. (a) Prove: If f(z) has an isolated removable singularity at zo, then 


j fe) dz=0 
Cizo:r) 


for sufficiently small 7, This is not new! 

(b) Compute fc ((sin z)/z) dz, where C is the positively oriented unit circle. 

(c) Give an example of a function f(z) with an isolated nonremovable sin- 

gularity at the origin such that [c f(z) dz # 0. (We have seen one example 

often.) 

(a) Give an example as in (c), but satisfying fc f(z) dz = 0. 

(e) Why doesn’t your example in (d) contradict Morera’s Theorem in the case 

{is a disc about the origin? For your f(z) in (d) is not analytic at the origin. 
5. On the proof of Riemann’s criterion. Verify this key observation: That the 

integral 

BS fO_ 


Qni Ic(zosp) § — 21 


vanishes, provided f({) is bounded near the isolated singularity zp. In the 
statement of Theorem 1 we assumed that f actually had a limit at zo, that is, 
that zo was a removable singularity for f. The observation here yields a simpler 
characterization of removable singularity. 

6. Further descriptions of analyticity. In less scrupulous moments we agree that 
f is analytic at an isolated removable singularity 2) (because the singular 
nature can be removed by defining f(zo) = lim.-., f(z), etc.). Verify that if 
Qis a domain containing the points 2o, 2;,..., Zn, the following statements are 
equivalent: 

(a) fis analytic in Q. 
(b) f is continuous in 2 and analytic in the punctured domain 


— Zo, Z1,+++ Zande 
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(c) fis analytic in Q — {zo, 21,..., 2,} and bounded in a small punctured disc 
centered at each of the singularities zo, 21,..., Zn 


Note that statement (c) does not say that fis even defined at zo, Z1,.-., Zn 
Yet this happens to come true. 


Section 6.2 LAURENT SERIES 
6.2.0 Introduction 


We will now study the behavior of f(z) at an isolated singularity z 
by expanding f(z) in a series centered at zp (sound familiar?). This series 
will not in general be a Taylor series ay + a;(z — 2) + @2(2 — Zo)* + «+> 
because Taylor series yield analytic functions, whereas f(z) is not 
analytic at a pole or essential singularity. 

The series we will obtain will involve negative (as well as positive) 
powers of z — 29. A series consisting of negative powers looks like 


bo + blz — Zo)~* + ble — 2q)7? +++ + Ole — Zo)" +--+ 3 


that is, 
by ba see by see 
z-%  @-ay* *@-ay" , 


by + 


Observe that such a series shows little promise of converging to a finite 
sum when z = Zo because the denominators (z — 29)* vanish. We ask: 
“For which values of z does such a series converge?” 

To answer this question, let us write 


1 
zZ-Z 


C=(@-az)* = 


The series above become ordinary power series in £: 
bo + DiS + Bab? +-0+ + OLE tee, 


But the theory of power series which we saw in Chapter 5 assures us 
that the series just above converges for all complex ¢ satisfying |{| < R 
for some radius R. Hence, the original series in (¢ — z9)~' converges for 
those z satisfying 1/(|z — 2o|) < R; that is, 


lz - zo > Ri = 5 

In other words, the original series converges for all z outside some 

closed disc of radius R, centered at 2p. If R = 0, then the original series 
diverges for all z (except z = 00). 

A very simple and very important example of this phenomenon is the 

series 1/(z — Zo) consisting of a single term. This series converges for all 
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z such that |z — z.| > R, = 0, that is, z # 2o, as is clear from the 
arithmetic of the situation. Actually, we will be dealing with a more 
general series (positive and negative powers!) such as 
once, PEE Lt geet Bienes 
2 2 


We write such a series in either of the forms 


ot — 2p)" or Lae — 2p)" +3 ao S F 


This series will be said to converge at a point z if and only if both parts, 


y a,z—Z)" and ° bn 


n=0 nai (2 — 2o)"” 


converge at z. Thus, the domain of convergence will be annular. 


6.2.1 The Laurent Expansion 


We will be concerned with functions defined and analytic in an 
annulus (ring) centered at Zo, that is, the set of points z satisfying the 
inequalities 

R, < |z — 2| < Rz 


for nonnegative radii R,, R, (Figure 6.2). Note that if R, = 0, the 
annulus reduces to a punctured disc: The point 2 is deleted. Thus, 
annuli appear naturally in a treatment of isolated singular points of 
functions. 

We will now see that a function analytic in an annulus is represented 
by a so-called Laurent series in positive and negative powers of z — 2 . 


Figure 6,2 
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THEOREM 2 


Let f(z) be analytic in the annulus R, < |z — Z| < R. Then f(z) 
is represented by a Laurent series 


f@ = :. (2 — Zo)" 


which converges to f(z) throughout the annulus. Moreover, the co- 
efficients are given by 


1 f© 
separ fag ENP = 0, £1, +2... 
35 I T— zr % (n +2,...) 
where C is any circle centered at Zo and contained in the annulus. 


Some Preliminary Comments 


1. Suppose fis actually analytic in the full disc of radius R, centered 
at 29. For negative n, the coefficients are obtained by integrating func- 
tions of the form f(0)(¢ — zo)* with k nonnegative (k = —1 — n). These 
integrals around C all vanish (why?) as we would hope: The Laurent 
series reduces to the Taylor series in the analytic case! 

2. The value of c, is independent of our choice of C because the 
integrand f({)(¢ — 2))~"~' is analytic between any two circles contained 
in the annulus and centered at Zo. 

3. One usually does not compute Laurent series by integrating for 
the c,. We will see better ways. On the other hand, if we know the 
Laurent series, then we can read off some integrals, namely, those for 
the c,. This is a useful idea. For instance, 2xic_, gives us an integral of 
f@©, something we have long wanted. But we are getting ahead of 
ourselves... . 


Proof of Theorem 2: This will be quite similar to the proof of Taylor’s 
Theorem in Chapter 5. 

Given z in the annulus R, < |z — zo| < R2, the Cauchy Integral 
Formula for Jordan domains (see Section 4.3, including the exercises) 
gives 


Bee fe) ae! FG) 

fe) 2ni Jo, $2 — 2 2 xi lc, 1 — ge 

Here, C, = C(29; ™) with Ry < r; < |z — 29| < r2 < R2, so that z lies 
between the concentric circles C, (inner) and C,. See Figure 6.3. Note 
that we use ¢,, ¢, for the typical points on C,, C2, and that both circles 
are given the standard counterclockwise orientation. 
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Figure 6.3 


Now we deal with the integral over C,, manipulating the denom- 
inator ¢, — z in order to introduce a series in z — Zo. We have (compare 
Taylor’s Theorem) 


o — z= — 20) — @ — 20) 


Sa er {r= ==. 


Since |¢, — Z| < |z — Zol, we are led to introduce a geometric series: 


2 dS fr = mi 

&-2 ere ars) 
Now we operate formally with the integral over C,; thus, 
+i, FG) gr = “a re) ¥ 4 Si sy at, 


2ni Jo, $1 — @ Ko (2 — 2o)*t* 


FEM — Zo) at,| 


a 
k=0 = 5 les Cy (@— zo)! 


= ¥ eZ — 20)" 
where n = —(k + 1) and 


af _ te _1¢_ © 
. chee = agp mais = apni 


The last equal sign holds because the value c, of the integral does not 
change if we replace C, by any other similarly oriented circle C in the 
annulus of analyticity (compare the statement of the theorem). We leave 
it to you to justify the interchange of } and f carried out just above; 
it’s quite similar to what we did in proving Taylor’s Theorem in 
Chapter 5. 
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Thus, the integral over C, gives the negative powers c_,(z — 29)7', 
c_2(@ — Z)~?, etc. We leave it to you to prove that the integral over C, 
gives the series in nonnegative powers of z — 29 with the “correct” 
coefficients, There is nothing essentially new here. Done. 


Question 


Can you recall any other situations in Chapter 5 and this chapter 
where the geometric series emerged at a crucial moment? Note that we 
began our discussion of series with this particular type. 


Exercises to Paragraph 6.2.1 


1, Consider a series 


Ey © 
DY ale — 20)" + Y blz — 20)-". 
n=0 n=1 

(a) Starting with the last sentence of Paragraph 6.2.0, prove that the set of 
points z for which the series converges will consist of an open annulus R; < 
lz — 20| < Rz (where possibly R, = 0, or Ri = R2, or R2 = 00) together with 
(perhaps) certain points on either rim of the annulus. Use your knowledge 
of Taylor series. 
(b) Is it possible that the series converges for no z whatever? This is indicated 
by R, = R2. 
(c) Prove that the series converges at 2p (the center) if and only if all 6, vanish 
(compare an ordinary power series), 
(a) Does the series determine an analytic function at each z inside an open 
annulus R, < |z — zo| < Rz of convergence? 
(e) Argue that the function in (d) fails to be analytic at points on each rim of 
the annulus R, < |z — zo| < R2. Hint: How did we do this for Taylor series? 

2. On Laurent’s Theorem 2. True or false? 
(a) If f(z) is represented by the series z~' + aq + a,z + (higher powers of z) 
convergent in some punctured disc about the origin, then f has a nonremovable 
isolated singularity at the origin. 
(b) The function f(z) in (a) has a pole at the origin. 
(c) Given f(z), zo, and the annular radii R,, R. of Theorem 2, the Laurent 
series obtained in the theorem is unique. 
(d) The function f(z) may have different Laurent series centered at 29, de- 
pending on the annulus of convergence selected. 
(e) If f(z) has an isolated singularity at 29, then it may be expanded in a 
Laurent series centered at za and it may be conyergent in some punctured dise 
0 < lz— z0| < Ro. 
(f) If a Laurent series for f(z) convergent in some ring r, < |z — 2o| < r2 is 
actually a Taylor series (no negative powers of z — 2g), then this series actually 
converges in the full dise |z — 20| < rz (at least). 
(g) If the last conclusion holds, then f(z) has at worst removable singularities 
in the full dise |z — zo| < rz and may be considered analytic throughout this 
dise. 
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3, The function f(z) = 1/(1 — z) has a pole at 29 = 1. This is its only singularity. 
(a) What is the Taylor series of f(z) in powers of z? 
(b) What is the Laurent series of f(z) convergent in the punctured plane 
0< |z-1| < 0? 
(c) What is the Laurent series of f(z) convergent in the annulus 1 < |z| < «0? 
Note that the center of this series is a point of analyticity; yet, the series must 
contain negative powers of z. Hint: Write 1/(1 — z) in terms of 1/z. 


o 
4, Suppose we are given f(z)= > c,(z— 20)", a Laurent series convergent 
n=—0 
inO < |z — 2o| < R. Argue that [c(co;r) f(z) dz = 2nic_,, provided 0 < r < R. 
This is the key to the Residue Theorem, which will enable us to integrate 

functions that fail to be analytic at isolated points. See Chapter 7. 

5. Does Laurent’s Theorem 2 imply that log z may be expanded in positive and 
negative powers of z convergent in some annulus R, < |z| < R2? Discuss. 

6. Let f(z) be analytic, 0 < |z — zo| < R, with a pole at 29. Let C = C(zo; r), 
0 < r < R. Does the Cauchy Integral Formula yield an infinite value in this 
case? What is the value of 


1 1@ 


7 dz? 
2ri ic 2 — 0 


(You should be able to deduce immediately from elementary theory of the 
integral that this value is finite.) 


6.2.2 How to Compute Laurent Series 


As we mentioned in Paragraph 6.2.1 (“Comments”), the Laurent 
coefficients c, (n = 0, +1, +2,...) are usually obtained by methods 
other than the integral formulas of Theorem 2. In particular, common 
sense and knowledge of related Taylor series work in many cases. Here 
are some examples. 


Example 1 

Expand f(z) = 1/z in Laurent series centered at z) = 0. 

This is solved by noting that 1/z is the Laurent expansion of f(z). 
The only nonzero coefficient is c_; = 1. Done. 


Note that this series converges for |z| > 0. 


Example 2 


Expand the same function f(z) = 1/z in Laurent series centered at 
29 = 1 and convergent near this point. 

This time we note that f(z) does not have a singularity at z) = 1. 
Hence, its Laurent series there will actually be a Taylor series (no 
negative powers of z — 1). In fact, we have seen already that 


1 


——— — — — wears! = 
TST 1-@-1)+€@-1) (jz — 1| < 1). 


le 
z 
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Example 3 


Expand g(z) = e!/* in Laurent series centered at zo = 0. 
We recall that e!/* has an essential singularity at the origin. To get 
the Laurent expansion, we first write 


ea1trt it Fae (|r| < 0) 
Now let rt = 1/z. This -s 
e@) =e = 14244 + ae ees el > 0) 
That is, 
© pon 

tz z= 

E %, nt” 
Example 4 


Expand f(z) = 1/(2 — 1) in powers of 1/z (that is, 29 = 0) valid for 
1 < |z2|. See Figure 6.4. 


pole of 1/(z—1) 


1/(e-1) =e" convergent for |z|>1 


Figure 6.4 


Note first that f(z) is not analytic for all |z| < 1, since it has a pole 
at z = 1. We therefore expect an honest Laurent series in an annulus 
outside the closed unit disc. 

To get some powers of 1/z into the discussion, we observe that 


So eke = aa(t+3+e+*) (uel < 0. 
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That is, 


1 
ee 


1 
z = 


1 
= — + eee 
f@ = =5+4+3 (el > 1) 
We comment that this series certainly does not represent f(z) inside the 
unit disc. See what happens, for example, when we try to substitute 


z = 0 on both sides of this expansion! 


Example 5 


Expand g(z) = 1/(z* + 1) in Laurent series convergent in a punc- 
tured disc around the pole z = i. 

We note first that g(z) = 1/(z — i(z + i). We wish to expand this in 
positive and negative powers of z — i. It makes sense to expand the 
factor 1/(z + i) in powers of z — i, and then multiply this expansion by 
1/(z — i) to get the expansion for g(z). 

As usual, we alter the geometric series for 1/(1 — 1) with a shrewdly 
chosen t involving z — i. We observe that 


2 1 =. 1 
z+i 2%+@-i 2 1+ A/iKe-i 


y 
-i& fii" 
a8 roe 
It follows that 
= 1 y ati a4 
Ca rs -F0 a 


Exercises to Paragraph 6.2.2 


1, Decide the nature of the singularity (if any) at z9 = 0 for the following f(z). 
If the function is analytic or the singularity isolated, expand the function in 
appropriate powers of z convergent in a punctured disc 0 < |z| < R. 

(a) sin z, 

(b) sin(1/z), 
(c) (sin 2)/z, 
@) Gin 2)/2”, 
(e) 1/sin@/z), 
(f) zsin(@/z), 
(g) log z. 

2. Expand g(z) = 1/(z? + 1) as follows (see Example 5): 
(a) In powers of z convergent for |z| < 1. 
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(b) In powers of z convergent for |z| > 1. 
(c) In powers of z + i convergent for 0 < |z + i| < 2. 

3. We consider the not uncommon situation f(z) = 1/g(z) where the behavior of 
g(z) is known near 2 (and not identically zero), Argue the following: 
(a) If gis analytic at 20 with g(zo) # 0, then f is analytic at zo with f(zo) # 0. 
(b) If g(zo) = 0, then f has a pole at zo. See also Exercise 3 to Paragraph 
6.1.1. 
(c) Ifg has a pole at zo, then f has a zero (removable singularity) at 2. 
(@) Ifg has an essential singularity at zo, then f has either an isolated essential 
singularity or a nonisolated singularity at 29, Give examples of each phenom- 
enon. 
(e) Where relevant, the Laurent series for f(z) may be obtained from the 
Laurent series for g(z) by long division. 
(f) Find the first few terms of the Laurent expansion for f(z) = 1/sin z about 
the origin. Use (e). 


(g) Likewise for f(z) = 1/e'/*. Hint: There are a couple of methods available 
here. 


Section 6.3 POLES 


In this section we will correspond the three types of isolated singular 
points of f(z) with three types of Laurent series. 

Let us begin by recalling that an isolated singularity zp of an analytic 
function f is termed a pole if and only if 


lim |f(@)| = +0. 


z29 


The following simple observation is worth singling out. 


LEMMA 3 


Let 2o be a pole for the analytic function f(z). Then the function g(z) = 
1/f(z) is analytic at zo and has an isolated zero there. Conversely, if zo 
is an isolated zero of an analytic function g(z), then the function 
f(z) = 1/g(z) has a pole there. 


Proof: Given that lim,_.,, |f(z)| = ©, it is clear that lim,.,, g(z) = 0 
for g(z) = 1/f(z). This means that g(z) has a removable singularity at Zo 
and so, by Theorem 1, becomes analytic at zo by defining g(Zo) = 0. 
This is an isolated zero because Zp was an isolated pole for f(z). The proof 
of the converse is quite similar. Done. 


Let’s push this observation a bit further. Since g(z) = 1/f(z) has an 
isolated zero at zo, we may factor it uniquely as follows (see Section 5.3): 


gz) = @ — 20)"g1@); 
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where g; is analytic in a neighborhood of 29, g,(z9) # 0, and mis a 
positive integer. This tells us that 


A) 
(@ — zy" 


where f,(z) = 1/g,(z) is analytic and nonzero at 29. You should convince 
yourself that f “blows up” as z + Zo precisely because of the denominator 
(z — Zo)". The positive integer m is termed the order of the pole at Zo. 
Every pole has a finite order m = 1 (proof?). Poles of order m = 1 are 
often called simple poles. Thus 1/z has a simple pole at z) = 0. 

Now on to Laurent series. If z) is an isolated singularity for an 
analytic function f(z), then we may expand f(z) in a Laurent series 
convergent in some punctured disc centered at Zo, that is, convergent for 
all z with 


f@) = 


0 < |z — 2o| < Rp. 


We will speak of this expansion as the Leurent expansion of f(z) about zy 
(or at 29). 
Thus, let 


+00 
fe) = Y ole — 20)" 
nto 
by the Laurent expansion of f(z) about Zo. The polar part or principal part 
of this expansion is the portion consisting of negative powers of z — Zo; 
that is 


n=-0 © 
Dy ¢(2— zo)" or x Cap (2= Z)™™. 
ass n= 

Clearly, one of the following three cases must occur: 

1. All c_» = 0,m = 1, 2,..., 80 that the Laurent series is actually 
a Taylor series; the polar part is identically zero. 

2. The polar part of the Laurent series is not identically zero as in 
(1), but only a finite number of the coefficients c_,, are different from 
zero. 

3. Infinitely many of the c_,, are different from zero. 

Of course a term c_,,/(z — Zo)" is identically zero if and only if 
Cm = 0. 

The point of the next theorem is that these three cases correspond 
to the three types of isolated singularity. Thus, if we know the Laurent 
series, we need not take limits to decide the nature of the singularity. 


‘THEOREM 4 


Let 29 be an isolated singularity for the analytic function f(z), and 
suppose 7-1 (C_m/(z — Zo)") is the polar part of the Laurent series 
for f(z) about zo. Then 
(i) Zo is a removable singularity if and only if all c__ = 0, as 
in case (1) above. 
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Gi) 29 is a pole of order h > 0 if and only if the polar part is a 
finite sum 
C_y Cy 
ere gs. ay 
(z — Zo)" z- 2 
with c_, # 0, as in case (2) above. 
Gii) 2 is an essential singularity if and only if the polar part has 
infinitely many nonzero terms, as in case (3) above. 


Proof: (i) From Theorem 1 it is clear that zp is a removable singu- 
larity if and only if its Laurent series reduces to a Taylor series. 

(ii) Now suppose 2, is a pole of order h. By Lemma 3, g(z) = 1/f(z) 
has a zero at 29. Hence, we get a Taylor expansion with zero constant 
term: 

g(2) = B,(z — Zo)" + dys ile — Zo)tt +o 0, 


with b, # 0,h = 1. That is, bg = b; =--- = b,_, = 0. Now we factor, 
just as with polynomials: 


a(2) = (& — 2o)(by + Bus i(@ — Zo) + +++) 
= @ — 2)'e1@) 


where g,(z) is analytic and nonzero at Zp. In fact, g\(zo) = by, # 0. 
Since f(z) = 1/g(z), we may write 


f@) = & — 20)", 


where f(z) = 1/g;(z) is analytic and nonzero at Zp. In fact, f;(Zo) = 1/by. 
Thus, f,(2) has a Taylor expansion 


fi(2) = ap + a,(2 — 20) + a2(z — 20)? +++ 
with ao = 1/b, # 0. Multiplying this series by the factor (z — z9)~" 
yields the Laurent series for f(z), namely, 


ey eg 
sa (z — 2)" ik (e — zo)" 


The polar part here has only a finite number of nonzero terms. This 
proves case (2). 
Conversely if case (2) holds, then f(z) looks like 


F(@) = c_y(@ — 20)~" + Cons a(@ — Zo) tt +++ + co tere 


= (2 — Zo) “C_4 + Cong — 20) +°**)s 


Soe a 


with c_, # 0. Clearly, now 


lim |f()| = lim Jz — 20|7" le-y + c-ngs(@ — 20) +++] 
229 229 


is infinite and so 2g is a pole for f(z). 
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Gii) By the process of elimination, Zz) is an essential singularity 
precisely when case (3) holds. This completes the proof of Theorem 4, 


Some Examples Revisited 


Let us verify the theorem with some now-familiar illustrations. We 
have seen that (sin z)/z has a removable singularity at 2) = 0, that 1/z 
has a pole at z) = 0 and that e'/* has an essential singularity at z) = 0. 
We have also obtained these expansions: 


sin z ae ae ak : 
me tr BO (a Taylor series) 
2 = itself (a finite number of negative powers of z) 
1 ig if = % 
et =14 = bape tte (infinitely many negative powers) 


These results coincide with the three cases of the theorem. 


Further Discussion 


By now it should be clear that f(z) has an isolated zero at Zo, or g(z) 
has a pole at 2p, if and only if we may factor these functions thus: 


fF) = ( — 20)'fi@), 


81(2) 
(2 — 20)” 


with k, h positive integers and the factors f,, g, functions analytic and 
nonzero in a neighborhood of zg. The integers k, h are the orders of the 
zero and the pole, respectively, at zo. This order gives a measure of 
“how fast” the function value approaches zero (or infinity in the case 
of a pole) as z approaches 29. Thus, the functions 1/z and 1/z” have poles of 
orders 1 and 2 at z) = 0, respectively. Just so, the second function “blows 
up” more rapidly than the first as z approaches the origin, since 


1 


2 


a(z) = (@ — 20)""g(2) = 


z 


(lz| < 2). 


It is worthy of note that these orders (of zeros or poles) are always 
integers, provided the function is analytic in some (possibly punctured) 
disc about Z9.'This follows from expandability into powers (positive and 
negative) of z — 29. Note in contrast that the “function” f(z) = 2'/2, 
which has a zero “of order 1/2” at z = 0, is not single-valued analytic 
in a neighborhood of zp = 0. 

Let us conclude this section on poles by remarking on the behavior 
of a function at an (isolated) pole. Actually, this behavior is not so very 
bad (in contrast, as we will see, with the case of essential singularities). 
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If we were willing to accept co as an allowable value, then at a pole zp 
we might define f(z) = «, and so 

lim f(z) = f(@o) = ~; 

2429 
that is, the function f would be continuous at zp and in fact might even 
be considered to have a removable singularity there. In brief, poles are 
‘Snfinite-valued” removable singularities. 

We mention the Riemann sphere in this context. As a set, the Riemann 
sphere }) = C u {co} = the complex numbers with infinity adjoined. It 
is not difficult to put the points of ¥’ in one-one correspondence with the 
points of an ordinary sphere (hollow globe), with oo corresponding to 
the North Pole (whence the term “pole’”’?), Thus, we are led to the study 
of functions f: 2 + > rather than f: Q > C, 


Exercises to Section 6.3 


1. True or false? 

(a) Iff(z) has a zero of order k at 2o, then 1/f(z) has a pole of order k there. 
(&) lim, 49 |e**| = +00. 

(c) If f(z) has a pole of order & at zo, then there exists a polynomial p(z) such 
that f(z) — [p(2)(e — 20)"] is analytic at zo. 

(d) If f(z) is analytic at the origin, then there exists an integer n such that 
g(2) = f(2)/2" has a pole at the origin, provided m > n. 

(e) If f(z) has an essential singularity at zo, then lim,..., f(z) does not exist. 
(£) If p(z) is a nonconstant polynomial, then e!/?) has essential singularities 
at the roots of p(z). 

(g) The function given by °°. (—1)"/{(2n)! z*"} has a pole at the origin. 

(h) If f, g have poles of order hf, k at the point zo, then f(z)g(z) has a pole of 
order h + k at 20. 

2. Meromorphic functions. The function f(z) is called meromorphic in 2 provided 
its only (non-removable) singularities there are (isolated) poles. If 2 = C, fis 
usually called meromorphic. We concentrate on the case 2 = C. 

(a) Which of the following ate meromorphic? Polynomials, rational functions, 

entire functions, e'/*, sin(1/z), (sin z)/z, 1/sin z, e*/z. 1/sin(1/z). 

(b) If fis meromorphic, is its reciprocal 1/f meromorphic? 

(c) Prove that if the meromorphic function f(z) has only finitely many poles 

in C, then f(z) is a quotient [entire function]/[polynomial]. 

(d) Observe that the meromorphic functions may be thought of as analytic 

mappings f: C + £ (= the Riemann sphere C u {00} mentioned in the text). 
Culture: A famous problem was “Construct all meromorphic functions.” 

This has been solved by the work of several mathematicians, among them 

Weierstrass, Mittag-Leffler, Hadamard. Results: (i) Every meromorphic 

function is the quotient of two entire functions (a huge generalization of (c) 

above); (ii) Hadamard gave a characterization of entire functions as products 

of polynomials, exponentials, and so-called infinite products. 

3. Rational functions and partial fractions. We write f(z) = p(z)/q(z), where the 
polynomials p, g have no common linear factors (roots). 

(a) Prove that lim,.,,, f(z) is 0, c 4 0, or © according as the degree of p(z) is 
<, =, 0r > the degree of g(z). 
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(b) Prove that a rational function has the form f(z) = fi(z) + (A(z)/B@)) 
with f,, A, B polynomials such that A(z), B(z) have no common linear factors 
and either A = 0 or the degree of A is strictly less than the degree of B. Hint: 
Long division by g = B with remainder A, 

(ce) Prove that the function A(z)/B(z) in (b) has finitely many poles. 

(d) If ox(2), ..., %m(z) are the various polar parts (negative powers in the 
Laurent series) of A(z)/B(z) at its m poles 2;,..., 2m, then (A(z)/B(z)) — 
X7L1 ¢(z) is a polynomial that approaches zero as z approaches 00. Hint: 
Recall from (b) that A(z) has smaller degree than B(z) and that ¢,(z) consists of 
finitely many negative powers of z — z,. 

(e) Apply a famous theorem to deduce that A(z)/B(z) = D_, (2) (= asum 
of partial fractions). 

(£) Conclude frational function] = [polynomial] + [finite sum of fractions 
¢j/(@ — z,)*]. Note that complex numbers are required for this partial fraction 
decomposition. 

(g) As acorollary, prove that a complex rational function has an antiderivative 
that is the sum of a polynomial and finitely many terms of the form c log(z — z,). 

4, Behavior at z = 0. The behavior of the meromorphic (in C) function f(z) at 
z = 00 is defined to be lim,..,, f(z) or (same thing) lim;., 9 F(¢), where F(¢) = 
fQ/), provided this limit makes sense. Thus, we say that z = 00 is a removable 
singularity (hence point of analyticity), pole, essential singularity, or non- 
isolaied singularity for f(z) according as ¢ = 0 is such for F(£). 

(a) Describe the behavior at z = 00 of each of the following meromorphic 
functions: 1/2, e*, sin z, (2? + 1)/z2?, 1/sin z, (82? + 4)/(2z? + z+ 1). 

() If f(@) = p(2)/a(@) is a rational function (in lowest terms), then f equals 0, 
c # 0, 00 at z = 0, according as the degree of p(z) is less than, equal to, or 
greater than the degree of g(z), respectively. See Exercise 3(a), 

(c) Prove that the meromorphic f(z) has only finitely many poles in each disc 
\z| < r. Hint: Otherwise the poles of f would cluster about some nonisolated 
nonremovable singularity in |z| < r. We have seen this (Chapter 5) for zeros, 

(a) Hence, if f has infinitely many poles 2;, 22,...,2m,... in C, then 
limin+ 0 2m = 0- 

(e) Prove that z = 00 is a nonisolated singularity for f if and only if f has 
infinitely many poles in C. Hint: ¢ = 1/z. 

(f) Deduce that z = 00 is an isolated (possibly removable) singularity for f(z) 
if and only if f(z) = [entire function]/{polynomial]. 

5. The natural functions on the Riemann sphere. If f is meromorphic, then we 

think of it as f:C — ¥. If, moreover, f is rational, then we have f: > 5, 
since z = 00 is either a removable singularity (finite value) or pole for f. We 
ask “Which meromorphic functions f(z) other than the rational functions have 
a removable singularity or a pole at z = oo and thus determine functions 
f: 2 — = from the sphere to the sphere?” 
(a) Prove that iff: £ + £ is meromorphic, then also its reciprocal 1/f: £ > = 
is meromorphic, provided we admit the function that is identically equal to 00. 
(b) Use (a) and Exercise 4(f) to prove that if f: £ + is meromorphic and not 
identically equal to 00, then fis a rational function of z. 

Moral: The natural meromorphic (or “analytic,” if we think of poles as 
oo-valued removable singularities) mappings f: 2 — = are the rational func- 
tions, together with the constant function 00, Or, recalling the notion of 
Riemann surface from Chapter 3, we conclude that the Riemann surface 
(natural domain of definition) of a rational function is the sphere ©. 
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6. If the rational function f(z) = p(z)/q(z) in lowest terms, then the degree of f 
is defined to be the larger of the degrees of p(z) and g(z). Prove that if f has 
degree d and if w € £, then there exist exactly d solutions z in = to f(z) = w, 
provided we count properly. For example, f(z) = 1/z? has a double root (com- 
pare f(z) = 0) at z = 00, as predicted by our assertion. 

This indicates how considering f: £ > © rather than QC or C32 
leads to certain more graceful statements about the rational function f. 


Section 6.4 ESSENTIAL SINGULARITIES 


You will recall that 2p (as always, an interior point of a plane domain 
Q) is defined to be an essential singularity of f if it is neither an isolated 
removable singularity nor a pole. Theorem 4 characterizes essential 
singularities for us in terms of the Laurent series of f at 2); this series 
must have infinitely many nonzero terms when expanded about an 
essential singularity. Now we ask about the behavior of f at an essential 
singularity Zo: “What does f do for z near Z9?” It is worth noting that we 
employed a “behavioral” definition for removable singularities and 
poles, namely, that fhad a certain limit at 29. In the present case we must 
prove a theorem, the Casorati-Weierstrass Theorem. 

We begin by recalling the more general criterion for removable 
singularities, due to Riemann. See Paragraph 6.1.1. 


Fact 


The isolated singularity zo of an analytic function f is a removable 
singularity < |f(z)| is bounded in some punctured disc centered 
at 2. 


Note: This statement doesn’t involve the existence of lim,..,, f(z). 


CasoRATI-WEIERSTRASS THEOREM 


In every open neighborhood, no matter how small, of an isolated 
essential singularity zo, the function f assumes values f(z) arbitrarily 
close to every complex number w. That is, if D’ is any punctured disc 
centered at 2) and D(w; p) is any disc about any point w, then there 
exists some z € D’ such that f(z) € D(w; p). 


Proof: The point w and discs D’, D(w;p) are given arbitrarily, 
Assume |f(z) — w| = p for all z € D’. Define g(z) = 1/(f(2) — w). Then g 
has an isolated singularity at z) and, moreover, |g(z)| < p~' for all 
ze D’, By Riemann’s Criterion, zp is a removable singularity for g(z), 
Hence, it is possible to remove the singularity by defining g(zo) = wo 
for some finite wo. Now if wo # 0, then 1/g(z) = f(z) — w (and hence 
f(@)) has a removable singularity at zp, while if w, = 0, then 1/g(z) = 
f(z) — w (and hence f(z), as you should check) has a pole at zo. This 
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contradicts the hypothesis that 2, is an essential singularity of f. Thus, 
\f) — w| < p for some z in D’, as claimed. Done. 


Thus, the function f takes every small punctured disc D’ centered at 
the essential singularity z) and maps it “all over” the w-plane so that, 
in the language of topology, the set f(D’) of images is “dense” in the 
w-plane. 


Mustration 


We know that f(z) = e'/* has an essential singularity at z) = 0. 
We will show that if D’ is any punctured disc centered at the origin and 
w is any nonzero complex number, then there is a z in D’ such that 
e'/? = w. This is even stronger than the conclusion of Casorati- 
Weierstrass: It shows equality rather than proximity. 

What does f(z) = e'? do to the dise D’? Note first that the mapping 
that sends z to 1/z will send the small disc D’ onto the exterior of some 
other closed disc. That is, for = 1/z,if0 < |z| < rtheno > |¢| > i/r. 
But we know that the exponential function e is periodic, mapping every 
horizontal strip of height 2z onto the set C — {0}. Surely the exterior of 
each closed disc contains not only one but an infinity of such horizontal 
strips. It follows that e¢ = e'* = w is satisfied for infinitely many z in 
D’, provided only w # 0 (since e is never zero). 


Postscript 


Actually, this example is typical. For a deep theorem of Picard 
states that in every punctured disc about an isolated essential singu- 
larity, an analytic function assumes every complex value w with at most 
one exception! 


Exercises to Section 6.4 


1. Construct a function analytic in all of C except for essential singularities at the 
two points z) = 0, z, = 1. 

2. The function f(z) = 1/(z — 1) is represented by the Laurent series z~! + 
27? + 273 +4-+++, provided |z| > 1. A naive student, observing that this 
series has infinitely many negative powers of z, concludes that the point 
29 = 0 is an essential singularity for f. Point out the flaw in his argument. 

3. The function f(z) = (e* — e~"*)/2iz has an isolated singularity at the origin. 
Prove that f(z) is bounded near the origin. Deduce that the origin is a remov- 
able singularity for f. Hint: Use series. Or, what is f(z)? 

4. How many applications of the ML-inequality can you detect in this chapter? 

5. Proof or counterexample: If f(z) and g(z) have a pole and essential singularity, 
respectively, at the point zo, then the product f(z)g(z) has an essential sin- 
gularity at zo. 

6. Prove, using the Casorati-Weierstrass Theorem, that if f has an essential 
singularity at 2) and if w is any complex value whatever, then there exists a 
sequence ¢;, {2,... such that lim,.. , = Zo and lim, f(¢,) = w. 
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9. 


10. 


il. 


12. 


13. 


Behavior at infinity revisited 

(a) Suppose f is analytic in C except for isolated singularities (poles or 
essential). How should we define the behavior of f at z = 00? Recall that we 
dealt with this in the exercises to Section 6.3, and that f may assume a finite 
value or have a singularity (not necessarily isolated) at infinity, 

(b) Argue that a nonconstant polynomial has a pole at infinity, and that e* 
has an essential singularity there. 

(c) What is the nature of the singularity of e'/* at z = co? 

(d) Prove, using Casorati-Weierstrass, that a nonconstant, periodic, entire 
function has an essential singularity at infinity. (Compare Exercise 11(c) 
also.) 

(e) Classify the singularities of sin z, cos z, e~*, cosh z at z = 00 (using (d) 
when applicable), 


. Prove that if zo is a pole of g(z), then it is an essential singularity of f(z) = ea(*) 


Is this true at z = 00 as well? 


Construct a function with infinitely many distinct isolated essential sin- 
gularities in C. Hint: Use Exercise 8. 

Meromorphic functions at infinity. Let f(z) be meromorphic (isolated poles 
only) in C, See the exercises to Section 6.3. As usual, we exclude many-valued 
“functions” such as Vz, log z. 

(a) Prove (once again!) that f has infinitely many poles in C if and only if it 
has a nonisolated singularity at infinity. 

(b) Suppose f has an isolated singularity at infinity. Prove that this sin- 
gularity is essential if and only if f is not a rational function. 

Entire functions at infinity. Let f(z) be entire. 

(a) If f is not identically zero, then the reciprocal 1/f is meromorphic. Proof? 
(b) What famous theorem may be phrased: If f (entire) is nob constant, then 
infinity is an (isolated) pole or essential singularity, but not a removable 
singularity, for f. P 

(c) Refine (b) by proving that an entire function f(z) that is not a polynomial 
has an essential (isolated) singularity at z = 00. A very short proof follows 
from our power series considerations of Section 6.3. This result generalizes 
that of Exercise 7(b), which dealt with periodic functions. 

Entire transcendental functions at infinity. These are the entire functions that 
are not polynomials, such as e*. 

(a) Prove that if f is entire transcendental, then in every domain |z| > R 
(neighborhood of 00) the values f(z) come arbitrarily close to any preassigned 
finite complex value wo. Hint: Casorati-Weierstrass for f(1/¢), 

(b) Contrast the case in which f is a nonconstant polynomial: The condition 
|z| > R must be dropped, but f(z) = wo is actually solvable for (finitely many) 
z and any given wo. 

But a better theorem follows in Exercise 13. 

A version of Picard’s First Theorem. Prove that a nonconstant entire function 
f actually assumes every finite complex value, with possibly one exception. 
Of course f(z) = e* fails to assume the value zero. 

Use the following free (and highly nontrivial) information. It is possible 
to define a (nonconstant) branch 4 = u(w) of the “inverse modular function” 
satisfying (i) if g is entire and g(z) # 0, 1, then u(g(z)) is entire; and (ii) the 
value 1(g(z)) lies in the upper half-plane. Hint: If f(z) # wo, wi, then g(z) = 
(f(z) — wWo)/(w: — wo) omits the values 0, 1. 
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The Residue Theorem and the 
Argument Principle 


Section 7.1 THE RESIDUE THEOREM 
7.1.0 Introduction 


You will recall that the Cauchy Integral Theorem and Formula 
produced a Jarge number of corollary results about analytic functions: 
the Maximum Modulus Principle, Liouville’s Theorem, the Fundamental 
Theorem of Algebra, and so forth. In contrast, Chapters 5 and 6 on series 
have been of a more technical nature. But now that we have performed 
the labor of expanding complex functions in power series, it is time to 
reap the profits. This harvesting will be done in the remaining chapters. 

The first results we obtain will be the Residue Theorem and the 
Argument Principle (Sections 7.1 and 7.2). Both of these follow readily 
from facts about Laurent series. Their uses are legion. The Residue 
Theorem is invaluable as a method of computing both real and complex 
integrals (Appendix) and the Argument Principle will be prominent when 
we discuss local conformal mapping in Chapter 8. 


7.1.1 Residues and the Residue Theorem 
Recall that the Cauchy Integral Theorem says that 
I fe) de = 0, 
2 


provided f is analytic on and inside the simple closed curve I. The 
Residue Theorem, which we will state in a moment, also enables us to 
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integrate “without integrating.” It is a kind of generalization of the 
Cauchy Integral Theorem to functions f with singularities inside I. 

First a new concept. Let the point zp be an isolated singularity of f. 
This means that f is analytic in a punctured neighborhood of 2). We 
know that f has a Laurent expansion 


+0 
f@) = Pe c(2 — 20)", 


where certain of the coefficients c, may, of course, be zero. We define the 
residue of f at the point Zo to be the coefficient (a number) c_,. We denote 


it thus: 
¢_, = res(f; 20). 


It is absolutely important to note that we obtain res(f; z9) from the 
Laurent expansion convergent in a punctured disc centered at Zo, that 
is, for all z satisfying a condition of the form 


0 < |z — 2o| < Ro. 


The usefulness of the residue as a property of the function f is 
indicated by the observation that 


res(f; 20) = 0-1 = [re dz, 


where I is any simple closed curve containing Zo as the only singular 
point of f inside it. See Figure 7.1. This follows, of course, from the 
general formula for the coefficients c, in Laurent’s Theorem 2 of Chapter 
6. Thus, if we know the Laurent series of f about Zp (or, at least, the 
coefficient c_, of this series), and if Zp is the only singularity of f enclosed 
by T, then we may immediately evaluate 


i f(z) dz = 2nic_, = 2ni res(f; Zo). 
r 


Figure 7.1 


f analytic in 0<|z—~|<R: 
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Let us extend this idea in a standard way. Suppose we wish to 
evaluate Jf; f(z) dz, where the points 2;,..., Z, are precisely the singu- 
larities of f inside I. Then we note that 


i fe) de = 
= 


TN 


fade +--+ [i fle) dz, 


whereI,,..., Py, are simple closed curves and I’, has only one singularity 
of fin its interior, namely, z,. See Figure 7.2 in the case m = 3. This last 
equality is true, you will recall, because the integral of an analytic 
function around the full boundary of a Jordan domain is zero. 


Shaded area is 
a 4-connected 

Jordan domain 
with boundary 
T—T,—T,—T; 


Sp = Sp, + Sn, + Sry 


Figure 7.2 


Hence we have arrived at the following result: 


RESIDUE THEOREM 


Let f(z) be analytic in a domain Q except for isolated singularities 
Z1,+++5 2m in Q. Let T be a positively oriented simple closed curve in 
Q which has 21, ...,2,_ in its interior. Then the line integral of f around 
T is given by 


I f(z) dz = 2ni z res(f; z). 
r k=1 


In brief, the integral is 27i times the sum of the residues. 

It now becomes important to locate the singular points of a function 
and then to calculate the residues at these points. This latter is done, of 
course, if we know the full Laurent series at the point, but often it is 
simpler to compute only the residue c_, and not the full series. More on 
this soon, 
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An Illustration of the Residue Theorem 


We calculate the familiar integral J; (dz/z), where I is any simple 
closed curve about the origin. Thus, f(z) = 1/z, which has a pole at 
Zo = 0.Since f(z) is already given as a Laurent series, we see immediately 
that res(f; 0) = 1. The Residue Theorem now tells us that 

ae = 2Qni. 
rz 

You may recall that we computed this earlier in the case I was the 
unit circle |z| = 1 by making the substitution z = e" and integrating 
with respect to 0. We will meet this integral again. 


Another Example: Two Singularities 


We compute 
Le : ) : 
ele 1l=2 


where IT is any positively oriented loop enclosing the singularities 
Z = 0, 2; = 1. See Figure 7.3. 


Figure 7.3 


First we obtain the residues at z) and z,. To obtain res(f; 29) where 
fis the integrand, we expand / in powers of z; thus, 


forse a heat pet pon 
2. Laz 8 


It follows that res(f; 0) = 1. 
To compute res(f; 1), we note that 
=<} 1 —1 


= - _ — ie yes 
=) Gea pr ete (z-D+e@e-D) P 


f@) = 
z 


whence res(f; 1) = —1. 
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The desired integral is, by the Residue Theorem, 


i ¢ + | dz = 2ni(l + (-1)) = 0. 
ri i-<2 

Thus, even if f is not analytic at all points of the interior of I, its integral 
around I may vanish in some cases. 


The Residue Theorem vs. the Cauchy Formula 


It should in fairness be noted that the preceding examples can be 
dealt with in the language of Cauchy’s Theorem and Formula without 
mention of residues. The exercises to Section 4.3, in which integrals of 
functions with singularities were computed using Cauchy’s Formula, 
underscored this fact. The point is, of course, that Cauchy’s Formula (for 
f(2o)) is a special case of the Residue Theorem (for the function f(z)/(z — 
2o)), and this special case is adequate for many practical computations. 

Note in the examples below that the integrands look like integrals 
of Cauchy type, with denominators involving z — 29. This is the key. 


Example 1 (same as above) 
We have 


G+ 4 de = [ a+ Liaw 
ip ke Lz rz rl-2z2 


- [te [he 
To 2 r,z—-1 


= 2ni — Qri 
=0 


where Ig, lr’, are small circles around z 9 = 0, z; = 1, respectively. 


Example 2 


é é ed, 
= 22-1) os 4 22 — 1) aka {i 2@—1) 


where Ip, I’, are circles as in Example 1. But 


i ai (Se 
Tr 


By the Cauchy Formula for a derivative, we observe that 


1 e .@ e 
Loia)*"*255) 
5, 5p POD) 
= Qni @-p —p 
= —4ni. 


= 2zei, 
z=1 


o=0 


z9=0 
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Thus, we conclude that 


Ca 
—+——~ dz = 2nei — Ani = 2ni(e — 2). 
fs. 2(z — 1) 


Example 3 
Compute 


I cot zdz = J S = dz. 
jal=1 |s}=1 sin z 


Well, the only singularity of the integrand is at z = 0, because 
sin z = zg(z) with g(0) = 1 (from the Taylor series). This gives us an 
integral of Cauchy type, namely, 


if ee | 2 (ae) @ 
jsj=1 Sin 2 jei=1 2 \8@) 


= ani (888 3) 
= (me z9=0 


= 2ni. 


Summary 


For theoretical purposes, as well as for certain knotty integrals 
(see the Appendix to this Chapter), the language of residues is in- 
dispensable and universally accepted. However, certain complex inte- 
grals, generally involving (z — 29)* in the denominator of the integrand 
may be handled, using the Cauchy Integral Formula, without mention 
of residues. 


Exercises to Paragraph 7.1.1 


1, Compute the following integrals around the positively oriented unit circle 

C(0; 1), applying theorems wherever possible. 

(@) fc ese z dz. 

() fc z ese z dz. 

(©) Jc (tan 2/z) dz. 

@) fc G/ate* + 4) dz. 

(e) Je G/z* — (1/4) dz. 

(f) Jo e-* dz 

You may have to read Paragraph 7.1.2 in order to compute certain residues 
here, 

2, Suppose f(z) = (2 — 1)-? + 5(z — 1)-' — 4 + &z— 1) +--- and that f has 
no singularities in the plane except z) = 1. Compute J, f(z) dz, where I is the 
positively oriented circle |z — 1| = 1. 

3. A naive approach to the Residue Theorem. Given that f(z) = c_,2~* + ++* + 
e_1z-' + eg + xz + -+-, compute f, f(2) dz (where I is a sufficiently small, 
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Positively oriented circle about the origin) by integrating the series term-by- 
term. Observe that the integral of each term vanishes, with one exception. 
Was this our method of proving the Residue Theorem? 

4, True or false? Here T is a simple closed curve, f(z) is analytic on I. 
(a) If fr f(@) dz ¥ 0, then f is not analytic at all points on and inside I. 
(b) If fy f(2) dz = 0, then f is analytic at all points inside r. 
(c) Iff is analytic inside I except at zo, and (z — 2o)f(z) is analytic everywhere 
inside I, then fy f(2) dz # 0. 
(d) It is necessary to perform integration to compute every Laurent series. 
(e) The Cauchy Integral Formula is a special case of the Residue Theorem. 

5. Which of the integrals worked out in the text above can you compute using 
only anti-differentiation? This should help you appreciate the theory we have 
developed. 


7.1.2 How are Residues Computed? 


We illustrate some methods by examples. 


First Method: Use the Laurent Expansion 
Suppose that f(z) = e/*. Then we know that 


1 1 
f@=1+-+im 


tees, 
so that res(f; 0) = the coefficient of 1/z = 1. Of course zy = 0 is the 
only isolated singularity of e*/7 in C. 

Here is another example. Let g(z) = sin(1/z*). This has an isolated 
singularity at Zz) = 0 only. The Laurent series centered at the origin is 
obtained from the familiar Taylor series 


Pa 


i gee as ip he as 
ante t= ot 
by replacing t with 1/2”; thus, 
a Ok 1 1 1 
a) = sin> = - 


a ae. Seen 
2 zg Bie* Bie? 


We see immediately that res(g; 0) = c_, = 0. Thus, you can now verify 
the integrations 


[evae- 2xi, sin (Z) @ =0. 
r r ad 


where I is any simple closed curve about the origin. These were quite 
beyond our means before we reached the Residue Theorem. 
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Second Method: Simple Poles 


A pole 2p of f is said to be simple if its order is 1, that is, if f may be 
expressed as 


f@ = 


5 Co + ex(2 — 2) +° 


The basic example of this is, of course, zo = 0 for f(z) = 1/z. We obtain 
the residue at a simple pole by noticing that 


rea(f; Zo) = ¢-1 = lim (2 — 2o)f(2). 
55 
For example, let us examine the rational function 
@- e+) 
f® = He = HF 


This has a simple pole at 29 = 0 and a pole of order 4 at the point z = 2. 
Rather than expand f(z) in Laurent series, we use the paragraph above to 
deduce 


@- e+) 
( — 2% Hee (i 
Note that the factor z was first canceled from the denominator. 
The Residue Theorem then gives 


@-PE+D)y _ ani (5) - - 


res(f; 0) = 


r 2 — 2)* 16 
where I is the unit circle, say (and hence I does not enclose the pole 
z = 2.as well as the origin). 

An Extension to Double Poles 
Suppose f has a double pole (pole of order 2) at Zo; that is, 


c_ 
f@) = ees ae roe + Co + ex(@ — 20) ++", 


with c_, # 0. Hence, 
(2 — 2o)*f(z) = c_2 + c_3(z — 20) + Cole — Zo)? + 
and so we get c_, by differentiating: 
res(f; 2) = ¢-1 = Tat ( — 20)°f(2))'. 
This is our formula. 
For example, let our function be 


z+1 
zz — iP” 


f@) = 
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This has a simple pole at the origin and a double pole at z) = i. Now 
(z — i? f(z) = (2 + D/z = 1 + (i/z). The first derivative of this function 
is —1/z?, whence 


res(f; i) = lim (3) =l 


zi \ 2? 


We leave it to you to compute the residue of fat the origin and hence 


the integral 
z+1 
[. az — iP oe 


for various closed curves I’. 


Exercises to Paragraph 7.1.2 


1. Compute all residues inside the unit circle of each of the integrands in Exercise 
1 to Paragraph 7.1.1. Compute the integrals now if you could not do it earlier, 
2. Suppose that g is analytic at zo and define f(z) = g(z)/(z — 20). 
(a) What is the nature of the singularity of f at 20? 
(b) What is res(f; 29) in terms of g? 
(c) Compute fc f(z) dz, where C is a positively oriented circle about zo con- 
taining no other singularities of f. 
(d) What famous theorem is this? 
3. (a) Locate all singularities of f(z) = (2* + 227 + z)~' and compute the res- 
idues at these singularities. 
(b) Compute f},;-2 (2* + 227 + 2)~‘ dz (the path of integration is the pos- 
itively oriented circle C(O; 2)). 
4, Same as Exercise 3 for f(z) = (3 + iz*)/z°. 
5, Suppose f(z) has a simple zero at 2p so that 1/f(z) has a simple pole there. Prove 
res(1/f; 20) = 1f'(20)- 
6. (a) Prove that the zeros of sin z occur at the points z = kx, k = 0, +1, +2,... 
and, moreover, all are simple. We have seen this already. 
(b) Prove res(1/sin z; kx) = (—1)*, using Exercise 5. 
(c) Compute the integrals fccyn;1) csc z dz, k = 0, +1,.... 
7. Compute fy (z + 1)2~-"(z — i)~? dz in these cases (see text): 
(a) [ = CQ; 1/2). 
b) T = CG; 1/2). 
(c) T = CO; 2). 


Section 7.2 THE ARGUMENT PRINCIPLE 


7.2.0 Introduction 


This section contains some surprises. Here is the situation we will 
be considering: 2 is a plane domain as usual, and T is a piecewise-smooth 
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positively oriented simple closed curve inside Q having the property 
that every point inside I is a point of Q. This is certainly the case if Q 
is “simply connected,” that is, has no holes or punctures whatever. The 
function f is analytic in Q except perhaps for a finite number of poles. 
However, f has no zeros and no poles on the curve I. 

We will consider these three numbers: 


(i) the integral 
Lif ¥Q) 5... 
ani J, fee) 


Gi) the difference between the number of zeros and the number of 
poles of f inside the curve T; 

Gii) the number of times the image curve f(T) wraps around the 
origin in the w-plane. 


See Figure 7.4. 


f has a double zero f(T) wraps twice about the origin 


Figure 7.4 


It is clear that the last two numbers are integers. We will show that 
all three numbers are equal! This is the Argument Principle. To deal 
with (iii), we must introduce the notion of “winding number” of a curve 
about a point. But let us begin by relating (i) and (ii). 


7.2.1 Counting Zeros and Poles; No(T!) AND W.(T) 


As mentioned in Paragraph 7.2.0, f is analytic at all points on and 
inside the closed curve I except for a finite number of poles inside I. 
We require also that f have no zeros on I itself. We introduce the 
notation 

N,(0) = number of zeros (properly counted) of f inside T, 


N..() = number of poles (properly counted) of f inside I. 
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Here “properly counted” means that a simple zero is counted once, a 
double zero twice, a zero of order k is counted k times, and likewise for 
poles. We always use this convention when speaking of the number of 
zeros, poles, roots, and so on. 
For example, if 
e-y 
2t(z — 2)° 


and I is the unit circle about the origin, then N(I) = 3, N.(0) = 4. 

Note that because f is not identically zero (since f(z) # 0 on I), its 
zeros are isolated. This implies that N (I) is finite (why?). You may 
argue similarly for N.,(I). 

The integrand f’(z)/f(z) is the logarithmic derivative of f. It is the 
derivative of log f(z), where the latter is defined. 

The first half of the Argument Principle follows. 


f@®= 


LEMMA 1 


Let T be a piecewise-smooth positively oriented simple closed curve 
and suppose f is analytic on and inside I, except for a finite number 
of poles inside T, but with no poles or zeros on the curve T itself. 
Then 


-_ifre© 
ani J, fle) 


Note: If fis analytic everywhere, then the integral gives the number 
of zeros exactly, since then N,,(T) = 0. 


No) — Natl) 


Proof: By the Residue Theorem, the right-hand side is equal to the 
sum of the residues of the integrand f’(z)/f(z) inside I’. We must obtain 
these residues. To do this, note first that the integrand has singularities 
(possibly removable) precisely where f has zeros or poles. 

Let us compute a residue of f’(z)/f(z) at a zero Z of f. We may write, 
thanks to our usual factorization, 


f@) = & — 20)'fil2) 
f'@) = hie — zo)'"fi@) + (2 — 20)'f's(2), 
where h is a positive integer and /;(zo) # 0. Thus, the integrand is 


f@__h £'s@) 


fe) z-2 fi)” 


Since f,(z) is analytic and nonzero in some open set about Zp, we conclude 
that the residue of f’(z)/f(z) at the zero zp of the original function f is 
just the order h of this zero. If we add up the residues obtained at each 
zero of f inside T, we clearly get the total number of zeros (properly 
counted) of f inside T. This gives N(T). 
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On the other hand, suppose f has a pole of order k at some point z; 
inside I. Then we have, as before, 
f@ = @-a)"A®@, 
f'@) = —he — 2)" 4A@ + @- arf), 
with f,(z,) finite and different from zero. Thus we have 
f@ __-k rs fs) 
fe) 2-2 fe)’ 
whence the residue of f’(z)/f(z) at z, is —k. Thus, the sum of the residues 
at poles of fis —N,,(T). 
Since all singularities of f(z)/f(z) have been accounted for, the 


Residue Theorem assures us that the line integral equals No([) — N..(T) 
as claimed, Done. 


An Example 
Let f(z) = 27, and let I be the unit circle. We see that f(z2)/f(z) = 


22/z? = 2/z, so that 
1(f@_2pa_, 
Qi Je fF) ani Jp 2 . 
This is just what Lemma 1 predicts, since f(z) clearly has‘a double zero 


inside T and no poles anywhere. 
It is worth noting how often we have used the explicit computation 
Apa, 


Qni Jr z 


which we worked out with our bare hands in Chapter 4 long ago. 


Exercises to Paragraph 7.2.1 


1. Suppose f(z) is analytic in the plane except for poles at z = 1 + i, i/2, 0 of 
orders 3, 2, 1, respectively. Suppose also that f has zeros at z = 5i and z = 1/2 
of orders 7 and 1, respectively. Evaluate 


1 f@ 
ani J, fle) 


in the following cases: 
(a) T is the unit circle with its standard positive parametrization. 
(b) T = C(O; 2) with a standard simple positive parametrization. 
2. We verify Lemma 1 in the special case f(z) = 2, where k is any integer. Let 
C be the positively oriented unit circle. 
(a) By observation, No(C) — N.(C) = k. 
(b) Calculate (27i)-! fc (f(2)/f(2)) dz directly and obtain the same value k. 
(c) Check that the computation in (b), in a more general version, of course, 
is at the heart of the proof of Lemma 1, 
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3. Compute f),)=1 cot z dz, first by using residues and then by observing that 
cot z = f(z)/f(z) in the case that f(z) = sin z, and then applying Lemma 1. 
Which method is simpler? 

4. Likewise for fj.)-1 tan z dz. 

6. Suppose (standard situation) that fis analytic on and inside the Jordan curve 
T except for a finite number of poles inside Ir’, and that f has no zeros or poles 
on T itself. Let {z,} be the zeros (of orders hy > 0) inside I, and let {f,,} be the 
poles (of orders k,, > 0) inside I. Prove, by imitating the proof of Lemma 1, the 
formula 

1f#®@ 
Oni J, fe) 


6. Generalize Exercise 5. If g is analytic on and inside I, and f, z,, (, are as in 
Exercise 5, then 


de = 3 hits — B hale 


2 vod beg Oy BEF ® a, = E haste) — F hate 


Qni f@) 
7. To what does the preceding formula reduce when f(z) = z — Zo? 


7.2.2 The Winding Number 


Given a closed curve and point zp not on the curve, we want to 
define a number n(I; 29) which tells us how many times the curve T 
winds around the point 29. Thus, if T is the unit circle with its usual 
positive (counterclockwise) orientation, we expect n(I'; 29) = 0 or 1, 
according as Zp is outside or inside the circle I’. If T is more complicated, 
as in Figure 7.5, then the winding number may be larger or smaller 
(even negative for negative orientation) and may be different for different 
points inside I. 

How shall we define the winding number n(I; 29)? We cannot rely on 
pictures for our definition, and we realize the desirability of an analytic * 
definition, that is, one involving derivatives or integrals, the stuff of 
calculus. Of course any analytic definition should agree with our 
geometric intuition. 

Our definition of winding number is motivated by the well-known 
fact that if I is a simple closed positively oriented loop such as a circle, 
then the integral 

1 dz 


2ni Jr z — 2 


equals 0 or 1, according as the point 2p is outside or inside the loop I. 
Thus, this integral gives the “correct”’ n(I; 29) in the case of a simple 
(nonself-intersecting) closed curve. It is a happy fact that even more is 
true. 

The following lemma will enable us to define an integer n(I; Zo) for 
an arbitrary closed curve I’, even if the curve crosses itself or is not 
positively oriented. 
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r r Tr 
C+), 6S) ©» 
a“ 


n(T; 2%) =1 n(l;a)=—1 n(T; 2») =2 
n(T; 2:)=0 n(T; 21) =0 n(T3 a4) =1 


n(T;z0)=0 (note!) n(l;a)=1 
n(T; 2) =2 nT; 2)=—1 


Winding numbers 


Figure 7.5 


LEMMA 2 
Let T be a piecewise-smooth closed curve that does not pass through 
the point Zo. Then the integral 

1 


2ni Jr 2 — 2 


is an integer. 


Proof: Let T be parametrized by y: [a, 6] > I, a piecewise-smooth 
complex-valued function of a real variable. Thus, for z on T we have 
z= y(t) and dz = »’(t) dt. Define 
* y@ dt 
a Wt) — Zo 
and note that 9(b) is 27i times the value of the integral in the statement 
of the lemma. We will compute 9(b). 

Since 9(r) is an integral, it is continuous for a < t < b. Moreover, 
the Fundamental Theorem of Calculus (applied to the real and imaginary 
parts of the integrand separately) assures us that 


Y@ 
Wt) — Zo 


at all points where the integrand is continuous, that is, where ’(r) is 
continuous. 


eo) = 


9'@) = 
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We will apply this to the auxiliary function 
D(t) = (y(t) — zoe" ™, 
Note that ®(¢) is continuous for a < ¢ < 6 and, as a direct computation 
shows, ®’(¢) = 0 at all points where this derivative exists, that is, at all 
but a finite number of points in the interval [a, b]. We conclude that 
®(£) is actually constant, whence 
Dt) = (a) = (ya) — zoe“ * = (a) — 2, 

since g(a) = 0. This proves that 


ont) wt) — Zo 


ya) — 20° 
whence, in particular, 
(6) — Zo 
er) = 0, 
a) — Zo 


But since T is a closed curve, »(b) = (a), so that e% = 1, 
Finally, we know that the exponential function satisfies e* = 1 
only if z is an integer multiple of 2zi. This proves the lemma. 


It is worth noting that the integrand 1/(2 — zo) in Lemma 2 is the 
derivative of log(z — 2,). However, the logarithm is often rather difficult 
to handle, whereas 1/(z — 29) is nicely behaved except at z = Zp. Recall 
that 

log(z — 29) = log|z — zo| + i arg(z — 20), 


and this is “many-valued” precisely because the angle arg(z — Zo) is 
defined only up to an integer multiple of 2x. By restricting ourselves to a 
closed curve I and integrating the derivative of log(z — zo), we come up 
with an integer that is valuable geometrically, keeping count as it does 
of the number of times that the curve T has wound around the point zg. 

Motivated by Lemma 2, we define the winding number of the piece- 
wise-smooth closed curve I’, with respect to the point zp not on I, to be 
the integer 


nT; Zo) = ES _—— 
2ni Jp Z— Zo 
Some authors call n(T; zo) the index of I with respect to Zp. 

Let’s discuss n(I'; 29) as a function (integer-valued!) of the moving 
point 29. It is defined for all 2) in C — I, the points of the complex 
plane not on the curve. The set C — I obtained by removing I from the 
z-plane is an open set (why?), but it is not connected; it breaks up into 
“pieces” or “components,” each of which is open and disjoint from the 
other pieces. C — T has one large unbounded “outside” component and 
one or more bounded “inside” components. If I is simple (a circle, say), 
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then there is one outside and exactly one inside component. A “figure- 
eight” has two inside components, and so on. 

What is n(T; Zo) in the case that the point Zo is outside the curve '? 
Our geometric intuition tells us that it is zero. We verify that n([; zp) = 0 
in this case by actually computing the integral of 1/(¢ — zo) around T, 
keeping the Cauchy Integral Theorem in mind. You should convince 
yourself of this. 

Here is a somewhat more subtle question. What happens if we vary 
the point 2p slightly in the formula 


nT; 2) = a — ? 


2ni Jr z — 2 
Of course we do not allow Zp to cross the curve I. 

We agree that if zo is very close to z,, then n(T; Zp) is very close to 
n(T'; 2,) because there is only a slight change in the integrand. However, 
since the integral formula has the remarkable property that it is always 
an integer, and since the distance between distinct integers is not small 
(it is =>1), we conclude that n(I; 29) actually equals n(I; z,). From the 
geometric point of view, of course this is reasonable; all nearby points 
should have the same winding number with respect to a given curve. 
See Figure 7.6. 


Figure 7.6 


n=winding number 


Let us cast these observations into a lemma. There are some 
interesting details to be checked. 


Lemma 3 

If T is a closed curve and 2o, 2, are points in the same component of 
C — I, then they have the same winding number, n(V; 29) = n(T; 21). 
Moreover, if zo is outside T, then n(T; Zo) = 0. 


Now that the winding number is a well-defined concept, we may 
return to our main business, the Argument Principle. 
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Exercises to Paragraph 7.2.2 


1. Sketch closed curves T with the following winding properties, Note that it is 
necessary to indicate the direction of parametrization, for this affects the sign 
of the winding number. 

(a) All points z inside T satisfy n(I; z) = 1. 

(b) All points z inside I satisfy n(T; z) = —1. 

(c) T encloses various points with winding numbers 1, 2, 3. 

(d) Some points enclosed by have winding number 1, the others have winding 
number —1. 

(e) All points enclosed by fr have winding number 4. 

2. Let P denote the following back-and-forth parametrization of the unit circle 
|z| = 1: The point z(¢) traverses the circle once in a counterclockwise direction 
from the point (1, 0), and then it reverses direction and backtracks around the 
circle in a clockwise sense, returning to the starting point (1, 0). Argue with- 
out computing that if |zo| < 1, then n(F; 20) = 0. 

To compute n(I; Zo) explicitly, using the integral formula, it is necessary, 
of course, to write down the parametrization z(t) described above as an explicit 
function of t. 

3. Let A) = e* for 0 < ¢t < 2z. 

(a) Observe that #: [0, 2x] + C parametrizes a path that traverses the unit 
circle C three times in the counterclockwise direction. We comment that e* 
is sometimes a more useful form than cos 3 + i sin 3¢ or (cos 3¢, sin 3é). 

(b) Calculate directly that 


l(a, 
2ni Jp z 
where f is the parametrization in (a). This is, of course, the integral formula for 
n(I; 0). Compare with (a). 
(c) Reverse the sense of the parametrization by altering A(¢) slightly and then 
verify that the winding number integral yields —3 for the clockwise path —T. 
4, Simply connected domains revisited. We called a plane domain 2 “simply 
connected” if it had no holes or punctures. We did not define “hole,”’ however. 
(a) Meditate on the following: The domain © is simply connected if and only 
if (whenever I is a simple closed curve contained in 9 and zis a point of the 
complement C — 9) n(I; z) = 0. Thus, I encloses only points of Q. 
(b) Prove, using (a), that the plane C and the disc |z| < 1 are simply con- 
nected. 
(c) Prove that every annulus 0 < R, < |z| < Rz < © is multiply connected 
(= not simply connected), 
5. The proof of Lemma 3. Prove that the winding number n(T; z) is constant on 
components of C — T, as follows: 
(a) The components of © — I are domains. 
(b) The set ¥, = {eC — [| n(I; z) = k} is open for each integer k. 
(c) Every point of C — I is in precisely one of the sets Y;. 
(d) Use the connectedness of each component to argue that only one of the 
sets Y, can have a nonempty intersection with that component. By (c), there- 
fore, the set Y, contains the component. The lemma follows. 
The style of connectedness argument in (d) appeared also in Section 1.2, 
and in the final result of Chapter 5. 


Sec, 7.2 The Argument Principle 277 


6. Let ’ be a simple closed curve in C. True or false? 
(a) The point z eC — Tis enclosed by I (inside I) if and only if n(P; 2) # 0. 
(b) The point z¢C — I is enclosed by I if and only if the connected com- 
ponent of C — I that contains z is bounded. 
(©) IfzeC — Lis enclosed by I, then n(I'; 2) = +1. Note: The Jordan Curve 
Theorem (Chapter 1) is implicit here. 

7. Convince yourself that the existence of the winding number does not im- 
mediately yield a proof of the Jordan Curve Theorem of Chapter 1; the theorem 
lies deeper. 


7.2.3 The Complete Statement 


Here is the question. If I is a nice closed loop in the z-plane and 
w = f(2) is an analytic function, what does the image f(I) look like? 

Let’s make this precise. Let I be a simple.closed curve in the z-plane. 
If I is contained in the domain of an analytic function w = f(z) which is 
not identically constant, then the image set 


f@) = ff@|zeT} 


is a curve in the w-plane. In fact, if I is parametrized by the mapping 
z= ¢t), y: [e, 6b] + T, then f(1) is given by w = f(7(2)), the composition 
of f and y. 

To be technically precise, we should require also that f(z) # 0 for 
zon the curve I. See Figure 7.7. This is required because 


@ the velocity vector to the curve w = f(t)) is given by 
f’()y’®, a complex number interpreted as a vector (this is 
the Chain Rule, of course); 

Gi) in our official definition of a parametrized curve, the tangent 
vector is required to be nonzero at all points. 


On the other hand, we know that f(z) = 0 only at isolated points 
(since f’ is analytic), so nothing very much can go wrong (we might have 
a finite number of zero tangents) and none of our theorems about curves 
is endangered. 


f 
“(T) 


it 


Figure 7.7 
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So we see that f(T) is a curve in the w-plane. Suppose also that wo 
is some point in the w-plane but not on the curve f(T). We ask: “How 
many times does f(T) wrap around the point wo?” Thus we want 
n(f(T); wo). 

Applying the definition of winding number to the curve f(T), we 
obtain immediately 


n(f(r); we) = 2 J = 
SC 


Ini Jory) W — Wo’ 


where w is the variable on the curve f(I). But since w = f(z), dw = 
f'(@) dz, the preceding expression becomes 


nf); we) = 2, [ L@ae 


2ni Jr f(2) — Wo 


where now the variable z of integration is on the original curve I. 

What of this new integral? Actually, it is quite familiar. Notice that 
the integrand is the logarithmic derivative of the function f(z) — wo. 
This is because w, is a constant, whence (f(z) — wo)’ = f(z). 

Lemma 1 tells us that this integral is therefore equal to the number 
of zeros of f(z) — wo minus the number of poles of f(z) — wp» occurring in 
the interior of the loop I (positively oriented). But f(z) — wo = Oif and 
only if f(z) = wo, and f(z) — wo has a pole at some point z if and only if 
f(2) has a pole there also. Let us write N,,,(I) for the number of points z 
in the interior of I such that f(z) = wo. We have proved the very useful 


ARGUMENT PRINCIPLE 


Let I be a piecewise-smooth positively oriented simple closed curve in 
the z-plane, and let f be analytic and nonconstant on a domain con- 
taining T and its interior, except perhaps for a finite number of poles 
strictly inside Y, Let wa be a point of the w-plane not on the curve f(T). 
Then we have 


= n(f(T); wo). 


Qni 


No{T) ~ Nott) =; f Fede 
rf@) — Wo 


Thus, in the special case that f is analytic at all points inside the 
loop I (no poles!), we conclude that the curve f(I) wraps around the 
point wo as many times as there are points z (properly counted) inside 
with f(z) = wo, This is yet another example of the behavior of f on the 
boundary (here I) determining behavior in the interior. 

The name “Argument Principle” derives from the fact that 2x times 
the winding number about the origin, say, is the cumulative change in 
argument (angle) of a moving point completely traversing a closed curve 
about the origin. 
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Some Illustrations of the Argument Principle 


1. Let I be the usual unit circle and f(z) = z*, where k is some 
positive integer. Let w) = 0. Without integrating anything, we see that 
for the function f, 


No) =k Na(T) = 0. 


This is because the origin 2) = 0 is a k-fold root of z* = 0 and because 
z* has no poles. Now consider the winding number. As z traverses the 
unit circle once, w = z* traverses the unit circle in the w-plane exactly 
k times (a net change in argument of 27k), and hence winds about the 
origin wo = 0the same number of times. In agreement with the Argument 
Principle, we have two interpretations of k: 


No(T) = & = n(f 7); 0). 


2. Let f(z) = 1/z, P = the unit circle again. Let wo = 0. Clearly, 
N,(T) = 0, N..(0) = 1. By the Argument Principle, we must conclude 
that 

nf); 0) =0-1=-1L 


The geometric meaning of the minus sign here is that as z traverses the 
unit circle once in the counterclockwise sense, the point w = f(z) = 
1/z = 2 traverses the unit circle |w| = 1 once in the clockwise sense. 
Draw a picture! The unit disc |z| < 1 has been turned inside-out by the 
mapping w = f(z) = 1/2, for now |1/z| = 1. 


Exercises to Paragraph 7.2.3 


1. Suppose f is analytic in a domain 9 that contains a disc D and the circle 
C = éD with the standard parametrization. 
(a) If the image curve f(C) in the w-plane is a simple (nonself-intersecting) 
positively oriented loop and if w is any point inside f(C), what is n(f(C); w)? 
(What does “simple” mean?) 
(b) With f(C) and w as in (a), how many (if any) points z in the disc D satisfy 
f(@) = w? 
(c) This time suppose there are distinct points z;, 22, z3 in D, each of which 
is a simple (order 1) zero of f, How many times does the parametrized curye 
{(C) wind about the origin in the w-plane if f has no other zeros in D? 

2. (a) Describe the image, under the mapping w = f(z) = z?, of the unit circle C 
with its standard parametrization 2(t) = e“, 0 < t < 2z. Sketch. 
(b) What is n(f(C); 0) in this case? 
(c) Clearly, f(z) = 0 implies z = 0. Doesn’t the Argument Principle guarantee 
two solutions z? Explain. 

3. Suppose that fis analytic in a domain © containing the set 0 < |z| < r, and 
that f has a pole at z = 0. 
(a) Given that the origin is a simple pole and that f(z) # 0 for |z| < r, what 
is n(f(C); w) if w is a point inside the image curve f(C) and C is the circle 
2(t) = re,0 <t < 2n? 
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(b) Argue that the image curve f(C), which is given by w(t) = f(re"), is a simple 
closed loop oriented negatively. 
(c) Suppose the mapping w = f(z) is one-to-one in the set 0 < |z| < r. Prove 
that every point z of this set is mapped to a point f(z) exterior to the curve 
f(C); that is, n(f(C); f(2)) = 0. Thus, the mapping turns a neighborhood of the 
pole “inside-out.” 
(d) Prove that the point w = 0 is enclosed by the image curve /(C). 
(e) The converse of (c). Prove that if w is a point not enclosed by the curve 
F(C), then w € f(D). 

Note: It might be helpful to visualize the mapping properties of f(z) = 1/z 
near the origin z = 0. 

4, Let f be analytic in a domain that contains a simple closed curve F and the 
domain of all points inside f. Suppose w,, w2 are points that lie in the same 
component of the complement of the image curve (a loop) f(I). Argue that the 
two equations f(z) = w,, f(z) = wz have the same number of solutions z 
(properly counted) lying inside I. 

5. One-to-oneness. Let f be analytic in a domain Q that contains a disc D and its 
circular boundary C. Prove that f gives a one-to-one mapping of the disc D if 
and only if it gives a one-to-one mapping of the circle C. Hint: See Exercise 1. 

Note that we do not deduce f one-to-one on the full domain 9, The result 
here is fundamental in Chapter 8. 

6. Give an example of an analytic function which maps the unit circle |z| = 1 
onto the unit circle |w| = 1 in a 17-to-1 manner; that is, seventeen points z, 
properly counted, are mapped to each point w. 

7. Call your example from Exercise 6 w = f(z). Let 2(@) = e" parametrize the 
circle |z| = 1 as usual (0 < @ < 2z). 

(a) As @ increases from @ = 0 to @ = 22, how many times does the point 
w(6) = f(z(0)) traverse the circle |w| = 1? 

(b) Check that, if your example f(z) is analytic throughout the open disc 
lz| < 1 (atleast), then the point w(@) traverses the circle |w| = 1in the counter- 
clockwise (positive) direction as 9 increases from @ = 0 to @ = 2z. Thus, your 
function preserves the orientation of circles from the z-plane to the w-plane. 

8. If you did not do this in Exercise 6, give a function w = g(z) which maps 
|z| = 1 onto |w| = 1 in a 17-to-l manner and which reverses orientation. (By 
Exercise 7(b), g(z) must have a singularity inside |z| < 1.) 


Appendix: REAL INTEGRALS EVALUATED BY 
RESIDUES 


We will show here how the Residue Theorem may be used to evaluate 
some types of real integral, This discussion will not be applied elsewhere 
in this book, Nor does it involve the Argument Principle. 

Roughly, the method is this: To calculate the real value 


b 
72 i fx) dx, 
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@) relate the integral I to a well-chosen complex line integral; 
Gi) evaluate the complex integral by means of the Residue Theorem; 
(iii) extract the value of I from the complex value found in (ii), 


Examples will clarify this outline. We discuss three types. 


First Type: Integrating from —0 to 0 
We define 
12 R 
f f(x) dx = lim \ f(x) de, 
hy R+0 J_pe 


provided the limit exists. Caution: This definition, sometimes called the 
principle value of the integral, is not so restrictive as 


lim fe) dx, 
FP ea 


where the limits may be taken independently and yet are required to 
yield the same value. In our definition (principal value), every odd 
function (such as x° or arctan x) clearly has zero integral over the entire 
x-axis. On the other hand, an asymmetric limit such as 


2 
lim xdx = lim (0) 
Avo Jy Az 

clearly does not converge to a finite value. Nonetheless, our definition of 
the integral does serve to illustrate the method of residues and, of course, 
gives the same value as the stronger integral when the latter exists. 

Here is the key to evaluating the principal value of certain integrals 
over the entire x-axis. 


LEMMA 
Let f(z) be defined and analytic in a domain containing the closed 
upper half-plane y = 0 except for a finite number of poles in the open 
upper half-plane y > 0. Suppose further that f(z) vanishes so rapidly 
at infinity that 

lim 2f(z) =0 


lzl+a@ 


uniformly for z in the closed upper half-plane. Then 


f(x) dx = 2zi (sum of residues of f at poles in upper half-plane). 


Proof: We denote by C*+(0; R) that part of the circle that lies in the 
upper half-plane. See Figure 7.8. Thus, for z2 = x + iy, 


Ct; R) = {ee C| |z| = R,y = 0}. 
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poles of f(z) 


Figure 7,8 cto; R) 


Now we observe that 


R 
I fx) dx + [ fie) dz 
-R 'C+(O;R) 


is equal to 2zi times the sum of the residues of f inside the half-disc 
bounded by the segment [—R, R] and the semicircle C*(0; R) (why?). 

If R is large enough, all the poles of f with y > 0 will be contained 
inside this half-disc. In this case we know that 


R 
lim f(x) dx + lim f@) dz 
R-@ J_R Rom Jo+(osR) 

equals 2zi times the sum of the residues at all poles of f(z) in the upper 
half-plane. Since the first term of this sum is the integral to be evaluated, 
it suffices to prove that the second limit is zero. This is the key observa- 
tion. We will, of course, use the hypothesis that f(z) vanishes rapidly for 
|z| large. 

For |z| = R, we have z = Re", dz = iRe'® d0. Thus, 


{ fae = i ” f(Re"\iRe" do, 
C+(O;R) 0 


We now apply a variant of the ML-inequality to show that the right-hand 
integral tends to zero as R > co. The hypothesis on zf(z) assures us that 
for eache > 0, there is a radius R, such thatifR > R,, then |f(Re)R| < 
e. Hence, the integral in @ is bounded in absolute value by ze. Since ¢ 
may be taken arbitrarily small, we conclude that 


lim f(z) dz = 0. 
Ro Jo+(o;:R) 


This proves the lemma. 


Here is an application. We compute the improper integral 


mS nehy. 
eae Oe ae 
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1, We are given 


1+ 27° 


2. We verify that 2f(z) > 0 as |z| > ©. This is true because 2f(z) 
behaves like 1/z for large |z|. Hence the lemma applies. 

8. f(z) has one pole in the upper half-plane, namely, zp = i. 

4, We calculate res(f; i) = —i/2, as done in Section 7.1. 

5. We conclude immediately from the lemma that 


ey ee 
pk pe 2 : 


6. Happily, we may check this particular integral if we recall from 
calculus that (d/dx) arctan x = 1/(1 + x”). This means that 


fe) = 5 so f(@)= 


eB 3 i R 


as found above in (5) using residues. 


Here is a timely question. To which real functions f(x) does the 
lemma apply? We give a partial answer. 

Let f(x) = A(x)/B(x) be a quotient of polynomials such that B(x) = 0 
has no real roots and also 


degree B(x) = degree A(x) + 2. 
In this case, f(x) is defined for all real x, so we might ask for 


I * Fe) dex. 


Moreover, f(z) = A(z)/B(z) has only a finite number of poles in the 
z-plane and vanishes rapidly as |z|-+ 0, For A(z)/B(z) behaves like 
1/z* with k = 2 when |z| is large, thanks to the hypothesis on degrees. 
Thus, zf(z) behaves like 1/z*-!, which vanishes as |z| gets very large. 
Perhaps the simplest example of this is f(x) = 1/(x? + 1) done above. 


Some Exercises 
You are invited to apply the lemma to verify 


” dx _ 2x PSS eo Qn 
-ot+xt+1 V3’ -» 2-2 ghzgue" 
Here, 2"/3 is the real cube root of 2. Check first that the lemma applies 
in each problem. 
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Second Type: Integrals Involving Exponentials; Jordan’s Lemma 
We wish to deal with improper integrals of the forms 


Ps 20 © 
a(xe"™ dx, i} g(x) cos kx dx, 7 g(x) sin kx dx. 
ae -o -@ 
The method is similar to that used above, but a somewhat different 
lemma is called for. It is this, 


JORDAN’s LEMMA 
Let g(z) be analytic in a domain containing the closed upper half-plane 
y = Oexcept perhaps for a finite number of poles in the open upper half- 
plane y > 0, Suppose further that 
(i) g(z) + 0 uniformly as |z| + © in the closed upper half-plane, 
and 
Gi) k > 0. 
Then 
lim a(z)e* dz = 0, 
R00 JC+(O;R) 


where the integral is taken over the semicircle in the upper half-plane. 
CoROLLARY 


co 
a(x)e"* dx = 2ni (sum of residues of g(z)e"* in upper half-plane). 


-o 


Proof of Jordan’s Lemma: If R is taken large enough, we have 
|g(z)| < e for |z| = R. Now we deal with the exponential. We have 
lexp ikz| = |exp{ikR(cos @ + isin 6)}| = exp{—RR sin 9}, since |exp it| = 1 
for t real. Hence, 


f alee dz 
C+(O;R) 


= | f ” glzjel**Re'® as| 
° 


< e[ eee Rado 
oO 


/2 
= 2Re if eWFRSINO dg. 
0 


We used the symmetry of sin @ about @ = z/2 for the last equality. 

Now let us replace the sin @ in the exponent by something simpler. 
We assert that if 0 < 0 < 7/2, then sin 6/@ = 2/z. You may prove this 
by evaluating sin 4/0 at 9 = 0 and @ = z/2, and considering its first 
derivative on the interval 0 < @ < x/2. Or graph the curve y = sin @ 
and the line y = 26/z and observe sin 0 = 26/n when 0 < @ < 2/2. 
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Since —kR sin 0 < —2kR6@/z, we have now that 


nl 2 
ik a(ze™ dz| < aRe [ e@72kRO/® JQ 
C*(O:R) 0 


=70 — e7 FR) aes 


Thus, our original integral may be bounded by an arbitrarily small 
quantity if R is large enough. Done. 


Now we single out a class of integrals to which Jordan’s Lemma 
applies. Suppose g(x) = A(x)/B(x) is a rational function with real 
coefficients such that the polynomial B(x) has no roots on the x-axis, 
and also the degree of B(x) is >1 + the degree of A(x), Then, as we have 
asserted previously, g(z) = A(z)/B(z) tends to zero uniformly as |2| 
becomes large. Thus, such rational functions g(z) satisfy the conditions 
of Jordan’s Lemma. 

By using the same method as with the first type of integral we 
discussed, we may show readily (thanks to Jordan’s Lemma) that 


g(x)e"* dx = 2ni (sum of residues of g(z)e* in upper half-plane) 
0 

Note that the integrand g(z)e* has poles at the poles of g(z) (why?). 
However, the residues of the integrand may, of course, differ from the 
residues of g(z), thanks to e*, 

Note also that the integrand is a complex-valued function of x. By 
taking real and imaginary parts of both sides of the last equation, we 
may evaluate integrals of the type 


© Ey 
i} g(x) cos kx dx, f g(x) sin kx dx. 
Example 
Here is a typical problem. Compute 
= cos kx 
at Bae (a >0,k > 0). 


1. First we observe that this is twice the integral from x = 0 to 
= © because the integrand is an even function of x. Likewise, if we 
replace cos kx by sin kx in the integrand, the integral will vanish 
(why?). 
2. Of course our integral is the real part of 


oO thx 
e A 
2 2 
ee Pe 
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8. We leave it to you to check that the rational function g(z) = 
(z? + a?)~? satisfies the conditions outlined above, whence our labors 
are reduced to computing the residues of g(z)e' in the upper half-plane. 

4, Since g(z) = 1/(z — ia)(z + ia), the only pole of g(z)e"* satisfying 
y > Ois at z = ia (recall a > 0). 

5. We compute 


res(g(z)e"*;ia) = lim (z — ia)g(z)e™* 


e7ke 
= ait 


6. Thus, the original integral has a real value 


% gikx _ fe-™ é 
= ae = Oni (—-) = - 
Soe fo 2ai a 


7. The desired integral is the real part of this value. We conclude 
that 


° cos kx Tq ka 

2 gee ks 
aaig SEG a 
ee 

sin kx 

5 5 dx =0 
ota’ 


Some Exercises Involving Jordan's Lemma 
Verify for k > 0 that 


© coskeds _ 9. -Vini2 gin (# 
-oe +x4+1 2)? 


© sin kx dx -Va R 


Third Type: Integrals of Trig Functions 
We now consider real integrals of the type 


2x 
l= f (cos 0, sin 6) dd, 
0 

where © is a rational function (with real coefficients) in two variables. 
The method now will be rather different. The integral I can be shown 
equal to a certain complex contour integral around the circle |z| = 1, 
as follows: 

Let z =e! = cos6+ isin @. In this case, Z2 = 1/z = cos 6 — 
isin 0. Now we may solve for sine and cosine, obtaining 


1 1 4, 1 1 
@=— =), @=—(z--). 
cos 3(#*2) sin ot (- 2) 
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Note also that dz = de = ie'® d@, so that 
dz 


iz” 
Making these substitutions yields a line integral around the 
positively oriented unit circle C given by |z| = 1: 


I= t (cos @, sin 6) dd = i (2) dz, 
0 c 


where 9(z) is easily seen to be a rational function in z with complex 
coefficients. But this last integral may be calculated by the Residue 
Theorem (provided 9(z) has no poles on C or—same thing—the original 
integral converged). 


Example 


Here is an application of this method of substitution. We examine 
the integrals (real a, b) 


I - 28 dé 
lo @+bcosd 
1. Note first that if |a| < |b|, then the denominator here has a zero 
for some @ between 0 and 2z. Hence, we require |a| > |b] > 0. There is 


no loss now in assuming a > 0; if not, multiply the integral by —1. 
2. Substitution for cos 6 and dé@ yields an integral in z: 


=) (pe 
b Jcoz? + Qaz/b)+1° 
3. To obtain residues, we must first calculate the roots of the 


denominator in (2). Using the familiar quadratic formula, we obtain the 
roots 


r= 


_ -a + Va? — B? _ -a— Va? — 8? 


a BS 7 
Note that they are real and unequal because a? > b?. 

4, Which of these roots (poles of the integrand) lies inside the unit 
circle |z| = 1? We note z,z, = constant term of the polynomial in the 
denominator = 1, so that |z,z,| = 1. But |z,| # |z2|, so exactly one of 
21, Zz must satisfy |z| < 1. 

Clearly, |z;| < 1 because a > 0 and va? — b? > 0, whence the 
numerator of z,; has smaller absolute value than the numerator of 2. 

5. We may now write the integrand as 


=— =k = 
(2 — ze — 2)" 


92) = 
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The residue at z = z, is obtained in the usual way: 


res(g; z,) = lim (@ — 2;)9(z) = 


242, 21 — 22 
S b 
2Va? — b? 


6. The Residue Theorem now tells us that 


That is, 


An Exercise 
Verify 
a3 dé Qn 
wae 


You may do this in two ways: either by carrying out the method de- 
scribed above or by using the result obtained in the example above; note 
that we got this same value when cos @ appeared in the integrand instead 
of sin 6. Why is this? 


8 


Analytic Functions as 
Conformal Mappings 


Section 8.1 MAPPING BY ANALYTIC FUNCTIONS 
8.1.0 Introduction 


Now we will be considering an analytic function w = f(z) as a 
geometric mapping or transformation of a domain Q in the z-plane into 
a subset of the w-plane. This is a huge subject, one that is highly tech- 
nical. Therefore, let us organize our discussion (most of it, at any rate) 
around two general problems. 

1. Description of the Image. If S is a subset of the z-plane with certain 
properties or a certain structure, and if f is given, does the image set 
f(S)—that is, {f(z) | z © S}—also have these properties? For example, if 
Q. is a domain, is f((Q) a domain? 

2. The Search for Mappings. Given subsets S,, S, of the z- and 
w-planes, respectively, does there exist an analytic function f mapping 
S, onto S, in a nice way? For example, does there exist a one-to-one 
analytic mapping of the upper half of the z-plane onto the open unit disc 
|w| < 1? Can we write down all such mappings? 

Most of what we shall say in Section 8.1 relates to problem (1). We 
will use the Argument Principle crucially here. The second problem will 
be emphasized in Sections 8.2 and 8.3. 


8.1.1 Local Approximation to f 


We adopt the following principle, very much in the spirit of calculus: 
Before we can hope to discuss global questions such as the nature of the 
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image f(©) for a given (possibly enormous) domain Q, we must first have 
some idea of the local behavior of f, that is, behavior near a point zp of 
Q. We ask: “If fis analytic in Q and 2g is a point of Q, what does f do to a 
small enough open neighborhood around zo?” We rule out the trivial 
case where f is identically constant. 

A great deal is known about this local problem. In summary, the 
answer is this: First expand f in Taylor series centered at 29, the point of 
interest: 


F(z) = F(2o) + P°@o) Ee) (z — Zo) + higher powers of 2 — 2p, 


with f(z) =-+:= Sas = 0, but f(z) # 0. Then the following 
statements hold (proofs later): 


G) For z near 20, f(z) behaves like a simple polynomial P(z), 
namely, 


w = Pe) = flea) + Fe — aah 


Gi) Ifk = 1, f’(Zo) # 0, then f(z) behaves very well near 2) because 
P(z) is a linear function. But if k => 2, then f behaves less well. 

Gii) Happily, a point zp at which f(zp) = 0 is isolated from the 
collection of all other points with this property. 


This prompts some definitions. If f’(z)) = 0, then we say that zp is a 
critical point for f. We refine this notion as follows: If the first k — 1 
derivatives of f at zo vanish, f’(zo) = «++ = f“—- (zo) = 0, but (zo) # 0; 
then we say that f has order k at Zo. Note that 2p is critical if and only iff 
has order k = 2 at 2. 

The standard example is f(z) = 2‘, which has order k at 2) = 0 and 
order 1 at all other points. 

Since critical points are zeros of the analytic function /’, they are 
isolated by Theorem 16, Paragraph 5.3.4. This is statement (iii) above. 

You may recall how important the condition f(x) = 0 was in 
ordinary real calculus. We shall see many similarities now, as well as 
some significant differences. 

In order to emphasize the good behavior of analytic functions near 
noncritical points, and also because these points are more abundant 
(nonisolated), we will first devote ourselves to their study. 


Exercises to Paragraph 8.1.1 


1. (a) Verify that f(z) = sin z has order 1 (is noncritical) at z) = 0. 
(b) Verify that statement (i) of the text implies that the mapping w = f(z) = 
sin z behaves near the origin like the identity mapping w = P(z) = z. 
(c) Relate (b) to the Maclaurin expansion sin z = z — 29/3! +--+. 
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2, Locate all critical points of the following functions. Determine the order in 
each case. 
(a) cos z. 
(b) 2. 
() &. 
(@) z+ (1/2). 

3. Let f(z) = (az + b)/(cz + d) with a, b, c, d complex and ad — be # 0. Prove 
that f has no critical points. 

4. Basic terminology. Let f map the plane set S, into the plane set S, (written 
f: S, > S2 or f(S:) < S82). What does it mean to say that fis one-to-one from S; 
into S,? that f maps S, onto S27? 


8.1.2 Behavior Near Noncritical Points; Conformality 


We will be dealing with two sorts of theorems. One is algebraic, 
concerned with the number of solutions z to the equation f(z) = w, 
where w is fixed. The other is geometric, concerned with distortion of a 
small disc centered at 2) under mapping by f. 


THEOREM 1 


Let f be analytic in a domain Q containing the point Zo. If Zo is a 
noncritical point for f, f’(2o) # 0, then f is locally one-to-one near 2p. 
That is, there is an open neighborhood Qo of Zo inside Q such that if 
2, # 2, in Qo, then f(z,) # fle). 


Proof: We first choose D = D(z; r) with 2D = C = C(29; r) such 
that 


(i) the closure D is contained in Q; 
Gi) D contains no point z except zp such that f(z) = f(zo). 
This is possible because points z with f(z) = f(z) are isolated. 


By (ii), the curve f(C) does not pass through wo» = f(Zp). Let wo be 
the connected component of C — f(C), which contains the point wo. We 
have, in the notation of Chapter 7, that 


N,(C) = n(f(C); w) = n(F(C); wo) = Ny(C) = 1, 


provided w is in Wo. The first and third equal signs here follow from the 
Argument Principle, the second follows from the constancy of n on 
components of C — f(C), and the fourth equal sign follows from (ii) 
above. 

Now we consider f~'(Wo) © D. See Figure 8.1. This set is open. The 
reason is standard: Wp is open (a component) and / is continuous. We 
note that zo is in the open set f~*(Wo) 7 D and also that f maps this set 
in a one-to-one fashion. Thus, we let % = f-4(Wo) 9 D. Done. 
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c f 


f(WoyD 
Figure 8.1 


Comments 


1. We do not estimate the size of Qo. This is a more difficult problem. 

2. The proof depended heavily on the Argument Principle, which in 
turn depended on power series (in our treatment). 

8. Inreal calculus, iff’(%9) # 0, then the graphy = f(x) is increasing 
or decreasing above x9, and so the function is locally one-to-one, just as 
in Theorem 1 here. However, it is possible for real functions to be one-to- 
one in the vicinity of a critical point; an example is given by y = f(x) = 
x3, x9 = 0. See Figure 8.2. We will see that this does not happen with 
analytic functions. In fact, contrast w = f(z) = 2°. This is locally three- 
to-one near Z,) = 0, not one-to-one, thanks to the existence of complex 
cube roots! 


Figure 8.2 


This function is one-to-one 
for real x and y. 


A Geometric Result 


Now we will see what the analytic mapping w = f(z) does to straight 
lines drawn through the noncritical point Z) in Q, This will give us a 
picture of how a small disc about 2p is distorted by the mapping f as it is 
carried onto a subset of the w-plane. 
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It is easy to check that a straight line through zp making an angle 9 
with the horizontal is given by the set of points o(s) of the form (here s is 


real) 
o(s) = 2 + se!?, 


Since |e'*| = 1, s is the arc length parameter, in fact. 
The line z = a(s) is carried by f to the curve 


w = f(o(s)) = fo + se’). 
The velocity vector to this curve at the image point wy = f(Zo) is, 
when written as a complex number, 


Zoey | = Fedo) = Fede. 
s=0 


What angle does this vector make with the horizontal? It is the 
argument of the corresponding complex number; that is, 
arg (f’(Zo)e'?} = arg f’(Zo) + 9. 


Thus, the tangent line to the new curve w = f(o(s)) makes an angle with 
the horizontal that differs from the original tangent angle by arg f’(Zo). 
This is true for all g. Hence, near Zo, f tends to rotate lines radiating 
from 2, through a constant angle arg f’(z,). See Figure 8.3. In particular, 


z-plane w-plane 


F(@-+se*) 


9 +argf' (2) 


Figure 8.3 


if two lines L, and L, through 29 are mapped to two curves through Wo, 
then the counterclockwise angle between the image curves (that is, 
between their tangents) at wo equals the counterclockwise angle y 
between the original lines. See Figure 8.4, 

This calls for a definition. It is classical. A mapping f:Q2 > C is 
conformal at zo in Q if and only if the mapping preserves both magnitude 
and sense of angles at z9; that is, the counterclockwise angle between 
two straight lines through zp is equal to the counterclockwise angle 
between their respective image curves through the point wo = f(Zo). 

Note that the mapping f(z) = Z, complex conjugation, is not con- 
formal; reflection across the x-axis reverses the sense of angles. See 
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z-plane w-plane 
In Ly f(Zn) 
v f 
fl) 
vy 
% 
un=f (20) 


Conformality at z 
Figure 8.4 


Figure 8.5, where the angle from L, to L, is y and the angle from f(L,) 
to f(Z2) is —y. 


z-plane w-plane 


Figure 8.5 


Before stating Theorem 2 on the geometric properties of an analytic 
mapping at a noncritical point, we make another observation. Suppose z 
is near Zo. How far is the image point f(z) from f(z)? An approximate 
answer is indicated by the elementary observation that 


\f'@o)| = lim If) = F@o)| 
z+20 |Z — Zol 


For z close to Zo, therefore, |f’(2o)| is approximately equal to the quotient 
on the right. Cross-multiplying gives 


\f@) — F@o)| = Ifo) |z — Zol- 


Thus, mapping by f tends to magnify all distances near Zp in the z-plane 
by a factor equal to |f’(z,)|. This positive number is termed the local 
magnification factor. 
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In summary, we have seen that both the absolute value and the 
argument of f’(z9) carry geometric information about the local mapping 
accomplished by f. This is essentially the content of the following 
classical result. 


THEOREM 2 


Let f: Q + C be analytic. If zo in Q is a noncritical point, f(z) # 0, 
then 


(i) f is conformal at zo; 
(ii) in fact, mapping by f rotates angles at z. through a constant 
amount arg f(Zo); 
(iii) moreover, mapping by f magnifies distances near zo by a 
factor approximately equal to |f’(z,)|. 


Moral 
Tf f(z) = f(@o) + f(zoXz — zo) +-*+ with f(2o) # 0, then f behaves 
near Zp very much like the linear approximation 


w = P(z) = f(o) + f'(eoXz — 20) 


obtained by chopping off the power series after the first-order term. For 
P(z) is one-to-one, is conformal, and—because P’(z) = f’(zo) for all z— 
P(z) rotates lines at z) through a constant angle arg f(z) and has the 
local magnification factor |f’(z9)|. Of course this particular P(z) gives a 
good approximation to f(z) only if z is near 2p. 

The reason behind all this is, of course, that higher-order terms in 
(z — 20)”, (2 — 2o)%,.-. are negligible compared with z — z when the 
latter is small. 


Caution—Local vs. Global: A mapping w = f(z) may have no critical 
points in Q and hence be locally one-to-one near each point 2). Yet f may 
fail to be globally one-to-one in 2! In fact, there may be infinitely many 
solutions z to f(z) = w for most w. Consider f(z) = e*, which has no 
critical points in Q = C. If w # 0, then e? = w has infinitely many 
solutions z. Locally one-to-one, globally infinite-to-one! 


Exercises to Paragraph 8.1.2 


1. (a) Verify that f(z) = e* has a noncritical point at the origin. 
(b) Locate all critical points of the exponential function. 
(c) Find the largest radius R > 0 such that w = e* gives a one-to-one mapping 
of the disc D(0; R) into the w-plane. Note that Theorem 1 guarantees the 
existence of such a disc about the origin. 

2. (a) Verify that g(z) = 2? has a critical point (order 2) at the origin zo = 0. 
(b) Show that the mapping w = g(z) is not one-to-one when defined on any 
disc of the type D(0; R) in the z-plane. 

(c) Reinterpret (b) in terms of existence of square roots of w. 
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3. (a) Verify that the mapping w = g(z) = 2” is locally one-to-one near any 
point z; # 0. Contrast Exercise 2. 

(b) In fact, if2, # Oand R; = |z;|, then w = g(z) gives a one-to-one mapping 
when restricted to the disc D(z,; R,), which does not contain the origin. 

(c) Is R, the largest such radius for discs centered at z,? Proof or counter- 
example, 

4, (a) Prove there exists no domain 9 in the z-plane such that the mapping 
w = g(z) = z? is one-to-one when restricted to 9 and also g(Q) equals the 
entire w-plane. Note that this would give us a nice unique z = ./w for 
all w. 

(b) Is (a) possible if we delete the origin from the w-plane? 

(c) Let S be the subset of the z-plane consisting of the upper half-plane 
y > 0 together with the nonnegative x-axis, y = 0, x = 0 (origin included), 
Verify that the squaring function g: S > C is one-to-one and onto. Does this 
contradict (a)? 

(d) Deduce that every complex number w that is not zero or a positive real 
number has precisely one square root z = ./w in the upper half-plane y > 0. 
(e) Let the relation z = ./w in (d) be defined on the entire w-plane and give 
a one-to-one mapping of the w-plane onto the set S of (c). Prove that this 
mapping is analytic at w only if w does not lie on the ray u > 0, v = 0. Note: 
w = 0is a branch point for z = /w. 

5. (a) Verify that the x-axis and y-axis near z = 0 are mapped by w = e toa 
pair of curves that are perpendicular at w = 1, as predicted by Theorem 2. 
(b) Verify that every vertical line x = x is wrapped by w = e* around the 
circle of radius R = e*9 in the w-plane. Likewise, the horizontal line y = yp 
is mapped onto the ray arg w = yo. Draw a picture. Hint: Review our dis- 
cussion of exponential mapping in Paragraph 3.4.2. 

(c) Let f(z) = e*. What is arg f’(2o) in terms of z = Xo + iyo? 

(d) Verify in your picture (b) that, near their point of intersection, the lines 
x = Xo and y = yo have each been rotated by the mapping w = f(z) = e* 
through an angle equal to arg f’(zo). 

6. True or false? 

(a) The mapping w = f(z) = e* is conformal at each point 2p. 
(b) The exponential function gives a one-to-one mapping of the z-plane onto 
the punctured w-plane w # 0. 
(c) If w = f() is conformal at zo, then straight-line segments through zo 
are mapped to straight-line segments through wo = f(Zo). 
(d) If w = f(z) is conformal at Zo, then it is one-to-one near Zo. 
(e) The mapping w = f(z) = az, |a| = 1, rotates the z-plane through an 
angle arg a. 
1. Let f(z) = 27, Zo = i. 
(a) Compute |f’(z)]. 
(b) Let z = 20 + (1/10). Compute | f(z) — f(@o)|. 
(c) Verify that |f(z) — f(20)| * |f(zo)| lz — zol, as claimed in Theorem 2, 

8. Let w = f(z) be conformal at zp. Prove that a sufficiently smal] rectangle with 
one corner at 2) and area equal to A is mapped by f to a “curvilinear rec- 
tangle” whose area is approximately | f’(zo)|?A. 

9. Let f be analytic on and throughout the interior of a simple closed curve I 
in the z-plane. Suppose the mapping w = f(z) is one-to-one when restricted 
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to I, Prove that it is one-to-one in the interior of F as well. Hint: Winding 
number. See Exercise 5 to Paragraph 7.2.3. 

10. An elementary proof of local one-to-oneness. Try Exercise 9 to Paragraph 
4.1.2. It involves only basic facts about integrals. No power series, no 
residues. 


8.1.3 Behavior Near Critical Points; Local Coverings 


Now we will prove analogs of the algebraic Theorem 1 and the 
geometric Theorem 2 which will show that, near a critical point, the 
mapping function f is still describable, though no longer one-to-one and 
conformal. 

We begin with a definition. Let f:Q - C and let z) be in 2. Then f 
gives a local k-to-one covering near Zo, provided there exists an open 
neighborhood Q, of zp in 2 such that (writing wo = f(zZo)) 


G) z = 29 isa k-fold root of the equation f(z) — wo = 0, in the sense 
that f(2) — wo = (2 — 20)'f:(2) with fi(Zo) # 0; 
ii) if z € Dy satisfies f(z) = wo, then z = 29; 
(iii) if w € f(Qo) — {wo}, then there exist precisely k distinct points 
21,.-+, 2 © Qo such that f(z;) = w forj = 1,..., k. 


Note; We do not require that Q, be a disc. 


Examples 

Let f(z) = z?. Then f gives a two-to-one cover near Zo = 0; define 
Qy to be any disc |z| < R. Near any point different from the origin, f gives 
a one-to-one covering, not two-to-one (why?). 

Now we generalize Theorem 1 to the case Zp is critical of order k. 


THEOREM 3 


Let f: 2 + C be analytic. If f has order k at the point zo of 2, then f 
gives a local k-to-one covering near Zo. 


Proof; This is similar to the proof of Theorem 1. Define the disc D 
with boundary C and no critical point but zp. Define Wo as before. For 
w in Wo, then, we have N,(C) = N,,(C). But this equals k because 
Z = 2 is a k-fold solution to 


f(@) — wo = @ — 2o)'f:() = 0. 


We now define Q, to be the intersection f~'(W,) A D. We check (ii) 
and (iii) in the definition of local covering. Since pq is inside D, (ii) is 
immediate. For (iii), let w¢f(Qo) © Wo. Then N,(C) = k, as noted 
before, giving points z,,...,z, inside f~'(W5) A D which map to w. 
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Moreover, these points z, are all distinct, for ifz, = 22, say, then f(z) — 
w = (z — 2,)f,(z) with f, analytic, so that f(z,;) = 0. This is impossible 
in D, whose only critical point is 29. Done. 


We turn once more to geometry. Again we examine what the map- 
ping w = f(z) does to lines through the point 2, (now critical). In this 
case it is preferable to consider rays of the form z = o(s) = z + se” 
with the angle 9 fixed and s => 0. Hence, the ray starts at the point zp. 

Such a ray is mapped by f to the curve consisting of points w = 
f (o(s)) = f @o + se"). We ask for the tangent to this curve at the point 
Wo = f (Zo). 

Suppose f has order k at 29. Thus, the Taylor series is 


197 e+ 1), 
f@) = f@o) + Ceo — Zo + ae = Zot tone, 


with f(zo) # 0. From z = a(s), we obtain the curve 


= < fe ®(z5) irs f hs DE) i(k+1) 
w = F@()) = wo + ste Gane * Bee ATs 
To compute the tangent, we reparametrize by means of the substitution 
t = s*, Thus, the curve is given by 


ck), K+), 
w = Wo + f i tek 4 f (Zo) 28+ Dikgtk+ DO 4... 


(k+D! 


Differentiating with respect to ¢ and setting t = 0 gives a velocity vector 
to the curve, namely, 
£0) aurg 


k! 


As with Theorem 2, we have written this as a complex number rather 
than as a vector (pair of real numbers). 
This vector (complex number) makes an angle with the horizontal 


equal to 
<0) 
arg ey en = arg fo) + kg. 
Since k = 2 at a critical point, the action of f is not merely a simple 
rotation through the constant angle arg f(z). 
We have generalized Theorem 2 as follows: 


THEOREM 4 


Let f:2 > C, analytic, have order k = 1 at a point zp of 2. Then a 
ray extending from z, and making an angle 9 with the horizontal is 
mapped by f to a curve extending from Wo = f(2o) and making (at 
Wo) an angle with the horizontal equal to arg f(zg) + ky. 


See Figure 8.6. 
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fe*"*) fe*) 


f(z)=2 doubles angles at the origin; 
arg f(z)=arg f*(0)+2 arg z=2 arg z. 


Figure 8.6 
Moral 
Theorems 3 and 4 shows that if 
w = f(z) 
@, 
= f(z) + f ai (z — 2o)* + higher powers of z — 2, 


then, for z near Zo, the mapping f behaves like the polynomial 


P(@) = f(@) + men (z — Zo). 


You should convince yourself that the mapping w = P(z) gives a 
local k-to-one covering near Zo, wrapping a disc centered at zp exactly k 
times around a disc centered at wo. 

We comment that using the differentiability of a complicated 
function f to approximate it by a simpler polynomial is very much in the 
spirit of calculus. 


Exercises to Paragraph 8.1.3 


1, Verify that f(z) = z? gives a loca] two-to-one covering near z) = 0, provided 
we take Ng = D(0; r) for any r > 0, Is it necessary that zg be the origin for 
two-to-oneness? 

2. Describe the local covering property of g(z) = (2 — i)°e* at the point zo = i. 
Is it locally one-to-one? 

3. Let f(z) = z? and let z(t) = (t, t), t => 0, parametrize the ray that makes an 
angle of x/4 with the x-axis. That is, y = x with w = 0. 

(a) Sketch the image curve w(t) = f(z(), t = 0. 
(b) What angle does w(¢) make with the horizontal u-axis at i = 0? Compare 
Theorem 4, 
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4. Let g(z) = 2°. 
(a) Compute a linear function w = A + B(z — i) which gives a close approx- 
imation to g(z) for z near z = i. 
(b) If you used calculus in (a), obtain the same linear function now by re- 
writing z as (z — i) + iin w = 2° and forgetting terms of degree > 2. 
(c) Are there linear or quadratic polynomials which give a close approx- 
imation to w = g(z) for all z near the origin z. = 0? Discuss. 


8.1.4 The Open Mapping Theorem 


Now we deal with the question “Is the image under a nonconstant 
analytic mapping of a domain again a domain?” Since the image of a 
connected set under a continuous mapping is again connected (proof?), 
we need only consider the openness of the image. 

Thus, let us say that a mapping w = f(z) is open, provided f(Q) is 
open in the w-plane whenever Q is open in the z-plane. 

The following result settles these questions. All the labors of the 
proof were essentially carried out in Theorems 1 and 3, 


Open Mappinc THEOREM 
A nonconstant analytic function is an open mapping. 


Proof; Let wo €f(Q), where 2 is open. Say f(z) = Wo with z €Q. 
Then, since f is nonconstant, we may choose a disc D with boundary C 
just as in the proof of Theorem 1. Then the set Wp defined there is an 
open neighborhood of wa and is contained in f(D); hence, in f(Q). Thus, 
Wo is an interior point and so f(Q) is open. Done. 


Comment 


This result leads to a geometric proof of the assertion that an 
analytic function (on a disc, say) that assumes real boundary values must 
be a (real) constant. For the image of the disc would be squashed onto 
a portion of the real w-axis in the image plane and hence could not be an 
open subset of the plane. 

There is a simpler nongeometric proof of this assertion which 
utilizes the Cauchy-Riemann equations. 

The Open Mapping Theorem also yields a simple intuitive proof of 
the Maximum Modulus Principle. See Exercise 4 below. (Of course, a 
simple proof is now possible because we have done some hard work with 
series and the Argument Principle. Another proof of the maximum 
Modulus Principle, using Parseval’s identity, was offered in Exercise 4 
to Paragraph 5.3.2.) 


Exercises to Paragraph 8.1.4 


1. Verify that the image under the mapping w = f(z) = z? of each of the following 
domains is again open; the disc |z| < 1; the first quadrant (x > 0, y > 0); 
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the entire z-plane. These are, of course, special cases of the Open Mapping 
Theorem. 

2. Suppose f is an entire function with a removable singularity at z = 00. That 
is, lim, f(z) exists and is finite. It follows that f is bounded in the entire 
z-plane and hence constant by Liouville’s Theorem. Here is another approach 
to this principle. This method generalizes to analytic functions defined on 
Riemann surfaces, 

(a) Observe that if fis entire and has either a removable singularity or a pole 
at z = 00, then it may be regarded as a mapping f: 2 > 2, where = is the 
Riemann sphere constructed in Chapter 6. 

(b) Argue that the image f(£) is open unless fis a constant. Hint: The image of 
every open disc, including discs containing 00, must be open because / is 
analytic! 

(c) Argue that f(2) is also compact (closed and bounded). Hint: f is continuous, 
2 is compact. A basic result. 

(d) Conclude that if fis not constant, then f maps onto =, f(Z) = 2, and so f 
must have a pole; it cannot be everywhere finite-valued on 2%. Hint: Which 
subsets of = are both open and closed? 

Note: The general theorem here is this: If f: X + C is analytic and finite- 
valued on the compact Riemann surface X, then fis constant. Thus, the natural 
“analytic” functions on X are meromorphic, f; X— =, and must assume the 
value 00, Compare the rational functions on = and the exercises to Section 6.3, 

3. Compare the proofs (via the Cauchy-Riemann equations or the Open Mapping 
Theorem) of the fact that an analytic function which assumes only real 
boundary values on the rim of the disc miust be a constant. 

4, Show how Open Mapping implies the Maximum Modulus Principle. 

5. Prove that a one-to-one analytic mapping / of the z-plané onto the w-plane is 
linear, f(@) = az + b, a # 0, Hint; How does f behave at infinity? 

6. Is it true that a one-to-one analytic mapping defined on the entire z-plane must 
map onto the full w-plane (and hence be linear by Exercise 5)? Hint: See hint 
for preceding exercise. 

7, A nonopen mapping. Suppose f maps the entire z-plane onto the closed upper 
half w-plane, given by v > 0. 

(a) Prove (one line) that f is not an open mapping. 
(b) Give an explicit formula for such a mapping. 
(c) Is your example in (b) analytic? 


8.1.5 Rouché’s Theorem 


Now we study “perturbations” of a given analytic mapping f(z), 
that is, functions of the form F(z) = f(z) + h(z). We will see that if h(z) 
is small in a certain sense, then F and f assume the same number of zeros 
inside a closed curve I. The exercises offer an amusing interpretation. 


THEOREM (ROUCHE) 


Let 2 be a domain and T a Jordan curve in Q whose interior is also 
contained in 2. Let f be analytic in Q and nonzero on T. Suppose h(z) 
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is analytic in Q such that |A©]| < |f(©| for all ¢ on T. Then the 
functions f(z) and F(z) = f(z) + h(z) have the same number of zeros 
inside Y. 
Proof: We have 

he) 
f@) 
where g(z) is analytic except for possible poles at the zeros of f(z). Also, 
for € on T, we note |h(¢)/f(Q| < 1, whence g(t) # 0. Likewise, F has no 
zeros on I, 


By the Argument Principle, the number of zeros of F' inside I is 
given by 


Fe) =f@ | 1 + 2@' ~ rege, 


1 FO x HE f'Ose© + fOs® dt 
2ni FO” ~ Oni FAC9)-4(9) 


1,16 #O 
wt Je FO) at lat * 


Since the first term here equals the number of zeros of f(z) inside T, we 
are done if we can show that the second integral vanishes. 

Now the second integral equals the winding number n(g(I); 0). But 
g(z) = 1 + (A(z)/f(2)) and since |A(O/f(O| < 1, the curve g(T) consisting 
of points g(¢) stays inside the open disc D(1; 1) of radius 1 centered at 
Wo = 1. Hence, g(I) cannot wind around the origin in the w-plane. Thus, 
n(g(T); 0) = 0. By the remarks above, we are done. 


Comments 


1. The Argument Principle was crucial in the proof here. 
2. It might be helpful to draw the picture of g(T) and the disc D(1; 1) 
indicated by the reasoning of the last paragraph of the proof. 


Algebraic Applications of Rouché’s Theorem 


The Fundamental Theorem of Algebra. You may construct a proof as 
follows: Given 


F(z) = ay2" + Gy_y2""* + +++ + Go, 


define f(z) = a,z". Thus, h(z) = F(z) — f(z) has degree n — 1 or less. 
Now construct a circle I of radius so large that |h(¢)| < |a,¢"| for all ¢ 
on T (work!), Conclude that F(z) has n complex zeros inside I’, 


Bounding the Roots of a Polynomial. We carry out the procedure 
described just above in a special case. Given 


Fi) = 2++2°41, 
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whence f(z) = z*, h(z) = 23 + 1. Now we observe easily that if (¢| = 3/2, 
then 


= 81, 85 _ ps 3 
il eee We] +1 = Wee + 4. 


We conclude that all four roots of F(z) = 0 satisfy |z| < 3/2. This is not 
the smallest bound, of course. 


Exercises to Paragraph 8.1.5 


1. The Dog-Walking Theorem. Relate the theorem of Rouché to the following 
statement: A man f(¢) walks a dog h(¢) around a fire hydrant w = 0. If the 
leash is sufficiently short, then man f(f) and dog-on-the-end-of-the-leash 
(OQ + h(® circle the hydrant the same number of times. 


2. Sketch the curve g(I) inside the disc D(1;1) as indicated in the proof of 
Rouché's Theorem. 

3. (a) Verify that all roots of z> + z + 1 = O satisfy |z| < 5/4. 
(b) Argue that there is a real root satisfying —1 < x < 0. 
(c) Argue that there is only one real root. Hint: Calculus. 


8.1.6 The Brouwer Fixed-Point Theorem 


A version of this famous theorem of topology states that if g: D + D 
is a continuous function mapping a closed disc into itself, then g has at. 
least one fixed point z9; that is, g(Zo) = Zo. For example, a rotation of 
the disc about its center point must leave the center point fixed. 

We will prove a less general version of this theorem, which deals 
only with analytic functions. It follows from the theorem of Rouché. 


THEOREM 


Let g be an analytic function that maps the closed disc D(Q; r) into 
the open dise D(Q; r). Then g has exactly one fixed point in D(Q; r). 


Proof: Let f(z) = —z, F(z) = g(z) — z. Then A(z) = F(z) - f(z)= 
a(z) and |g(Q)| < |¢] for ¢ on CO; r). Also, f(Q) # 0, clearly. By Rouché, f 
and F have the same number of zeros in D(0; r). But f has only one zero, 
the origin. Finally, the one solution of g(z) — z = 0 isa fixed point of g. 
Done, 


The key idea here was to realize the given function g(z) as a pertur- 
bation (in the sense of Paragraph 8.1.5) of the simple function f(z) = —z. 
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Exercises to Paragraph 8.1.6 


1, Let g(z) az* with |a| < 1. 
(a) Verify that g maps the closed unit disc into the open disc |z| < 1. 
(b) Verify that the origin z = 0 is the unique fixed point of the mapping g that 
satisfies |z| < 1. 
(c) Does g(z) have any other fixed points in C? 

2. The one-dimensional Brouwer Fixed-Point Theorem. Let f(x) be a continuous 
function, 0 < x < 1, such that 0 < f(x) < 1. Prove that f(xo) = xo for some 
%o. Hint: Look at the graphs y = f(x) and y = x. Of course this case of the 
theorem has nothing to do with analyticity. 

3. Ask a friendly topologist to prove the Brouwer Theorem for you in the case of 
continuous functions from |z| < 1 into |z| < 1. 


Section 8,2 LINEAR FRACTIONAL TRANSFORMATIONS 


8.2.0 Introduction 


This important class of analytic mappings consists of all rational 
functions T(z) of the form 


+6 


where a, b, c, d are complex. You should convince yourself that if the 
“determinant” ad — be were zero, then 7'(z) would reduce to 0/0, or a 
complex constant. We wish to rule out these occurrences. 

Linear fractional transformations are also called bilinear trans- 
formations or Mobius transformations. 

It is easy to see that if c # 0 in the above expression for 7(z), then 
T(z) has a simple pole at the point z2 = —d/c. We might say T(z29) = %. 
This encourages us to define T(z) on the extended complex plane or 
Riemann sphere = rather than merely on the ordinary complex plane C, 
As a set, the Riemann sphere consists of the complex numbers with 
infinity adjoined: 


(ad — be # 0), 


Z=Cv {o}. 


In addition to the usual algebraic operations among the finite 
complex numbers, we define in the set ©: 


a+o= 0 (ae), a0 = 0 (a # 0), 
2 =0 @# 0), 2 = wa #0). 
oe) 0 


Note that we do not use both +0 and —oo, which sometimes occur in 
real calculus. 
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Where is the point 0? For us, it suffices to say that a sequence 
{z,} of points in C converges to infinity, provided, in the familiar sense, 


lim |z,| = 2. 
x0 


However, the following convention is more important. If we take any 
straight line in the plane and travel toward either end, then we come 
to the point 0. Thus, straight lines in C become circles in 5, with 
opposite ends meeting at 0. 

It is possible to put the elements of the Riemann sphere £ = C U {co} 
into one-to-one correspondence with points of the ordinary sphere 
(hollow globe) in three-dimensional space. The method (Figure 8.7) is 


Disc |¢| <1 corresponds 
to southern hemisphere North Pole=P,, 


Stereographic projection 
Point z in the plane corresponds to P, on sphere. 


Figure 8.7 


called stereographic projection. In this case, co corresponds to the North 
Pole of the globe and points of the “finite” complex plane correspond 
to the remaining points of the globe. In particular, the origin z = 0 of 
C corresponds to the South Pole of the globe. 

However, we do not stress this hollow-globe interpretation. For 
conformal mapping purposes, we choose to concentrate on the flat plane 
C and employ © without fear when necessary. 

We are about to see that linear fractional transformation gives a nice 
mapping of Z onto Z. Moreover, given reasonable subsets S,, S, of £, it 
is often possible to write down a linear fractional transformation that 
maps S, onto S, conformally. This is the second general problem 
mentioned at the start of this chapter. 
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8.2.1 Examples and Basic Properties 
Here are some types of linear fractional transformations: 


Identity: T(z) = z 

Translation by 6: T(z) =z+b 
Multiplication: T(z) = az 

Dilation (stretching): T(z) = rz (r real > 0) 
Rotation by g: T(z) = e'*z, (g real) 
Linear or Affine: T(z) = az + 6 

Inversion: T(z) = 1/z 


Now we make some basic observations about these transformations. 


Property 1. Invertibility: Given 


az+b 
ez+d' 


w = T@)= 


‘we may solve for z in terms of w, obtaining the inverse transformation 


z= Tw) = 24. 
-cw+a 

Property 2. T: = + = Is One-to-one and Onto: This statement follows 
from the existence of the inverse just found. Given wo, we obtain the 
unique 2p such that wy = T(2o) as Zo = T~*(wo). 

At this point we discuss the value T(). Note that if T(z) = az + b 
in linear, then T(«) = 00. From this it follows that if T(z) has the form 
1/(cz + d), then T(0o) = 0. 

What if 


az+b 
cz+d 


T@) = with ac # 0? 


In this case, T'(00) is found by employing the convention that the behavior 
of T(z) at z = oo is the same as that of T(1/¢) at ¢ = 0. Thus, we compute 


_ mt) edi +b_ a+ 
me) ~ 7 (7) +d erat’ 


Setting ¢ = 0 shows 7'(00) = a/c, a finite complex number, 


Property 3. Composition: Given the transformations 


_azt+b z= 7,0 = bts 


= ‘ 
= @ +d eC + dy 
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then the composition w = T(T,(¢)) is readily seen to be 


= = (aa, + be, + (ab; + bd) 
B= EEG) = a, + dee + (hy + aa) 


You may check that the determinant here is nonzero (in fact, it equals 
(ad — be)(a,d, — b,c;)) and hence this composite function is again a 
linear fractional transformation. 


Culture: We have shown that the family of complex linear fractional 
transformations forms a group in the sense of algebra. The group 
operation is composition of functions, as in Property 3. This is readily 
seen to be associative. The identity element of the group is the identity 
mapping (see the examples above), while inverses exist as in Property 1. 


Property 4. Structure of T(z): We claim that every linear fractional 
transformation may be obtained by composing three simple types: 
multiplication by a constant, translation, and inversion 

To see this, let T(z) = (az + b)/(cz + d). Ifc = 0, then we are done: 
Without loss, d = 1 and Tis the same as z > az > az + 6, a multiplica- 
tion followed by a translation. 

If c #0 then we divide the denominator into the numerator, 
obtaining 


b — adje 


a 
T@=-—+ ri 
‘) ¢c ez+d 

Thus, 7(z) is obtained by the process 


1 b-—ad/e a, b-adje 
> a+ : 
cez+d czt+d ec cz+d 


At each step we have one of the three types mentioned. Done. 


zrcez>cz+d> 


Property 5. Conformality: We claim that the linear fractional 
transformation w = T(z) = (az + 6)/(ez + d) is conformal (except at 
z = —d/c, 0, where a special definition is required). 

Here are two methods of proof: First, 7'(z) is obtained by a succession 
of translations, multiplications by constants, and inversions. Each of 
these simpler transformations is conformal—except, of course, for the 
pole of the inversion. Since a sequence of conformal transformations is 
conformal, T(z) is conformal as stated. 

For a second proof, you may compute the derivative 


rah os OO Oh 
si (cz + dy 
and observe that it is finite and nonzero except at z = —d/c, 0. Con- 


formality follows from Theorem 2 of this chapter. 
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Actually, you may deduce that T(z) # 0 from the global one-to- 
oneness of 7'(z) (Property 2) and Theorem 3. 


Property 6. T(z) Preserves Circles in 2: By a “‘circle in &” we mean an 
ordinary circle in C or a straight line in C that we consider a circle (of 
large radius)! with both ends meeting at oo. We claim that the image of 
a circle in © under a linear fractional transformation is again a circle 
in 2. This will be important in some explicit mapping problems. 

To prove this, we use Property 4. It suffices to prove that circles are 
preserved under multiplication by a complex scalar, under translation 
and under inversion. The first two of these are clear, Hence, we must 
examine the effect of the inversion w = T(z) = 1/z on circles and lines. 

The equation (with B, C, D real and not all zero) 


A(x? + y?) + Bex + Cy+D=0 
determines any circle or line (A = 0) in the xy-plane. Writing 


= = = Oe 
x+y? x? + yy?” 
we note |w|? = |z|~?; that is, u? + v? = 1/(x? + y?). It follows that 


w=ut iv = T(x + iy) = 


pen yo 
w+ v2’ u? + v2” 


Under these substitutions the equation for the image of the circle given 


above is (check!) 
A+ Bu — Cv + D@? + v?) = 0. 


This is again a line or circle. Property 6 is established. 


Property 7. One or Two Fixed Points. Now we argue that if T(z) is 
not the identity mapping, then T(z) has either one or two fixed points in 
=, that is, points z satisfying T(z) = z. Of course the identity mapping 
fixes all points. 

To see this, let T(z) = (az + b)/(cz + d) be different from the 
identity. If c = 0, then without loss d = 1 and T(z) = az + b. Clearly, 
then, T(0o) = o, Also, T(z) = z has one more solution z if and only if 
a # 1 (geometrically, w = T(z) is not “parallel” to w = z). Thus, there 
are one or two fixed points if c = 0. 

In case c # 0, we note first that T(co) = a/e # 0. Thus, © is nota 
fixed point. Also, multiplying both sides of the fixed-point equation 
T(z) = z by the denominator cz + d yields the quadratic equation 


cz? + (d-a)z-b=0, 


which has one (repeated) or two (distinct) roots. These are all the fixed 
points of T. 

Hence, if a linear fractional transformation is given which fixes three 
or more points, then it must be the identity. 
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Property 8 T' Is- Determined by Three Values: We claim that if 
Zo, 21, 22 are distinct points of Z, and wo, W,, wz another triple of distinct 
points of Z, then there exists a unique linear fractional transformation 
T such that T(z,) = w, for k = 0,1, 2. 

Let us prove the uniqueness first. If both T and 7, have the stated 
property, then T~1(T,(z,)) = z, k = 0,1, 2. Since the composition of 
T~! and T, has three fixed points, it must be the identity (Property 7) 
whence T = T,. 

To prove existence, we first observe that it suffices to prove that 
there is a transformation T, that takes any triple Zo, 21, 2, of distinct 
points to the three points 0, 1, «0. For if we can do this, then we can also 
construct a transformation T, that takes the given Wo, wW;, w2 to 0, 1, ». 
But it is easy to see that the composite transformation T(z) = T,~*(7';(z)) 
satisfies T(z,) = w, for k = 0, 1, 2, as desired. 

We therefore conclude the proof by noting that if zo, 2;, 2. are 
distinct complex numbers, then 

T(z) = 2—# . 2 40 
21—-—% 2-— 2% 
takes 29, Z;, Z2 to 0,1, 0, respectively. If, however, one of the given 
20, 21, 22 happens to be oo, then we alter the argument slightly as follows: 
IfzZ = ©, then 7;(z) = 1/(cz + d) will map ©, z,, z, to 0, 1, ©, provided 
we choose c, d to satisfy cz; + d = 1, cz, + d = 0. If z, = 0, then the 
transformation T,(z) = (e — 29)/(z — z2) does the job. If z, = ©, then 
T,(z) must have the form az + b (with suitable a, b), for this fixes oo. 


Comment 


Except for our mention of conformality, the eight properties we 
developed above involved elementary algebra and geometry only. 


Exercises to Paragraph 8.2.1 


1, Suppose ad — be = 0 in (az + 6)/(cz + d). Show that this fraction is either 
0/0 or a complex constant. 

2. Let T(z) = ( + iz — i). Compute T(z) for these values of z: 
(a) z=1, 


3. Given w = T(z) = (2 + dz — i), compute z = T~'(w) asa linear fractional 
transformation in the variable w. Hint: See Property 1 in the text. 

4. Let w = T(z) be as in Exercise 3. Find zp such that T(zo) = i. 

5. (a) Verify that the composition 7(7;(Q)) is given by the formula in the text, 
Property 3. 
(b) Write w = T(T,(¢)) as a linear fractional transformation, where T is as 
in Exercise 3 and z = T,(0) = ¢(¢ — D. 
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6. 


1. 


9. 


10. 


11. 


12. 
13. 
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Decompose w = T(z) of Exercise 3 into a composite of simpler types (multi- 
plication by a constant, translation, inversion) as described in Property 4 of 
the text. 

The inversion mapping w = 1/z 

(a) Write w = 1/z in polar form, where z = re’? as usual. 

(b) Where in the w-plane does this mapping send the ray @ = % in the 
z-plane? 

(c) Likewise for the circle |z| = ro. 

(d) Sketch the disc |z| < 1, adding some concentric circles centered at the 
origin and some segments (“spokes”) from the origin to the rim of the disc. 
Then sketch the image of this configuration under the inversion w = 1/z, 
(e) Determine the image of the circle |jz — 3] = } under the mapping w = 1/z. 
Is this circle preserved? 


. Some fixed points 


(a) Locate the fixed points of the inversion w = 1/z. 

(b) Likewise for T(z) = (2 + Dz — i). 

(a) Write down a linear fractional transformation that maps 29, 21, 22 to 
0, 1, 0, where 29 = 1, 2; = i, 22 = —1. 

(b) Where does your transformation send the origin z = 0? 

(c) Where does your transformation send the circle |z| = 1? Hint: Circles in 
= are preserved, 

(@) Where does your transformation send the disc |z| < 1? 

A useful convention. Suppose we wish to map Zo, 21, Z2 in the z-plane to 
Wo, Wy, W2 in the w-plane. Let ¢ = (az + b)/(cz + d) transform Zo, 21, Z2 to 
0, 1, 00, respectively (refer to Property 8 of the text) and likewise let ¢ = 
(aw + B)/(yw + 6) send wo, w,, Wz to 0, 1, 00, Meditate upon the following: 
The equation (suppressing {) 


aw+f _az+b 
mw+s ezt+d 


specifies a mapping of the extended z-plane onto the extended w-plane, which 
sends Zo, 21, 22 tO Wo, W:, W2 as desired. Note that it is simpler to write this 
equation than to solve for w in terms of { and then compose two transforma- 
tions, 

Let C and C’ be circles in the z- and w-planes, respectively. Does there exist 
a linear fractional transformation w = T(z) that maps C onto C’? If so, is it 
unique? 

Is w = f(z) = z + (1/z) a linear fractional transformation? 

The Cross Ratio. Let zo, 21, 22, Zs be distinct points of ©. Their cross ratio is 
the number 

Zo — 21 22 — 23 


[z0, 21, 22, 23) = 
Zo — 23 Z2 — 2 


Show that a linear fractional transformation T preserves cross ratio 
[T@o), T(e:), T(z). T(es)] = (Zo, 21» 22: 23). 


Hint: Prove it separately for multiplications, translations, and inversion. 
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14, Prove that a linear fractional transformation w = T(z) which sends given 
distinct z,;, 2,23 to distinct w:, w2, W3 is uniquely determined by the re- 
quirement 

[w, wi, w2, ws] = [2, Z1, 22, 23). 


Thus, the map T is obtained by solving for w in 


W-— Wr Wa-—W3 2-2 22-23 


W-—Ws3 Wi-W, 2-23 22-2 


But see Exercise 10 also. 


8.2.2 Some Explicit Mapping Problems 


Now we ask for transformations w = T(z), which map a given 
domain onto another one in a one-to-one manner. As usual, we write 
z=x+iy,w=u + iv. 


Problem 1 


Map the right half-plane x > 0 onto the upper half-plane v > 0. 
Refer to Figure 8.8. 


u 
-1=T(i) |9 1=T(-i) 


Figure 8.8 


Solution: We need only rotate the entire plane through one right 
angle. The mapping w = T(z) = iz accomplishes this. More generally, 
any mapping w = iz + r where the translation term r is real will map 
the right half-plane onto the upper half-plane. And these are not the 
only linear fractional transformations with this property. 


Problem 2 


Map the entire z-plane onto the open unit disc |w| < 1. Refer to 
Figure 8.9. 
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Figure 8.9 


Solution: No such analytic mapping exists, for it would be bounded 
and therefore constant by Liouville’s Theorem. And, even more strongly, 
no such linear fractional transformation exists because these must map 
Z = C u {00} onto £. A solution to Problem 2 could not do this (why?). 


Problem 3 
Map the open unit disc onto the entire plane by a linear fractional 
transformation. 


Solution: No such mapping exists. For its inverse would be a 
solution to Problem 2! 
Problem 4 


Map the open disc |z| < 1 onto the upper half w-plane by a linear 
fractional transformation. Refer to Figure 8.10. 


— _.2e1 
anit et 
-_ 


\O=T(1) com T(-1) 


Figure 8.10 


Solution: Such a mapping must send the circle |z| = 1 onto the 
horizontal u-axis. (Proof?) 

We note that the w-axis is the “circle” determined by the three 
points 0, 1, 0. Since three values determine the transformation (see 
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Property 8), we choose 29 = 1, z; = i, 2; = —1 on the unit circle and 
will send these to 0, 1, 00, respectively. Then we will check that this 
indeed maps |z| < 1 onto the upper half-plane, not the lower half-plane. 
As in the proof of Property 8, the transformation 
t41 4=—2 z=1 
= T(z) =——.- - igs 
Ego T eet aed 


sends 1, i, —1 to 0, 1, 00, respectively. To verify that T(z) maps the unit 
disc onto the upper half-plane, we note first that 7(0) = i, which is in 
the upper half-plane. You should convince yourself that this implies the 
full result. Figure 8.10 might help. Note, too, that J’ was constructed to 
preserve orientations: counterclockwise on the circle, positive on the 
u-axis, 


Problem § 


Find all linear fractional transformations that map the upper half- 
plane onto the unit disc, Refer to Figure 8.11. 


Figure 8.11 


Solution: We proceed as in Problem 4, first finding the transforma- 
tions that map the x-axis and 00 (boundary of the upper half-plane) onto 
the unit circle (boundary of the disc) and then singling out those that 
map the upper half-plane onto the interior (rather than exterior) of the 
disc. 


Suppose T(z) = (az + 5)/(cz + d) maps the x-axis onto the unit 
disc. Then |7(0)| = |b/d| = 1, so |b| = |d|. Likewise, |7'(co)| = |a/c| = 1, 
so |a| = |c| 4 0. We write a/c = e” for some angle y, whence T(z) has 
the form 


= e278 
T@)=e' pero 


with |f| = |6|. We must now specify £, 6. 
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If z = x is on the x-axis, then |x — B| = |x — d| because |T(x)| = 
le™| = 1. It follows that for all x, 


(x — BY — B) = |x — Bl? = |x — 6? = & — d(x — 4); 
that is, 
x? — (B + B)x + BB = x? — (6 + dx + 66. 


Equating coefficients, we see that Re(f) = 4(8 + B) = 6 + 5) = Re(6), 
Since [A| = |d|, we conclude that either 6 = f or 6 = B. (Picture!) But 
6 = B is impossible for linear fractional transformations (why?). Thus, 
é6=8. 
Writing z, = 8, we assert finally that T(z) must have the form 


Te) = ev 2— 20 


Zo 


with 29 = xo + iyo in the upper half-plane, yo > 0. For T(z) = 0, 
which is inside the unit disc. We must require, therefore, that z) be above 
the x-axis. 


Comment 

The solution to Problem 5 also affords us a complete solution to 
Problem 4. For every linear fractional mapping of the disc |w| < 1 onto 
the upper half z-plane must be the inverse of a solution to Problem 5 
and hence has the form 


_ Ze'*w — zo 
ew —1 


with zo in the upper half-plane and ¢ real, as you may verify. 


Problem 6 


Find all linear fractional transformations that map the unit disc 
onto itself. 


Solution: There are some obvious answers: The rotations 
w = el¥z, 


There are others, however. And we have essentially found them already, 
as we will make clear. 

Choose any linear fractional transformation of the disc |z| < 1 
onto the upper half ¢-plane; say, ¢ = U(z). See Figure 8.12. Now we claim 
that every linear fractional transformation w = T(z) of the disc |z| < 1 
onto the disc |w| < 1 has a unique factorization of the form 


w = T@) = T*U@)), 
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w= T(2)=T* (U@)) 
Se 


Figure 8.12 


where w = T*(C) is one of the mappings of the upper half-plane onto the 
unit disc that we characterized in Problem 5, In fact, T*(Q) = T(U-"(Q)). 
Hence, T* is determined uniquely by T (once U has been selected and 
fixed, of course). 

What will T(z) look like? We know that every T* has the form (see 
Problem 5) 


o— bo 
= Tr) = el 
w= T*@) =e t-2,’ 


with y real and ¢ in the upper half-plane. Also, for U we choose a nice 
mapping of the disc |z| < 1 onto the upper half-plane (see Problem 4), 
say 

z-1 

z+1° 


¢=U@)=-i- 
It follows (with a little bit of arithmetic) that T has the form 


w = T(z) = TUG) =e 2—*1 | 
Zz2-1 


where g is real and |z,| < 1. Note that 7(0) = e'*z, is inside the unit 
disc. 
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Some Nonlinear Transformations 


The present discussion has stressed conformal mapping by linear 
fractional transformation, Of course not all mapping problems can be 
solved by these particularly simple transformations, A problem might 
require that a circle in £ be mapped to a noncircle; this could not be 
accomplished by a transformation that necessarily preserves circles in 2. 

Here are some further mapping problems that involve familiar 
functions. ; 


Problem 7 
Map the half-strip 
S = {(x,y)|-w <x <0,-1<y <n} 
onto the punctured unit dise given by 0 < |w| < 1. Refer to Figure 8.13. 


Figure 8.13 


Solution: We saw in Chapter 3 that the exponential mapping 
w = e* is a solution. 

Note here that S is not an open set, although the punctured disc is 
open. Does this contradict the Open Mapping Theorem for the inverse 
z= log w? 


Problem & 
Map the open half-dise 
Q = {w =u + iv||w| < 1,0 > 0} 
onto the half-strip (open) 
S, = {fz=x+iy|-—0o<x<0,0<y<z} 


Refer to Figure 8,14. 
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z=logw 
im=log (—1) a 


Figure 8.14 


Solution; z = log w. 
Problem 9 
Map the open quarter-disc 
Q= =x + iy| lz) <1,x > 0,y > 0} 
onto the half-disc 2 of Problem 8. Refer to Figure 8,15. 


Figure 8.15 


Solution: w = f(z) = z?. Note that f(z) here does have an analytic 
inverse mapping 2 onto Q. It is, of course, a branch of the square root 
function z = ./w. 

Note also that f(z), conformal in Q, is not conformal at its critical 
point Z = 0 on 2Q. 


Problem 10 
Map the open unit square 
S={z=x+iy|0< x,y <1} 


conformally onto the open unit disc |w| < 1, with the boundary of the 
square mapping onto the circular boundary of the disc. See Figure 8.16. 
We do not solve this problem here, but make the following comments. 
1. The problem is solvable. The Riemann Mapping Theorem of 
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pebetchede Se fractional 


Conformal mapping of square onto disc 
via upper half-plane 
Figure 8.16 


Paragraph 8.2.3 guarantees that the spuare may be mapped conformally 
onto the disc because the square is simply connected. 

2. The actual mapping is accomplished in two stages: from the 
square onto the upper half-plane by a so-called Schwarz—Christoffel 
transformation, and then from the upper half-plane onto the disc by a 
standard linear fractional transformation. 

8. We do not develop the Schwarz-Christoffel transformations 
here. Suffice it to say that one uses these transformations to map poly- 
gons (simply connected, such as squares, triangles, the interior of any 
simple closed polygonal path) onto the upper half-plane. Not surpris- 
ingly, the proper Schwarz-Christoffel transformation is constructed by 
mapping the boundary (a path made of line segments) onto the real axis 
with co. Thus, one must “unbend” the corners of the square, for instance, 
to map its boundary onto the real axis. This involves functions that are 
not conformal (not angle-preserving) at the corners of the polygon. Of 
course the mapping function must be conformal inside the polygonal 
domain. 

4, You might check that the mapping functions we have stressed so 
far (linear fractional maps, sine, cosine, exponential) will not suffice to 
map the square onto the disc. Something new is needed. Several books 
listed in “Suggestions for Further Reading” contain discussions of the 
Schwartz-Christoffel transformation. 
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Exercises to Paragraph 8.2.2 


1. Prove that a linear fractional transformation that maps the disc |z| < 1 
onto the upper half w-plane must send the circle |z| = 1 to the horizontal 
u-axis with 00 adjoined. Refer to the fourth mapping problem in the text. 

2. (a) Write down a linear fractional transformation that maps the upper 
half-plane onto the lower half-plane. 

(b) Does there exist such a transformation that fixes the horizontal x-axis, 
T(x) = x for all x? 

8. Mapping a wedge 
(a) Does there exist a linear fractional transformation that maps the open 
wedge 0 < arg z < 2/3 onto the open upper half w-plane? 

(b) Can this mapping be effected by any conformal transformation, not neces- 
sarily linear? 

4, Let distinct points wo, w;, w2 lie on the circle |w| = 1. Let T be the unique 
linear fractional transformation that sends 1, i, —1 on |z| = 1 to wo, wi, wa, 
respectively. What further condition should wo, w;, W2 satisfy to guarantee 
that T maps the interior |z| < 1 onto the interior |w| < 1? What happens if 
your condition is not satisfied? 

5. Let the linear fractional transformation w = T(z) map the disc |z| < 1 onto 
the disc |w| < 1 and also suppose T(1) = 1. Give proof or counterexample for 
the following statements: 

(a) Tis the identity mapping T(z) = z for all z. 

(b) T maps the x-axis onto a straight line or circle in the extended w-plane. 
(c) Tis conformal at z = 1. 

(a) If T maps the x-axis to a straight line in the (extended) w-plane, then this 


straight line is in fact the u-axis. 

(e) If T maps the x-axis to a straight line in the (extended) w-plane, then 
T(-1) = -1. 

(@) If T(—1) = —1, then T must have a third fixed point, -1< x <1, 
T(x) = x. 

(g) If T maps the x-axis onto a straight line in the extended w-plane, then Tis 
the identity mapping. 


(h) If T(O) is real, then T is the identity mapping. 

@ If TO) = wo, |wo| < 1, is not real, then J maps the x-axis with infinity 
adjoined onto a circle in the finite w-plane. 

(j) There is only one mapping T of the given type such that 7(0) = wo 
(= some preassigned image point). 

6, Another derivation of the Poisson Integral Formula. Let u(z) be harmonic in a 
domain containing |z| < 1. Let ¢ be a typical point of |z| < 1. Choose a 
transformation z = T(w) that maps |w| < 1 onto |z| < 1 with T(0) = ¢. 

(a) Verify 


2m 
uO) = 5 i} u(Tle®) de 
0 


where w = e!® if |w| = 1. Hint: Circumferential mean of u(7T(w)). 
{b) Let ¢ = pe!, |p| < 1. Then for z = e! we have 


el? — pel? 
pee?) _ 1 


2 = Tel) = x with |x| 
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9. 


10. 


ll. 


Hini; See the sixth mapping problem of the text. 
(©) iw = log « + log(e!® — pet”) — log(pe"®-™ — 1), 


(a) Check 
do _ 1— ,? 

do=75 a8 =F pF — Dp coal — a 
Hint: Differentiate. 
(e) Conclude that 

1 2 ule!) (1 — p?) 
(7) . 
os a 1+ 6? — 2p costa — 0) 


Summary: The Poisson Integral is obtained from the Circumferential 
Mean-Value Theorem by transforming points inside the unit disc to the 
origin. 


. Mapping an infinite plank. Let Q be the open plank 


N=fe=x+i|O<x<2ay> Oh 


Prove that w = cos z maps Q onto the lower half-plane v < 0, as follows: 
(a) The segment 0 < x < 2,y = 0, is mapped to a segment on the real 
u-axis, 

(b) The vertical sides x = 0, y > 0, and x = 2, y > 0, are mapped to infinite 
intervals on the real u-axis. 

(c) cos(éQ) = the u-axis. 

(d) cos(Q) = the lower half-plane v < 0, as claimed. 


. A boundary-value problem, Find a function 9(z) # 0 harmonic on the plank 


Q of Exercise 7, continuous on 9, such that 9 vanishes identically on 62. 
Hint: Use the result of Exercise 7. 


The function that is identically zero is also a solution to the boundary- 
value problem of Exercise 8. Does this contradict the principle of unique 
determination by boundary values? Explain. 

Mapping the infinite wedge. Let Q consist of those points z = re'® with 
r>0,0 < 0 < ex,whereO<e<1. 

(a) Sketch © as a “wedge” in the upper half z-plane. 

(b) Verify that 2 is mapped one-to-one onto the upper half of the w-plane 
(compare u > 0) by a branch of the mapping w = z*. Note that « may be 
irrational. 

(c) Concoct a boundary-value problem on the wedge 2 which is solved by 
means of this mapping. 

Univalent mappings. Let w = f(z) be a nonconstant analytic function defined 
on a domain Q, in the 2-plane, By the Open Mapping Theorem, the image 
2, = f(Q,) is a domain in the w-plane. The mapping is univalent or schilict if f 
is one-to-one on 9. True or false? 

(a) If fis univalent in Q,, then f(z) # 0 for z in Qy. 

(b) If f’(2) # 0 in Q,, then fis univalent in Q,. 

(c) If fis univalent in Q,, then it is conformal at each point of 2. 

(d) If f is conformal at each point of 2, then fis univalent in Q,. 

(e) There exists a univalent analytic mapping of the open disc |z| < 1 onto 
the w-plane. 
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12. 


18. 


14, 


15. 


16, 


17. 


(f) There exists a univalent analytic mapping of the open disc |z| < 1 onto 
the right half w-plane u > 0. 

(g) There exists a univalent analytic mapping of the open disc |z| < 1 onto 
the annulus 1 < |z| < 2. 

The inverse of a univalent mapping. See Exercise 11. Let f be a univalent 
analytic mapping of Q, onto 22. 

(a) Prove that f has an inverse function g: 2; — 9, defined by g(f(z)) = z 

Hint: See Exercise 12 to Paragraph 3.2.3. 

(b) Prove that the inverse function g is analytic on Q2. 

(c) Prove in fact that g’(w) = 1/f’(z), where w = f(z). Note that f(z) # 0 
throughout 2. 

Mapping the unit disc. We know there exist univalent analytic mappings 
(linear fractional transformations, in fact) of the disc |z| < 1 onto the upper 
half w-plane v > 0, These may be composed with other mappings. 

(a) Find a univalent mapping of |z| < 1 onto a slit plane, that is, a plane 
with the nonnegative real axis removed. Hint: ¢ = (T(z))?, where T(z) maps 
lz| < Lontov > 0. 

(b) Find a univalent mapping of |z| < 1 onto an infinite horizontal strip of 
height 2x. Hint: Use (a) and an appropriate branch of the logarithm. 

(c) Is it possible to map the disc |z| < 1 in a univalent fashion onto an infinite 
“plank” Q in the w-plane, say, 


Q={w=u+w|0<u<a2,v> 0}? 


Hint: See Exercise 7. 

Let 20 be a noncritical point of the analytic function w = f(z), Then this 
function is approximated near 2p by a linear fractional transformation of a 
particularly well-behaved type. To which transformation do we refer? (See 
Section 1.) Is this true if zp is a critical point for f? 

Mapping a triangle. Suppose Zo, 21, Z2 are the vertices of an ordinary triangle 
in the z-plane and we map them by a linear fractional transformation w = T(z) 
to 0, 1, 0, respectively. Is the triangle mapped by T onto the infinite plank 
(with straight sides) in the w-plane given by 0 < u < 1, v > 0? Hint: T is 
conformal at Zo, 21. 

Mapping discs to discs, Let D(2o; r) and D(wo; R) be open discs in the z- and 
w-planes, respectively. Write down a linear fractional transformation 
w = T(z) that maps the one disc onto the other, with wo = T(zo). Hint: Let 
T(z) be affine, of the form T(z) = wo + b(z — 20). 

Exponential mapping of a rectangle 

(a) Let R = {2 = x + iy| -1 < x < 0, —x < y < n}. Describe the image of 
the rectangle R under the mapping w = e*. 

(b) Locate a rectangle in the z-plane that the exponential function maps onto 
the annulus 1 < |w| < 2, 

(c) Same question for the punctured disc 0 < |w| < 1. 


8.2.3 A Dirichlet Problem Solved by Conformal Mapping 


Let Q be the open upper half-plane y > 0; dQ, the x-axis. Given the 


“boundary values” B(x) = 1/(1 + x”), we are to find H(z) = H(x, y) 
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continuous in 9, harmonic in Q, and equal to B on a0; that is, H(x, 0) = 
B(x). We proceed as follows: 
1. We begin with a doomed attempt. Define 


Be) 1+ 22° 

Then the real part of the analytic function B(z) is harmonic and surely 
agrees with 1/(1 + x”) when z = x, that is, on 20. Unfortunately, B(z) 
is not analytic at z = i, so that its real part is not harmonic there. We 
desire H(z) to be harmonic at every point of 2. Thus, we must look 
elsewhere for H(z). Refer to exercises to Section 4.5. 

2. Now we apply conformal mapping. We will map the circle |{| = 1 
in the ¢-plane onto the x-axis (with o adjoined) by means of a transforma- 
tion z = T(Q). Thus, B(x) becomes B(T(Q), a function on |¢| = 1. Next 
we will solve the Dirichlet problem on |¢] < 1 for the boundary values 
6) = B(T©). This will give a harmonic function A(Q) on |¢| < 1. The 
function H(z) = h(7’-'(z)) will then be seen to solve the original problem 
on &. Here are the details: 

(a) The transformation 


g-1 
¢+1 


maps |¢] < 1 onto 2 and [{] = 1 onto the x-axis with o (= T(-1)). 
Refer to the fourth mapping problem of Paragraph 8.2.2. 

(b) Write ¢ = e on |¢| = 1. Then b(e") is defined as B(T(e")), and 
since B(x) = 1/(1 + x), 


z=TO=-i 


1 1 

Os Se 

Hey 1+ Te'*)? se el — 1)? 
Cage aes 

gg Pe ee EAE te 

4 2 2 , 


(c) Now we extend b(e'”) into the disc |¢| = p < 1 by defining (this 
takes a bit of insight!) 
AC) = h(pe'*) = 4 + 4p cos g. 


Note that h and 6 are equal on the circle p = 1. 
(d) Observe now that A(t) = A(pe™) is harmonic (in the entire 
¢-plane, in fact). For if we write € = € + in as usual, we have 


AG) = hE, 2) = 4 + 46, 


so surely hz; + h,, = 0. Thus, the Dirichlet problem is solved on |¢| < 1, 
and without recourse to the Poisson formula. The problem was simple 
on |¢| < 1. 
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(e) Now we have 
C= 77% = —2Z=1 
iz-1 


as you may check. We obtain a function of z by defining 


Doe) —iz-—1 
= A(T" 2) = = + = k= te 
H) (T'- *(z)) pra (ea 
where Re denotes the real part, so that € = Re ¢. You may solve for the 
real part here to obtain 
H(2) = H(x, 9) = eee eS 
x? + (y + 1)?" 
This is harmonic because h is harmonic and T~' is analytic. Clearly 
also, 
ne 

1+ x? 


so that H(x, y) has the correct boundary values. The Dirichlet problem 
is solved. 


H(z, 0) = = Be), 


Exercises to Paragraph 8.2.3 
1. Graph the boundary value function 
1 
Be ee 


above the x-axis. Include the points x = —co and x = © as “end points” of 
your x-axis, and note that B(—0oo) = B(co) = 0, Now graph the function 
b(e'*) = 4 + 4.cos @ above the g-axis for —x < » < x. Compare the two 
graphs to see how the conformal transformation x = T(e') has preserved the 
nature of the boundary values in carrying B(x) to the unit circle in the 
Gplane. 

2. We solved the Dirichlet problem in the disc p < 1 by taking b(e'”) = 4+ }cos 9 
on p = 1 and defining h(pe'*) = § + 4p cos @. Was this the only satisfactory 
definition? Could we have defined a different function h(pe'®) that would also 
have solved this problem for p < 17 


3. Use the familiar formula 


to verify that the solution H(x, y) found in the text is the imaginary part of the 
analytic function 


oe ee 
x+Q+Di z+i 
Deduce that H(x, y) is harmonic. 


fe) = 
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4, Given the boundary value function 


x 
1+ x? 


on the x-axis, solve the Dirichlet problem in the upper half-plane y > 0 in two 
ways: by conformal mapping as in the text, and by adapting the insight of 
Exercise 3. Of course you should obtain the same harmonic function from each 
method. 


Bx) = 


Section 8.3 WHAT IS THE RIEMANN MAPPING 
THEOREM? 


This celebrated theorem deals with the question: “Which domains 
can be mapped onto the open unit disc by a one-to-one analytic 
function?” Thus, we saw in Section 8,2 that the entire complex plane 
cannot be mapped onto the disc, whereas the upper half-plane can (by 
linear fractional transformations, in fact). 

We first raised this question in the Appendix to Section 4.5. It was 
seen to be crucial in the solution of boundary-value problems, notably 
the Dirichlet problem, on a domain 2. For (as we saw) if F:Q + Disa 
one-to-one analytic mapping onto the disc D, then a Dirichlet problem on 
Q (that is, the search for a harmonic function that assumes prescribed 
boundary values) may be “translated” by the mapping F into a Dirichlet 
problem on the disc D. And Dirichlet problems on D may be solved using 
the Poisson Integral Formula (Appendix to Chapter 2). Thus, the Dirich- 
let problem on certain domains reduces to a question about analytic 
mappings of those domains onto the disc. 

Now we state 


RIEMANN MAPPING THEOREM 


Let Q be a domain in C. Then there exists a one-to-one analytic (hence 
conformal) mapping F of Q onto the open unit disc <> the domain 2 
is simply connected but not equal to the entire plane C. 


Recall that a simply connected domain is one with no holes or 
punctures; every closed curve lying in a simply connected domain Q 
must have its interior contained entirely in Q also. It is not hard to see 
that ifQ can be mapped one-to-one onto the disc by a continuous mapping 
F (analyticity rot required), then 2 must be simply connected. And if F 
is analytic as well, then Q cannot equal C because of Liouville’s Theorem. 
(Details?) 

The converse, however, the existence of the conformal mapping F, 
is not at all obvious. We will not give a proof here. It is something for 
you to look forward to in an advanced course in complex function 
theory, 
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Further Comments 


1. The Riemann Mapping Theorem is an existence theorem. It does 
not give an explicit method of writing down the mapping function F, 

2. In particular, the theorem does not assert that the analytic 
mapping can be accomplished by a linear fractional transformation in 
all cases. We know this is false. 

8. You may have observed the necessity of describing the behavior 
of the mapping function F on the boundary dQ as well as on Q. Does F 
extend to a continuous mapping of 2Q onto the circle dD? What 
properties of dQ are preserved by the extended mapping F? “Behavior 
on the boundary” is a study in itself. Suffice it to say now that if dQ is 
reasonably nice (a piecewise-smooth loop, say), then F has a continuous 
extension to the closure 2 = Q u @Q, and all is well. 

4, It is now clear that if Q,, 2, are simply connected subdomains of 
C, then there is a conformal mapping F of 2, onto Q,. For the Riemann 
Mapping Theorem gives conformal F,:2, > D(k = 1,2) and the 
composite mapping F(z) = F,~1(F,(z)) is conformal from Q, to Q,. See 
Figure 8.17, 


F@)=F," (Fig) 
——> 


Figure 8.17 


5. What can we say about the mapping of nonsimply connected 
domains? For instance, let 2, and Q, be annuli (one hole) 


QQ = fel <lze]}< Ry}, 2. = wr. < |w| < Ro} 
Is there a conformal mapping of one onto the other? Are every two 
annuli “conformally equivalent”? The answer is “No.” In fact, a con- 
formal mapping F: 2, + Q, exists if and only if the ratios R,/r; and 
R,/rz are equal (if so, it is easy to write down such a mapping). We omit 
the argument. 
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6. You may have found the Riemann Mapping Theorem surprising: 
a topological property (simple connectedness) guaranteeing analytic 
equivalence, Well, paragraph (5) shows that the surprises have not 
ceased. For any two annuli such as Q,, 2, surely are topologically equiv- 
alent (surely there exists a one-to-one continuous mapping of 2, onto 
Q, with continuous inverse), yet now the mapping cannot be analytic 
unless R,/r; = R,/r,. Why? And what ifthe domain Q has more than one 
hole? We are peering into vast realms of inquiry. 


Exercises to Section 8.3 


1, Let F: 2 + D be one-to-one, onto, and analytic, as in the statement of the 
Riemann Mapping Theorem. Prove that F is conformal at each point of Q, 

2, Homeomorphisms. Let S;, S2 be subsets of the plane. A function f mapping S, 
onto S, is a homeomorphism, provided it is continuous, one-to-one, and its 
inverse, which maps S, onto Sj, is also continuous. Another name is topo- 
logical mapping. This definition makes no mention of analyticity. 

(a) Observe that the mapping F: 2 + D guaranteed by the Riemann Mapping 
Theorem is a homeomorphism. 

(b) Prove the impossibility of constructing a homeomorphism from the 
punctured disc 0 < |z| < 1 onto the disc |w| < 1. 

(c) It is possible, using the exponential function, to map a simply-connected 
rectangle onto a nonsimply-connected annulus. See Exercise 17 to Paragraph 
8.2.2. Does this give us a homeomorphism from the rectangle to-the annulus? 

8. Conformal equivalence. The domains Q,, 22 are said to be conformally equiv- 
alent, provided there is a one-to-one analytic mapping of 2, onto 22. Note that 
local one-to-oneness is not enough here. 

(a) Observe that such a mapping is conformal. See Exercise 1. 

(b) Observe that such a mapping has an inverse that is also analytic; it is an 
analytic homeomorphism. This justifies the term “equivalent.” 

(c) Is it important here that 2,, 2; be domains? 

(d) Rephrase the Riemann Mapping Theorem in the language of conformal 
equivalence. 

4. Which of the following pairs of domains are conformally equivalent? In 
some of these, you should be able to furnish the explicit mapping, while in 
others you must rely on the Riemann Mapping Theorem. 


(a) 2, = the entire z-plane, 2. = the unit disc. 
(b) 2; = the disc |z| < 1, 2; = the upper half-plane. 
(c) Q, = the disc |z| < 1, 2, = the open first quadrant 0 < @ < 7/2. 


(d) 2, = the interior of any simple closed curve, 22 = the dise |z| < 1, 

(e) Q, = the interior of any simple closed curve, 2, = the interior of any 
other simple closed curve. 

(f) Q, = the open wedge 0 < @ < 2/4, Q2 = the entire w-plane. 

According to the Riemann Mapping Theorem, it is possible to map 2 = the 
upper half of the unit disc (that is, x > 0, |z| < 1) onto the unit disc. How is 
this accomplished? 

(a) Observe that this is not accomplished by squaring, which maps Q onto a 
slit disc. We are not done yet. 


B, 
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(b) Map the Slit disc onto an infinite plank, using a branch of the logarithm. 
You may have to slide things about. 

(c) Map the infinite plank onto a half-plane, using a cosine or sine. See 
Exercise 7 to Paragraph 8.2.2, 

(d) Map the half-plane onto the open disc. 

(e) Observe that the composition of mappings (b)-(d) will send the half-dise 
Q onto the unit disc, as desired. 


. Let Q be given by |z| > 1 and let f(z) = 1/z. Note that Q is not simply con- 


nected, Also, if z€Q, then f(z)¢ D@; 1). Why doesn’t this contradict the 
Riemann Mapping Theorem? For f maps 2 conformally into D(0; 1). 

The mapping of annuli, Let 2,, with k = 1, 2, be the annuli r, < |z| < Ry. 
We allow r, = 0 or Ry = 00. 

(a) Prove that there is a homeomorphism from Q, onto 2. Hint: Construct it. 
See Exercise 2 for definitions. 

(b) Prove that if Ri/r: = R2/rz, then a homeomorphism may be constructed 
that is in fact a linear fractional transformation (and hence analytic) of a 
complex variable. 

(c) Suppose that f: 2, > 9, is a conformal equivalence (see Exercise 3), that 
Q, is a punctured disc 0 < |z| < Ri, and that R. # ©, so that Q, is bounded. 
Prove that Q, is also a punctured disc, rz = 0. Hint: Show that z = 0 must 
be a removable singularity for f and that, in fact, f(0) = 0. 


. Mapping an infinite strip. Consider the infinite horizontal strip Q = {z = 


x + iy| —z < y < x}. According to the Riemann Mapping Theorem, 9 is 
conformally equivalent to the unit disc |w| < 1, Verify this by constructing 
an equivalence. See Exercise 3 for definitions. 


. Suppose that © is a plane domain that has no points in common with some 


10. 


ray (= a straight-line path from some finite point out to infinity). Prove that 
Q is conformally equivalent to a subdomain of the unit disc. 

Note that this result is a very crude approximation to the Riemann 
Mapping Theorem and not very useful in solving the Dirichlet problem on 2. 
Give a proof or a counterexample for each of the following statements. You 
may refer to a standard theorem if convenient. As usual, © is a plane domain. 
(a) If f is a nonconstant analytic function defined on the domain Q, then the 
image f(Q) is a domain. 

(b) If f is a nonconstant analytic function on 9, then f(Q) is conformally 
equivalent to 2. 

(c) If O is conformally equivalent to the unit disc, then 2 is bounded. 

(d) The entire plane and the slit plane (nonpositive x-axis removed) are 
conformally equivalent. 

(e) The punctured disc 0 < |z| < 1 and the unbounded annulus 1 < |w| < 00 
are conformally equivalent. 

(f) If the analytic function f: 2; + Q, maps Q; onto Q, and is conformal at 
each point of 2;, then it gives a conformal equivalence of 2; with Q3. 
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Solutions to Selected 
Exercises 


Chapter 1 


PaRAGRAPH 1.1.1 


1. (@) (1, 3), (®) (—3, 7, (©) 6, —9), @) (—2, 18). 
2. (a) w = (1/3(—z — 20 = ©, —8/3). 
(b) w = —22 — £ = (-3, -). 


PARAGRAPH 1.1.2 


1. (a) V17, () 22, (c) V'13, () same as (c). 
2. Same as 1(c), (d). 


PaRAGRAPH 1.1.3 


1. (c) Yes. 

2. (b) The annulus is connected. 

4. The key here is to observe that 2 — S must be empty (no points) or else Q 
would not be connected. 

6. No, not in the terminology of this book. 


PARAGRAPH 1.1.4 


1. (b) and (c) are the only bounded sets here. 
2. (a) All points (0, y) with y = 0 (the nonnegative y-axis) together with all 
points (x, 0) with x => 0. 
(b) The circle |z — zo| = 2. Note that this is contained in the given set. 
(c) The circle |z — zo| = 2 together with the point (0, 0). 
(d) The vertical lines x = 0, x = 1. 
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PARAGRAPH 1.2.1 


1, a(t) = (cos 5t, sin 52), 

2. (a) A(é) traverses the unit circle |k| times, starting at the point (1, 0), in a 
counterclockwise or clockwise fashion according as k is positive or negative. 
(b) B®) = <—k sin kt, k cos kt). Its length is |k|; its direction is reversed if 
kis negative instead of positive. 

3. Let »(t) = @, 0) for OS (<1, xX) = (,t-1) for 1 <t <2, xt) = GB - 
4,1) for2 < t <3, Xt) = (0,4 - f) for8 <1 <4. 

4, (b) a(x) = <1, fx). 


PARAGRAPH 1.2.2 


1. 37R. 
2. Length = fi./1 + 4x? dx = @V6 + In(2 + V/5)/4. A table of integrals 
might help here. 


PARAGRAPH 1.2.3 


1. (a) «(@) = (R cos @, R sin 4) with 0 < @< x. 
(b) o(s) = (R cos(s/R), R sin(s/R)). Here o(s) = o(E(s)) with @ = E(s) = s/R. 
2. (a) L = k(b — a), (b) t = Els) = a + sik. 


PARAGRAPH 1.2.4 


1. Only (a). 

2. Here the inside is given by |z| < r, the outside by |z| > r. 

3. See the concept of winding number in Chapter 7. 

4, (a) False (unbounded), (b) True, (c) True, (d) False; the “outside” domain will 
not be bounded. (e) True, (f) False. 


PaRAGRAPH 1.2.5 


1. (@) 47, (b) |U| = V88, |V| = V73, (©) cos @ = U- VI|U| |V| = 47/4234, 
(a) 0 = arccos(47/V/4234), Use tables. _ ~~ 

2. (a) V = <7, -3), (b) |V|-!V = ¢7//58, —3/-/58> has unit length and is a 
positive multiple of V. 


PARAGRAPH 1.2.6 


2. (c) VN = Omeans that V points in the same direction as T or in the opposite 
direction. But V- 7' > 0 means that V points in the same direction as T. 
(da) V points in the opposite direction to T. 
(e) V- T = 0 means that V points in the normal direction or its opposite. But 
V-N > 0 means that V points in the normal direction. 


PARAGRAPH 1.3.1 


1, L(z; 20) = 12 — (e — 1) + 1Xy — 2), 
2. 1+ 8sint cost. 
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4, Mean Value Theorem. Given a continuously differentiable real function g(x) 
and points x, xo, then there is a point x, between x and x such that g(x) — 
(Xo) = 8'(x1) + (% — x0). 

In the proof of Theorem 3, we let u(x, ¥) play the role of g(x) (note y is 
fixed here), Thus u(x, y) — u(%o, y) = u(x, ¥)-(x — xo) as claimed, and 
likewise for u(xo, y) as a function of y. 


PARAGRAPH 1.3.2 


1. @) 1, ©) -12, (&) 1jv2. 

2. (a) U = <3/5, —4/5>. Note that we simply divided the given vector by its 
length. 
(b) 4e/5. 

3. (b) Since r is constantly equal to 1 on the unit circle, we expect its tangential 
derivative (rate of change with respect to change in the angle @) to be 0. Also, 
we expect the tangential derivative of @ to be 1. 


PARAGRAPH 1.3.3 


1, (a) <1 — 2x, 6y>, (ce) <-1, 12). 
3. (c) V@(zo) points in the direction of the tangent vector to the circle C(O; ro) 
at the point zo, where ro = |zo|. 


PARAGRAPH 1.3.4 


8. (a) x = r cos 6, so that (@x/an)(1, 6) = (8x/ér)Q, @) = cos 4. 
(b) u(z) = |z|? = r?, so that (@u/@n)(1, 6) = 2r = 2. 

6. (a) One example is u(z) = —In |z|. 
(b) vz) = 1/ + x? + y). 

7. (a), (d), (g) are false; the others are true. 


PARAGRAPH 1.3.5 
1. Harmonic: (a), (b), (4), (f), 


PARAGRAPH 1.4.1 


1. (a) 0, (b) x, (c) x, d) 0. 

2. (b) The converse is false if the domain Q has a “hole,” for example, if 2 is an 
annulus or a punctured disc. See Exercise 8 to Paragraph 1.4.3, as well as 
Exercise 5 below. 

3. (a) Exact, u(x, y) = xy, (b) Exact, u(x, y) = x, (c) Not exact, (d) Exact, 
u(x, y) = e* cos y. , 

5. (d) One point of the loop T doesn’t lie in the domain 2 of the function 9. Thus 
the theorem of Exercise 4(a) does not apply to the present situation. 

6. (a) u(x, y) = ye*, (b) u(n/2, 1) — u(0, 0) = e*?. 


PARAGRAPH 1.4,2 


1. (a) 1 (= area of the rectangle), (b) 1/4. 
2. (a) True, (b) True, (c) True, (d) False, (e) True. 
5, 2a fh r3 dr = 2/2, 
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PARAGRAPH 1.4.3 


2, Key: observe that if we translate fy du into a double integral by means of 
Green’s Theorem, then we obtain an integrand which is identically zero, 

4, Note py(x) = g.(y) = 0. 

7, (a) The key here is Theorem 8 of Paragraph 1.4.1. Note that, unless we know 
that all points enclosed by the loop I are also in 9, we cannot apply Green's 
Theorem, 

8, (a) Conditions (2) and (4) each allow us to construct a function u(x, y) in Q 
whose differential is p dx + g dy. Note that (2) and (4) say the same thing. 
(b) Each of the four conditions guarantees exactness now. 


PARAGRAPH 1.4.4 


3. Both u(¢) and u(t) have the same integral respresentation. 
7. Write Green’s II, but use Au = 0. 
8. See Section 8 of Chapter 2. 


Chapter 2 


SECTION 2.1 


1. Harmonie: (a), (d), (f). 

2. First show Au(x, y) = e*(g”(y) + g(y)). Thus u is harmonic precisely when 
a(y) is a solution to the famous second order linear differential equation 
g” + g = 0. It is easy to check that A cosy + Bsiny is a solution to this 
equation (plug it in!), and somewhat more difficult to prove that all solutions 
are of the form A cos y + B sin y for certain real A, B. 

3. Note Uxx = Uyx and Uyy = —Vxy, But Vxy = Vyx. 

5. The double integral, which involves the Laplacian. 

6. Note that In |¢| is not defined at one point of the disc. 

7. Both are harmonic. For instance, uxx + Uyy = 0 implies Uxx, + Uyyx = 0. 
But this equals (ux)x. + (Ux)yy, 80 that uv, is harmonic. 


SECTION 2.2.1 


3. (c) Zero temperature occurs only on the unit circle. 
(d) Integrate. 
(f) The origin is an infinite source of heat. 
(g) The same amount of heat energy must flow across each circle centered at 
the origin, independent of its radius R. 

4, See Exercise 3(g). 

5. (b) The source is {, (temperature = +00), the sink f. 
(©) u(¢) = 0 if and only if In (\¢ — ¢ol/|¢ — ¢1|) = 0 if and only if |{ — 60] = 
|¢ — ¢,|. This determines a straight line of points equidistant from (» and ¢1. 

7. You might observe that heat would tend to flow away from any point with 
highest positive temperature towards colder points. It follows that this point 
would tend to become cooler, contradicting the time-independence of tem- 
perature. Thus there can be no highest positive (or lowest negative) temper- 
ature, so the temperature is everywhere zero. 

8. If u(x, y, f) is constant in time, then u, = 0. 


Solutions to Selected Exercises 335 


PaRAGRAPH 2.2.2 


1. (a) False (note that g was not necessarily harmonic), (b) False, (c) True, 
(@) True (continuity), (e) True (continuity); compare (c). 
2, Prove there is a point x, with g(x.) > 0 if and only if there is a subinterval 
e< x < dwith [4 g(x) dx > 0. 
On the other hand, if all we know is that f° g(x) dx = 0 over the full 
interval, we cannot conclude whether g(x) is identically zero or not. 


PARAGRAPH 2.2.3 


1. (a) True, (b) True, (c) True; in fact, u(z) = u(0) for all z with |z| < 1. (@) False; 
in fact A In |z| is not harmonic at z = 0 in Q, (e) True, (f) True. 

2. We've used Au = 0 in the Inside-Outside Theorem and in Green’s III, and 
then used these theorems to examine harmonic functions. 


SECTION 2.3 


2. (a) A= u(1, 2), (©) 0. 
5. (a) 322 (= 2R?u(é)), (b) 0. 
7. Yes, 


PARAGRAPH 2.4.1 


1. The Circumferential Mean Value Theorem, 

2. A simple example would be: Let u(z) = 1 for all z in Q, and u(z) = 2 for all 
z in Q;. You must prove that this is continuous provided 2; and Q, are 
disjoint. 


PARAGRAPH 2.4.2 


2, (a) Maxima at (\/2/2, V2/2) and (-/2/2, —/2/2); minima at (/2/2, -V'2/2) 
and (—+/2/2, V/2/2). All these points are on the unit circle, as guaranteed by 
the Weak Maximum Principle. 

(c) Because In |z| is an increasing function (calculus!) of r = |z|, its minima 
on the annulus occur precisely on the inner rim |z| = 1 and its maxima occur 
on the outer rim |z| = 2. 


PARAGRAPH 2.4.3 


1. (b) The only example is u(x, y) = x? — y?. (c) Yes. 

2. (a) The upper half plane is unbounded. 
(b) In |z2| “blows up” (is not finite-valued, not defined) at the point z = 0. 

3. (a) Theorem 4 allows us to omit consideration of (@u/an)(z) for harmonic 
functions, 
(b) If © is a disc, then the Poisson Integral Formula (see Appendix 2 to this 
chapter) does this. 


PARAGRAPH 2.5.1 


4, The infinite limit at a point (2 = 1) in the plane should make us think of the 
natural logarithm. The function u(z) = — In |(z — 1)/2| will satisfy the 
requirements, 
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PARAGRAPH 2.5.2 


1. (b) In applying Harnack’s Inequality, the student is assuming that the 
function is everywhere nonnegative, and so is bounded below. 

2. (a) sin xy is bounded (in fact, |sin xy| < 1) but not constant, contradicting 
Liouville’s Theorem. 
(b) u(x, y) is identically 0. For |u(0, 0)| < |sin 0| = 0, so u(0, 0) = 0. And uw is 
constant by Liouville’s Theorem. 


Chapter 3 


PARAGRAPH 3.1.1 


1. (a) 3 + 2i, (b) -1 — 4i, (€) 5 + Bi. 

2. (—1/5) + (7/5)i. You might obtain this by writing r = a + bi and solving for 
a, b in the two linear equations implicit in zr = ¢. But see Paragraph 3.1.3. 

3. (a) +7, (b) +3i. 

4, i" is real if and only if n is even, positive (real) if and only if n is divisible by 
4 (that is, n = 0, +4, +8,...), and negative if n is of the form 4k + 2 (that 


is,n = +2, +6,...). 
5, Multiply both sides of the given equation by z, so as to introduce z* into the 
discussion. This gives 27 = —z2* — z, Now use z? + z= —1. 


6. Re zt = 5, Im 2 = 5. 


PARAGRAPH 3.1.2 


2. 5. 

8. This is the circle |z| = 2, that is, C(; 2). 

4, |z| = V5, arg z = arctan (—1/2) = —arctan (1/2) radians, Now iz = 1 + 2i, 
so that |iz| = V5 = |z| and arg iz = arctan(2). Thus multiplication by i has 
rotated the point z through one right angle counterclockwise to iz. (Check 
that arctan(2) = —arctan (1/2) + 2/2.) Keep your eyes open for geometric 
gifts coming from complex arithmetic. 

6. Letr = —i, 


PARAGRAPH 3.1.3 


1. (@) (2/5) + (1/6)i, (b) (—1/5) + (7/5)i. 
3. The statement is true. Use |z|? = x? + y?. 
4, -i. 


PARAGRAPH 3.2.1 


1, u(x, y) = x3 — Bxy?, u(x, y) = 3x%y — »°. 

2. g(z) = Iz = (x/(x? + y)) + i(—y(x? + 9), so that u(x, y) = x/(x? + 9%), 
U(x, y) = —y/(x? + 97). 

4, |f(2o) — wol| < «. 

7. Continuous. 
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PARAGRAPH 3.2.2 


or 


6. 


+ (8) 62? + i, (c) —2(¢ — 1)?, (@—) H’@) = a’ F@)S'@ = Ae + 1. 
. The key is that (f(z) — f(zo))/(z — zo) approaches f’(zo) as z approaches Zo. 
. The key is that f(z) — f(z) approaches f’(z)(z — Zo) as 2 approaches 2g. It 


follows that f(z) approaches f(z»), whence continuity. 


. See Exercise 4 to Paragraph 1.3.1. One difficulty with a complex analog of the 


Mean Value Theorem is that we cannot hope to say “there is a point z, 
between z and 29” due to the fact that the domain of a complex function is 
2-dimensional, not a line segment. 

Look at the difference quotient for the derivative. 


PARAGRAPH 3.2.3 


1. (a) All points in the plane, (b) At all points except 2 = +i, (c) At all points 
except z = 0. 

2. For analyticity at a point it is required that the function be continuously 
complex differentiable in an open neighborhood of the point. 

3, Nowhere. 

6. Analyticity of all derivatives follows from the Cauchy Integral Formula in 
Chapter 4. 

7. Yes. See Exercise 4 to Paragraph 3.2.2. 

8. Yes. This follows from the Chain Rule together with some elementary con- 
siderations of continuity. See Exercise 13. 

9, See Section 3.3. 

10. In elementary calculus this result is either accepted as obvious or proved 
using the Mean Value Theorem. In the complex case we have no Mean Value 
Theorem; one method of proof is to reduce things to the real two-variable 
case by means of the Cauchy-Riemann equations of the preceding exercise. 

11. (a) It is the quotient of analytic functions, 

(b) fo). 
(c), (d) The answer is yes in each case. See Chapter 5. 

12. (a) f(Q) is the open upper half plane v > 0 in the w-plane. If w has polar 
coordinates (, g), then its inverse image z = g(w) has polar coordinates 
(r, 8) = (Vp, 9/2). 

(c) The best characterization of continuity to employ here is the topologist’s, 
Exercise 8 to Paragraph 3.2.1, 
14. (a) True, (b) False. 
SECTION 3.3 
3, Note that this is true only on a connected domain. 


One method of proof: f‘(z) = 0 everywhere implies u,(z) = u,(z) = 
u,(z) = v,(z) = 0, where f(z) = u(z) + iv(z), which implies that u(z) and u(z) 
are both constant. 

A second method, which works for polynomials and rational functions: 
Compute /’(z) explicitly and then argue that f’(z) is identically zero only if 
f(z) is constant. 

A third method, involving Theorem 1 of Chapter 4: This says that 
§27'@) dz = f®) — f(@). Thus if f(z) = 0 we have (6) = f(a) for all points 
a, b in the domain. 
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Note that none of these methods involve the difference quotient (f(z) — 
F(20))(z — Zo) used to define the derivative. Such a proof is also possible. 
4, Use the Cauchy-Riemann equations to prove that the real part of the complex 
function is constant. (Clearly the imaginary part is identically zero.) 


PARAGRAPH 3.4.1 


1, @) —e,(¢)1,@)1. 
5. Yes. In fact, w = log z. See Paragraph 3.4.2. 
6. This is the set of all points w # 0. See Paragraph 3.4.2. 
%. (a) efni4, (b) ext, (c) er! 
9. "*—1=0. 
11. (a) e®H8, 2981/8 (= —eR!/8), (h) eSI/8, otSnt/8 (— — eSn1/8), 


PARAGRAPH 3.4.2 


1, (a) In V2. + i8x/4), (©) In 4 + i(e/7). 

2. (a) In-V2 + i(11n/4), (€) In 4 + i(15z/7). 

3. Yes; a nonprincipal branch of the logarithm must assume a nonreal value at 
a real point z = x. For example, log 1 = 2kzi,k = +1, +2,..., for the 
various nonprincipal branches. 

4, 9, is mapped by exp onto the punctured disc 0 < |w| < 1. Q2 is mapped onto 
the annulus 1 < |w| < 2. Q3; is mapped onto the open upper half disc 
|w| < 1, [v] > 0. 4 is mapped to the exterior |w| > 1. 

5. See the answers to Exercise 4 above. 

6. Onto the punctured plane w # 0. Since f(z) may be decomposed as z+ 
2nz+ exp(2zz), its inverse is w — log w + (1/2) log w, provided we choose 
the principal branch of the logarithm, 

8. (a) The composition of analytic functions is analytic. 

(b) A(z) constant implies log A(z) constant, 

9. (a) Construct log z = In |z| + i@ where —¢ < @ < ¢ (where it is reasonable 

to suppose that the ray is specified by an an angle satisfying 0 < 9 < 2z). 


PARAGRAPH 3.4.3 


2. This quickly reduces to solving e* = +1. 
3. z= x = (2k + 1)/2)x,k = 0, +1, +2,.... 
4, All points z for which cos z # 0, 

6. (b) sin(z; + 22) = sin 2; cos zz + cos 2 sin 22 

cos(z; + 22) = cos 2; cos 2; — sin 2; sin Z2. 

7. True. Use Exercise 6(b). 

9. (b) sin z = —5 if and only if e — e~* = —10i if and only if (e*)? + 10ie* — 
1 =0 if and only if e* = (—5 + /24)i if and only if z = —ilog((—5 + 
V2A)i. Note that this gives a “doubly infinite” family of solutions, z = 
kn/2) — iln|—5 + V/24| with k = 0, +1,.... 

11. The entire w-plane. 

12. arcsin z = —i log(iz + vi- 2); the logarithm is no surprise! 

13. (b) (d/dz) sinh z = cosh z, (d/dz) cosh z = sinh z, 

(c) sinh? z — cosh? z = 1. 
14, (a) ce*, c arbitrary complex, (b) c; cos z + cz sin z, (c) ¢; cosh z + ¢2 sinh z. 
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PARAGRAPH 3.4.4 


1. 


2. 


(a) e~7*7e""*, k = 0, +1,..., though you may wish to absorb the minus sign 
in the exponent into the k. 

(©) en Get DRAetinv2, = 0, +1,.... 

Three choices z°,z°, z°*¢ will satisfy 2°+¢ = zb2%e?"kb+me) for certain integers 
km 


SECTION 3.5 


1. 
2. 


4, 


y? — x? + ¢, with c an arbitrary real number. 

Two nonintersecting paths from zo to z readily yield a closed loop. The 
difference of the two line integrals from 29 to z; (over the two paths) is seen 
to be the integral of —u,dx + u,dy around the closed loop. Since Q is 
simply connected, Green’s Theorem may be applied to convert this line 
integral into a double integral. But u harmonic readily implies that the new 
integrand is identically zero. This proves that both paths from Zo to z yielded 
the same value of the line integral. 

Because the natural candidate @ = u(z) = arg z is a harmonic function only 
if we select a continuous branch, and continuous branches of arg z live on 
domains such as the slit plane (with —z < @ < =z), but noé on the punctured 
plane. 

See 3 above. 


Chapter 4 


PARAGRAPH 4.1.1 


1. 
2. 


(a) (—2 + 2%)/3, (b) (2 — 21/8, (c) (—2 + 2i)/3. 
Qui. 


PARAGRAPH 4.1.2 


1. 


3, 
6. 
8. 


(a), (b) See Exercise 1 to Paragraph 4.1.1. (c) No; the integral is independent 
of the path from Zo to 21. 


. (a) 0 (by Theorem 1), (b) All these integrals are zero. 


e*—1, 


. Amost useful example: Let 2 = C — {0}, the punctured plane, and f(z) = 1/z. 


Then f(z) is not the derivative of an analytic function on all of Q (although it 
is the derivative of any branch of log z on various slit planes). 


PaRAGRAPH 4.1.3 


1. 


2. 


(a) Note M = 1/r, so that the absolute value of the integral is not greater 
than ML = (1/r)(2ar) = 2z. 

Given any e > 0, there exist radii r > 0 such that |J,| < «. (In fact, simply 
let r satisfy 0 < r < 2xM.) This means (by the second hypothesis), that all 
|| < ¢, for any e > 0. It must therefore be the case that all J, = 0. 
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SEcTION 4.2 

1. (a) 0, (c) 2ai, (e) 0. 

2. (a) True, (b) False (see Exercise le above), (c) True, (d) False (Q might have a 
puncture enclosed by I), (e) False (consider f(z) = 1/z?), (f) True, (g) True 
(beware!). 

4. (a) 0, (b) 1, (c) F(z) = In |z| + i arg 2, —x < arg z < a, (d) Iz. 

5. Use Exercise 3b to Paragraph 4.1.2. 

6. Use Exercise 2 to Paragraph 4.1.3. 

13. 2 is not simply connected. 


SECTION 4.3 


1, (a) zi, (c) 0, (e) 0. 

2, Corollary 5 in Section 4.2. 

5. a, b, c, d, e, f, j and no others. 

8. (a) Note that f(z) — g(z) is identically zero on the loop Fr. Now use the integral 
formula to get f(z) — g(z) inside I. 
(b) Extensions from I into its interior do not always exist, even if T is a 
circle. It depends on the given boundary values f(z). This is in contrast to the 
Dirichlet problem for the disc, in which a real harmonic function assuming 
given real boundary values is sought. The complex extension problem with 
given boundary values f(z) may fail because the real and imaginary parts of 
f(@) = u(z) + iv(z) might not extend to conjugate harmonic functions in the 
interior of the disc: the Cauchy-Riemann equations again. 


SECTION 4.4 


1. (a) Once ¢ is fixed, the integrand f(z)(z — ()~? is defined (finite-valued) and 
continuous for all z on the curve I, And it’s standard that continuous (even 
bounded piecewise-continuous) functions on a “finite interval” have finite 
integrals. Note that we need ¢ off the curve I. 

(b) Differentiation (in ¢) under the integral sign in the Cauchy Integral 
Formula. 

2. (b) No. For if |¢| > 1, then the integral is 0. 

3. (a) 7i/60, (b) 2xi(e — 2). 

4. Note that the integral equals 2zi/(n — 1)! 

5. f= fiajar @ — 07? sin xy dz. 

6. Sr fe) dz = Sp. g(eX2 — za)" dz = (2nif(m — 1)! ez). 


Secrion 4.5 


1. (a) False (though it is true if 2 is simply connected), (b) False (as in (a)), 
(c) True, (d) False (consider z? and z? + 2zi), (e) False, (f) True (see (d)), 

2. There remained the technical issue of proving that both parts actually were 
twice continuously differentiable, 

5. A(z) = x. Note that |e*| = e*. 

6. Let Q be simply connected. 

7. u(z) = In |z|. We’ve seen this already. 
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SEcTION 4.6 


1, (a) 2n(= 22 cos 0), (b) 0(= 27 log 1). 
2. (a) 0, (b) 0. 

4, Corollary 5, 

5. 1(= cos 0). 


SEcTION 4.7 


2, (a) The maximum modulus |cos a| for |z| < 1 must be attained only on |z| = 1. 
But cos 0 = 1. Hence we must have |cos z| > 1 for at least one z with |z| = 1. 
(b) Let z; satisfy |z,:| = 1, |cos z;| > 1, as in (a). Now let {¢,} be a sequence of 
points with [¢,| <1 and lim... ¢, = z:. By continuity, lim,.. cos ¢, = 
cos z;. Thus |cos ¢,| approaches a positive number >1, and so we can’t have 
all |cos ¢,| < 1. 

(c) Of course |cos x| < 1 for all real x. 

3. False. The “limit at 00” might not exist. A very simple example: Let f(z) = 
sin z. Then lim,..,. sin x does not exist, so surely the general limit as z = 00 
fails to exist. Others: cos z, e*. 

4, (a) This is the Weak Maximum Modulus Principle. 

(b) It is true. This is Liouyille’s Theorem (Section 4.9). 

6. Iff(Q) intersected the circle |w| = r, then f(z) would be assuming its maximum 
modulus at some z in Q. 

8. The only rotations have n = 1, |c| = 1, All the others contract, that is, 
|f@| < lz] if0 < |z| < 1. 


SECTION 4,8 


1. Consider the polynomial f(z) = p(z) — c. 

3. Take the complex conjugate of both sides of the equation p(z;) = 0 to obtain 
p:) = 0. Key: The coefficients of the polynomial are the same as their 
complex conjugates. 


SECTION 4.9 


1. The imaginary part vu(z), being harmonic and bounded below, must be 
constant, By the Cauchy—-Riemann equations, the real part of f(z) must also 
be constant. 

2. If f(C) missed a line then it would lie to one side or the other of this line. 
Rotating, we have e'*f(C) above a horizontal line (here g is some fixed angle) 
Thus w = e'*f(z) is constant, by Exercise 1, so that f(z) is constant. This is a 
contradiction. 

3, The exercise is stronger; it shows p(C) = C, which is definitely unbounded, 

7. Since |f(z) — wo| > 8, we have |g(z)| = 1/|f(2) — wo| bounded. But g(z) is 
entire. Contradiction. 

8. (b) No branch of log z is entire (cf. slit plane). 


SEcTION 4.10 


1. No. Morera’s Theorem does not apply, because there are loops F which pass 
through the point 2) = 0 for which f, (1/z*) dz is not zero. 

2. (a) The integral exists because the integrand is continuous on the curve I. 
(b) The Cauchy Integral Theorem. 
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(c) This argument is standard. We used it in the proof of the Cauchy Integral 
Formula. It depends strongly on the fact that f(z) is bounded even at the 
“bad” point zo. 

SEcTION 4.11 


2. We have |f™(zo)| < n! M(zo; r)/r* < n! ar*/r". Fixn > k and let r > 00, The 
right hand side of this inequality tends to zero. The result follows. 

8. We sketch an approach. First, integrate f“*(z) k + 1 times to obtain f(z). 
But note that the (k + 1)st iterated antiderivative of 0(= f“*"(z)) is a poly- 
nomial of degree <k, 


Chapter 5 


PARAGRAPH 5.1.1 
1. See a calculus book. 


PARAGRAPH 5.1.2 
1. (a) i — (1/2) — (i/3) + 1/4) + G5) — 1/6). 
PARAGRAPH 5,1.3 
2. (a) Absolutely, (b) Diverge, (c) Absolutely, (a) Conditionally. 


PARAGRAPH 5.1.4 


1, The harmonic series is one counterexample. 
2. See 1. 
4, The series in z converges, The absolute value of its sum is less than 2. 


PARAGRAPH 5.2.1 


Lidk 
2. (c) No; it need not be true. (d) No. (e) Obviously not; see (a), (f) No, 
3. (a) Yes. (b) No. (c) Possibly. (d) R = 1. 
4,R=1. 
6 R=1. 
6. (a) R=1.0)R=1. 
12. (a) False; see (e). (b) True. (c) False. (d) False. (e) True. (f) True. (g) True; see 


Exercise 9 above. (h) True. (i) False; it might converge at z = 0. 


PARAGRAPH 5.2.2 


2. (a) True, (b) True, (c) False, (d) False, (e) True. 
5. (a) 1/(1 — 2). 


PARAGRAPH 5,2.3 


1, (a) True, (b) True, (c) True. 

6. (a) True, (b) False, (c) True; the functions must be analytic, (d) False; not all 
continuous real functions can be obtained by restricting. (e) True, (f) False. 

8. (b) The principal branch of log z. 
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PARAGRAPH 5.3.1 
1. (a) a, = 2*/R!, (b) azn = 0, Gaza = (—1)* (2k + 1)!, (0) a, = 0 fork > 1, 


PARAGRAPH 5.3.2 


1. (a) True, (b) False, (c) True; see Exercise 8 below, (d) False, (e) True. 

2. (a) False; the series might also converge at certain points on the rim of the 
dise of convergence. (b) True, though not immediately obvious. (c) True. 
(d) True. (e) True. (f) True. 

3. (a) R = 1, b) R = V10, (0) R= ©. 


PARAGRAPH 5.3.3 


1. (a) e™* = Po x*z"/k! 

(b) sin xz = S12.g (—1)4nz)?**2/(2k + 1)! 

(©) 1/2 + z) = Dio (—1t2t/2"**. 

@ 1/2 + 2) = F224 (-)e + I). 

(©) 1/4 + 22) = Pho (-*@z)*. 

(f) ai + Cz) = xi + T2q ite — DK 
2. @)R=0,()R=0,()R=2,@R=1,)R=1/2,0)R=1. 
3. (a) sinh 2 = 2 + 29/81 +--+ = Pg 27***/(2k + 1)! 


PARAGRAPH 5.3.4 


2. Only statements (d) and (e) are necessary consequences. 


PARAGRAPH 5.3.5 


1, Statements (b), (d), (e), (f) each imply f = g on Q. The others do not. 

3. (a) True. (b) False; consider the definition. (c) False. (d) True; see the Schwarz 
Reflection Principle in Exercise 6. (e) True. 

7. f(z) = e is the only one. 

8, Counterexample: In |z| = 0 on |z| = 1, but In |z| #0 on the punctured 
plane. 


Chapter 6 


PaRaGRAPH 6.1.1 


1, (a) Poles atz = 0 andz= —1. 

(b) No singularities in the z-plane; an entire function. 

(c) Essential singularity at z = 0. 

(da) Pole at z = 0, 

(e) Poles at z = x = 0, +2, +2x, +3z,.... 

(£) Removable singularity at z = —1, pole atz = —2. 
4, (a) (1/z) + sin z or e*/z or 1/sin z. 

(b) eve-D, 

(©) F(2) = 1/2, a2) = (Jz) + 2. 

(d) 52°. 

(e) @? — 1)(2? + 1). 

(f) 27te'/E-)) ox 2-1 4 ete 2), 
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PARAGRAPH 6.1.2 


2. (@h=k. 
b)h=k. 
(©) Ifh > k, then lim,.,., f(z)/g(z) = 0; if hh < k, then the limit is infinite, 


PARAGRAPH 6,2.1 


1. (b) It would be possible to write down a series in (2 — 2) which converged 
only at zo, and one in (z — 29)~ which converged only at oo. The sum of 
these series would converge nowhere. 

(d) Yes. 

2. (a) True. (b) True. (c) True. (d) True. (e) True; this series is the one used to 
study f(z) near 2p. (f) True. (g) True. 

3, (a) The geometric series }\° , 2". 

(b) 1/(z — 1); this is a Laurent series! 
e) — 2 
5. No. The logarithm does not have an isolated singularity at z = 0. 


PARAGRAPH 6.2,2 


1, The origin is (a) nonsingular, (b) essential, (c) removable, (d) pole, (e) not. 
isolated, (£) essential, (g) logarithmic. The series are (a) z — (27/3!) ++--, 
) Gjz) — A283) +--+, ©) 1-@BN+---, @ Aze)—EB)N+--, 
(e) no series, (f) 1 — Se ey + +++, (g) no series. 

2 (al + 274+ 244- 

(b) 2-7 + 2-44 wea 
© Dra (- paayre +i 


SECTION 6.3 


1. (a) True. (b) False; the limit does not exist. (c) True (in the sense of removable 
singularities). (d) True. (e) True; see (b). (f) True. (g) False, essential singu- 
larity; in fact, you might observe that the function is cos(1/z). (h) True. 

2. (a) Meromorphic: polynomials, rational functions, entire functions, (sin z)/z, 
1/(sin 2), e*/z. 

(b) Yes. 


SECTION 6.4 
1. One example is e'/” with p(z) = z(z — 1). 
2. The naive student used the wrong Laurent series for studying 1/(z — 1) at 
2 = 0. 
3. Here f(z) = (sin z)/z. 
5. The statement is true. One might begin the proof by writing f(z) = z-"fi(z) 
with lim..,., f:(z) finite and nonzero. 


Chapter 7 
PARAGRAPH 7.1.1 


: ne 2zi, (b) 0, (©) 0, (d) i/2, (e) 0, (f) 0. 
Ie fy 
4, (i) True, (ii) False, (iii) True, (iv) False, (v) True. 
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PARAGRAPH 7.1.2 


1. (a) res(csc z; 0) = 1, (b) z csc z has a removable singularity at z = 0, (c) as 
in (b), (d) res(f(z); 0) = 1/4, (e) The integrand has simple poles at 2) = —1/2 
and z; = 1/2 with residues —1 and 1, respectively, (f) The integrand is 
analytic. 

The values of the integrals are given above. 

2. (a) Either a removable singularity or a simple pole, (b) g(zo), (c) 2nig(zo), 
(da) Cauchy Integral Formula. 

3. (a) Simple pole at zo = 0, double pole at z, = —1; res(f;0) = 1, res(f; —1) = 
-1. 

(b) 0. 


PARAGRAPH 7.2.1 


1. (@) —2, (b) —5. 
3, The value of the integral is 1. 


PARAGRAPH 7.2.2 
6. (a) True, (b) True, (c) True. 


PARAGRAPH 7.2.3 


1. @) 1, &) 1, ©) 3 times. 

2. (a) The image is the unit circle |w| = 1 traversed twice in the counterclock- 
wise direction. 
(b) 2. 
(c) The origin is a double zero of f(z) = 0. 


Chapter 8 


PARAGRAPH 8.1.1 


2. (a) The critical points of cos z are the zeros of —sin z which are, as we have 
seen several times already, all real: z = x = 0, tx, +2z,..,. Each of these 
is a simple zero, that is, a critical point of order 2 for the cosine. 

(b) The origin is the only critical point (order 2). 
(c) No critical points. 
(a) Critical points at z = +1, each of order 2. 

3. Begin by computing /’(z). 

4, The function (mapping) f is one-to-one from S, into S, if z; # z2 in S; implies 
that f(z:) # f(22) in S2; in other words, distinct points are mapped by f to 
distinct points. And f maps S; onto S, if for every w in S; there is at least 
one z in S, such that f(z) = w; in other words, f(S;) = S2. 


PARAGRAPH 8.1.2 


1. (c) R = x, Consider the periodicity of e*. 

3. (ce) Yes. 

4, (b) No. Contrast (c). 

6. (a) True. (b) False, although it is locally one-to-one near every point 20. 
(c) False, although it is true up to a first order approximation. (d) True. (e) 
True. 
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PARAGRAPH 8,1.3 


1, The key here is that 2? = (—z)*. 
2. g(z) is locally 3 to 1 near zg = i. 


PARAGRAPH 8.1.4 


6. The key here is to observe the behavior of f(z) at infinity: lim,... f(z) = 
© (a pole). By Exercise 11(c) to Paragraph 6.4, f(z) is a polynomial. Now 
use one-to-oneness. Note that this has little connection with the Open 
Mapping Theorem. 


PARAGRAPH 8.1.5 


3. (a) Regard z° + z + 1 as a perturbation of z* and check that |z + 1| < |z‘| 
if |z| = 6/4. Even sharper estimates are not hard to find. 


PARAGRAPH 8.1.6 
1. (c) The other fixed points are the roots of az*-! — 1 = 0. 


PARAGRAPH 8.2.1 


2. (a) i, (b) 00, (©) 0, @) 1. 
3. 2= iw +-D/w — 1. 
4.2% =1, 
6, Ti) = 1+ ile — i). 
7. (a) w = r~te-, (b) Onto the ray ¢ = —@ in the plane |w| > 0, (c) Onto the 
circle |w| = 1/ro, (e) The vertical line through w = 1 in the w-plane, 
9. (a) T(z) = —i(z — D(z + 1). 
(b) T) =i. 
(c) Onto the circle in = determined by 0, 1, 00, that is, the horizontal u-axis. 
(d) Onto the open upper half plane v > 0. 
11. Such transformations always exist, but they are never unique. 
12. No. It maps both z = i and z = —i to 0, 


PARAGRAPH 8.2.2 


2. (a) Perhaps the simplest is T(z) = —z. 
(b) No. Too many fixed points. 

3. (a) No. For if T() were finite, then T would not be conformal at z = 0. Thus 
T(0) = ©. Now follow’ T with an inversion. This yields a linear fractional 
transformation of the wedge onto the lower half plane which fixes the origin, 
But this is not conformal at the origin. 

(b) Yes. Let w = z5, 

4, The points wo, w;, w2 should occur in that order on a counterclockwise 
journey once around the circle |w| = 1. 

11. (a) True, (b) False, (c) True (see (a)), (d) False (see (b)), (e) False (see Exercise 
12), (f) True, (g) False. 
14. The approximation is the linear map w = f(zo) + f’(zoXz — 20). 
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PARAGRAPH 8.2.3 


2. No. The harmonic solution is uniquely determined by its boundary values. 
4. H(x, y) = x/(x? + (y + 1)?) = the real part of 1/(z + i). 


SECTION 8.3 


1, F one-to-one implies F locally one-to-one (at each point of ©), Thus F’ is 
never zero on 2. Now see Section 8.1. 

2. (c) No, Note that the mapping in Exercise 17 of Paragraph 8.2.2 is not one-to- 
one; both top and bottom of the rectangle are mapped to the same image. 

4, Only pair (a) and pair (f) fail to be conformally equivalent. 

6, Note that 0 is not in f(Q). 

8. See Exercise 7 to Paragraph 8.2.2. 

9. We may assume that Q does not intersect the nonpositive x-axis. Thus the 
principal branch of w = log z maps 2 into a strip of finite height. Now apply 
Exercise 8 above. 

10. The true statements are (a), (e). Use w = 1/z in (e). 


bi 
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Branch point, 239 

Brouwer’s Fixed Point Theorem, 
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257 
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Cauchy-Riemann equations, 2,117 

in polar coordinates, 118 

Cauchy inequalities, 191 
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173 

for the nth derivative, 175 

Cauchy Integral Theorem, 158, 167 

Cauchy principal value, 281 

Cauchy Residue Theorem, 262 

Cauchy-Schwarz inequality, 27 

Cauchy type, integrals of, 176 

Center of a power series, 203 

Chain Rule, 33, 112, 116, 120 

Circle, 12, 308 
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Circulation, 59, 167 
Circumferential Mean-Value 
Property, 82 
Theorem (complex), 171, 180 
Theorem (real), 67, 78, 79 
Closed curve, 16 
Closed disc, 7 
Closed set, 8 
Comparison Test, 201 
Complement, & 
Complex exponents, 138 
Complex number, 103 
Complex plane, 104 
Complex variable, 107 
Composite function, 111, 306 
Conformal equivalence, 326 
mapping, 293, 307 
Conjugate complex number, 105 
Conjugate harmonic functions, 139 
Connected set, 8 
Conservative vector field, 74 
Continuity, 31, 109 
Continuously differentiable func- 
tion, 31 
Convergent series. See series 
Coordinate functions, 13 
Covering mapping, 297 
Critical point, 229, 290 
Cross ratio, 310 
Curl, 59, 167 
Curve, 12 
piecewise-smooth, 17 
space-filling, 17 


De Moivre’s formula, 127 
Derivative, complex, 111 
of an integral, 168 

Differential, 48, 167 

Differentiation of power series, 215 

Differentiation under the integral 
sign, 91, 174 

Dilation, 306 

Directional derivative, 36 

Dirichlet ptoblem, 77, 94, 144, 178, 
179, 321 

Disc, 6 

Dise of convergence, 203 

Distance, 4 

Distributive law, 103 

Divergence Theorem, 67, 167 

Divergent series, 196 
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Dog-Walking Theorem, 303 
Domain, 6, 8 

Dot product, 26 

Double integral, 51 


Empty set, 7 
Entire function, 88, 187, 259 
growth of, 188, 192, 224 
Equivalence of parametrizations, 
21 


Equivalence, conformal, 326 

Essential singularity, 236, 257 

Euler’s relation, 122 

Exact differential, 48, 59, 163 

Exponential function, 120 
mapping by, 128, 321 


Fourier series, 100 

Frontier, 11 

Function 
analytic, 2,113, 214, 242 
complex, 107 
real, 30 

Fundamental Theorem of Algebra, 

185, 188, 302 


Galois, E., 187 

Gauss, 54 

Goursat, E., 165 

Gradient, 38 

Green, G., 54 

Green’s function, 96 

Green’s I, II, III, 60 

Green’s Identities, 60 

Green’s Theorem, 53, 54, 167 

physical interpretation, 59 

Growth of entire functions, 188, 

192, 224 


Harmonic conjugate, 139 

Harmonic function, 1, 35, 45, 68, 
177 

Harnack’s Inequality, 88 

Heat equation, 74 

Heat-flow vector, 72 

Holomorphic function, 113 

Homeomorphism, 326 

Hyperbolic function, 138, 229 


i, 102 
Image of a mapping, 289 
Imaginary part 
of a complex function, 108 
of a complex number, 104 
Index, 274 
Inequality 
Bessel’s, 224 
Cauchy, for derivatives, 191 
Cauchy-Schwarz, 27 
Harnack’s, 88 
ML, 156, 171 
Triangle, 27 
Infinite series, 194 
Infinity 
behavior of functions at, 256, 
259 
as limit, 237 
point at, 255 
Inside-Outside Theorem, 60, 62, 67, 
167 
Integrals 
of Cauchy type, 176 
complex, 148 
of derivatives, 152 
evaluated by residues, 262, 280 
ML-inequality for, 156 
of 1/z, 151, 154 
principal value for, 281 
real, 46 
role of, 192 
Interior point, 6 
Inverse function, 115, 306, 321 
trigonometric, 138 
modular, 259 
Inversion mapping, 306, 310 
Isolated singularity, 236 
Iterated integral, 52 


Jordan curve, 23 

Jordan Curve Theorem, 23, 277 
Jordan domain, 24 

Jordan Lemma on integrals, 284 


k-connected Jordan domain, 25,173 


Lagrange, 54 
Laplace equation, 35, 44 
in polar coordinates, 66 


Laurent series, 243 
Length of a curve, 18 
Limit of a complex function, 108 
of a sequence of functions, 209 
Line integral 
complex, 148 
real, 46 
Linear fractional transformation, 
304 
Liouville’s Theorems, 90, 187, 192, 
224 
Local covering, 297 
Local Identity Theorem, 223, 233 
Local magnification factor, 294 
Local maximum, 41 
Logarithm 
complex, 129 
natural, 63 
and temperature, 73 
Logarithmic derivative, 270 
Loop, 16 


Maclaurin series, 221 

Magnification, 294 

Mapping, 107, 193, 289 

Maximum Modulus Principle, 182, 
224 

Maximum Principle, 84 

Meromorphic function, 255, 259, 
301 

Minimum Modulus Principle, 183 

Minimum Principle, 90 

Mixed partial derivative, 44 

ML-inequality, 156, 171 

Mobius transformation, 304 

Modulus of a complex number, 4 

Monodromy Theorem, 234 

Morera’s Theorem, 189 

Multiplication of complex numbers, 
103 


Norm, 4 


One-to-one, 127, 156, 280, 291, 
297 

Onto mapping, 291 

Open mapping, 115, 300 

Open set, 7 

Order of a critical point, 290 
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Outward normal 
derivative, 41 
vector, 27 


Parameter, 14 
Parametrization of a curve, 12 
piecewise-smooth, 16 
smooth, 14 
Parseval’s Identity, 224 
Partial derivative, 35 
Partial fractions, 255 
Partial sum of a series, 195 
Peano, 17 
Periodic functions, 121, 137 
Picard Theorem, 258, 259 
Piecewise-smooth 
curve, 17 
parametrization, 16 
Poisson Integral Formula, 98, 172, 
319 
Poisson kernel, 98 
Polar coordinates, 80 
Polar form of a complex number, 
123 
Polar part of a power series, 
252 
Pole, 230, 251 
number of, 269 
of order m, 252 
residue at, 267 
simple, 252 
Polynomials, 110, 224 
Positive orientation, 24 
Potential, 74 
Power series, 202 
as Maclaurin or Taylor series, 
219 
Powers of complex numbers, 124 
Primitive, 152 
Principal branch 
of argument, 35 
of logarithm, 131 
Principal part of power series, 252 
Principal value of improper integral, 
281 
Properly counted, 269 
Pythagoras’ Theorem, 4, 123 


R, R?,2 
Radius of convergence, 205 
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Ratio test, 206 
Rational functions, 110, 255 
degree of, 257 
Real part 
of a complex function, 108 
of a complex number, 104 
Real numbers, 2 
Reflection, 234 
Region, 9 
Regular analytic function, 113 
Removable singularity, 190, 236 
Residue, 260 
applications of, 280 
evaluation of, 266 
Theorem, 262 
Riemann Criterion for removable 
singularities, 241 
Riemann Mapping Theorem, 317 
Riemann sphere, 255, 304 
Riemann surface, 142, 301 
Roots of unity, 125 
Rotation, 185, 306 
Rouché’s Theorem, 301 
as Dog-Walking Theorem, 303 


Schlict mapping, 320 
Schwarz-Christoffel transforma- 
tion, 318 
Schwarz Lemma, 185 
Schwarz Reflection Principle, 234 
Sequences, 194 
uniformly convergent, 209 
Series, 194 
absolutely convergent, 199 
conditionally convergent, 200 
convergent, 196, 198 
and derivatives, 215 
geometric, 202, 208 
of powers, 202 
real, 195 
term-by-term integration of, 223 
uniformly convergent, 209 
Simple curve, 16 
Simply connected domain, 25, 141, 
161, 276 
Singularity, 236 
on cirele of convergence, 225 
isolated, 236 
logarithmic, 239 
non-isolated, 238 
removable, 190, 236, 239 
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Singular point, 236 Uniformly conyergent sequences, 
Sink, 73 209 
Slit plane, 35 with continuous limit, 210 
Smooth parametrization, 14 integration of, 210, 223 
Solid Mean-Value Theorem, 81, 180 and series, 211 
Source, 73 Univalent mapping, 320 
Steady-state temperature, 70, 85 Upper half plane, 7, 312 
Stereographic projection, 305 
Strong Maximum Principle, 85 
Sum of series, 195, 197 Vector field, 59 
Velocity vector, 13, 15 

Tangent vector, 21 
Tangential derivative, 38 Weak Maximum Principle, 86 
Taylor series, 219 Weierstrass Approximation 
Temperature, 70 Theorem, 217 

flux, 72 Weierstrass M-test, 211 
Total differential, 140 Winding number, 272 
Transcendental function, 259 
Transformation, 107, 193, 289 

linear fractional, 304 Zeros of a function, 229, 233, 251 
Triangle inequality, 27 number of, 269 


Trigonometric functions, 136 of order k, 254 
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QUANTUM THEORY, David Bohm. This advanced undergraduate-level text 
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APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of 
finite processes for approximating solution of analytical problems. Algebraic 
equations, matrices, harmonic analysis, quadrature methods, much more. 559pp. 
5% x 84, 65656-X Pa, $13.95 
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INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, acces- 
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PROBLEMS AND SOLUTIONS IN QUANTUM CHEMISTRY AND PHYSICS, 
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FOURIER SERIES, Georgi P. Tolstoy. Translated by Richard A. Silverman. A 
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63317-9 Pa. $8.95 


THEORY OF ELECTROMAGNETIC WAVE PROPAGATION, Charles Her- 
ach Papas. Graduate-level study discusses the Maxwell field equations, radiation 
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DISTRIBUTION THEORY AND TRANSFORM ANALYSIS: An Introduction 
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Numerous problems. 384pp. 5% x 8%. 65479-6 Pa. $9.95 


THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique 
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64926-1 Pa. $12.95 


CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing. 
Applications-oriented introduction to variational theory develops insight and 
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5% x 8H. 64856-7 Pa. $8.95 


A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. 
Important foundation work of modern physics. Brings to fina] form Maxwell's 
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theory. 1,084pp. 5% x 8%. 60636-8, 60637-6 Pa., Two-vol, set $21.90 


AN INTRODUCTION TO THE CALCULUS OF VARIATIONS, Charles Fox. 
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HYDRODYNAMIC AND HYDROMAGNETICSTABILITY, S. Chandrasekhar. 
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CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering 
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polynomial approximation, Fourier approximation, exponential approxima- 
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INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F.B. Hilde- 
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INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, 
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60304-0 Pa. $4.95 


CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert 
Gilmore, Advanced-level treatment describes mathematics of theory grounded in 
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References. 28 tables. 397 black-and-white illustrations, xvii + 666pp. 6% x 94. 
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AN INTRODUCTION TO STATISTICAL THERMODYNAMIGS, Terrell L. 
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ELEMENTARY DIFFERENTIAL EQUATIONS, William Ted Martin and Eric 
Reissner. Exceptionally clear, comprehensive introduction at undergraduate level. 
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and higher orders. Picard’s Theorem, much more. Problems with solutions. 331pp. 
5X BK. 65024-3 Pa. $8.95 


STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermo- 
dynamics, statistical mechanics and kinetic theory in one unified presentation of 
thermal physics. Problems with solutions. Bibliography. 532pp. 5% x 84. 

65401-X Pa. $12.95 
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ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 
mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 
Bibliography. Index. 818pp. 5% x 8%. 64940-7 Pa. $16.95 


STATISTICAL MECHANICS: Principles and Applications, Terrell L. Hill. 
Standard text covers fundamentals of statistical mechanics, applications to 
fluctuation theory, imperfect gases, distribution functions, more. 448pp. 5% * 84, 
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ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: An 
Introduction, David A. Sanchez. Brief, modern treatment. Linear equation, 
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63828-6 Pa. $5.95 


THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac’s anti-particles, Bohr's model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% * 8%. 24895-X Pa. $6.95 


THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, non- 
singularity and inverses in connection with the development of canonical matrices 
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GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
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Original accounts clearly annotated. 370pp. 5% x 8%. 25346-5 Pa. $10.95 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH AP- 
PLICATIONS, E.C. Zachmanoglou and Dale W. Thoe. Essentials of partial 
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physical sciences. Problems and answers. 416pp. 5% x 8%. 65251-3 Pa. $10.95 


BURNHAM'S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 
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Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 
GA DA. 23567-X, 23568-8, 23673-0 Pa., Three-vol. set $41.85 


CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 
128pp. 5% x 84. 67628-5 Pa. $5.95 


AMATEUR ASTRONOMER’S HANDBOOK, J.B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, 
micrometers, spectroscopes, more. 189 illustrations. 576pp. 5% * 84. (Available in 
U.S. only) 24034-7 Pa. $9.95 
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SPECIAL FUNCTIONS, N.N. Lebedev. Translated by Richard Silverman. Fa- 

mous Russian work treating more important special functions, with applications 

to specific problems of physics and engineering. 38 figures. 308pp. 5% x 84. 
60624-4 Pa. $8.95 


OBSERVATIONAL ASTRONOMY FOR AMATEURS, J.B. Sidgwick. Mine of 
useful data for observation of sun, moon, planets, asteroids, aurorae, meteors, 
comets, variables, binaries, etc. 39 illustrations. 384pp. 5% x 8%. (Available in U.S. 
only) 24033-9 Pa. $8.95 


INTEGRAL EQUATIONS, F.G. Tricomi, Authoritative, well-written treatment 
of extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Adyanced undergraduate to graduate level, 
Exercises. Bibliography. 288pp. 5% x 84. 64828-1 Pa. $7.95 


POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted 
logician’s lucid treatment of historical developments, set theory, model theory, 
recursion theory and constructivism, proof theory, more. 3 appendixes. Bibli- 
ography. 1981 edition. ix + 283pp. 5% x 8% 67632-3 Pa. $8.95 


MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. “. . . awelcome contribution 
to the existing literature. . . .—Math Reviews. 490pp. 5% x 8%. 64232-1 Pa. $11.95 


FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, 
exercises, Numerous illustrations. 455pp. 5% * 8%. 60061-0 Pa, $9.95 


INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 
Undergraduate level. 416pp, 5% x 8%. 65191-6 Pa. $10.95 


INCOMPRESSIBLE AERODYNAMICS, edited by Bryan Thwaites. Covers theo- 
retical and experimental treatment of the uniform flow of air and viscous fluids past 
two-dimensional aerofoils and three-dimensional wings; many other topics. 654pp. 
5% x 84. 65465-6 Pa. $16.95 


INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep- 
tionally clear exposition of important discipline with applications to sociology, 
psychology, economics, Many illustrative examples; over 250 problems. 260pp. 
5% x BY. 65084-7 Pa. $7.95 


LAMINAR BOUNDARY LAYERS, edited by L. Rosenhead. Engineering classic 

covers steady boundary layers in two- and three-dimensional flow, unsteady 

boundary layers, stability, observational techniques, much more. 708pp. 5% x 8%. 
65646-2 Pa. $18.95 


LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition, 
Dirk J. Struik. Excellent brief introduction covers curves, theory of surfaces, 
fundamental equations, geometry on a surface, conformal mapping, other topics. 
Problems. 240pp. 5% x 8%. 65609-8 Pa. $8.95 
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ROTARY-WING AERODYNAMICS, W.Z. Stepniewski. Clear, concise text covers 

aerodynamic phenomena of the rotor and offers guidelines for helicopter per- 

formance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6% x 94. 
64647-5 Pa. $15.95 


DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 

geometry as an application of advanced calculus and linear algebra. Curvature, 

transformation groups, surfaces, more. Exercises. 62 figures. 8378pp. 5% x 84. 
63433-7 Pa. $8.95 


INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com- 
prehensive, classic introduction to space-flight engineering for advanced under- 
graduate and graduate students. Includes vector algebra, kinematics, transforma- 
tion of coordinates. Bibliography, Index. 352pp. 5% x 8%. 65113-4 Pa. $8.95 


A SURVEY OF MINIMAL SURFACES, Robert Osserman. Up-to-date, in-depth 
discussion of the field for advanced students. Corrected and enlarged edition covers 
new developments. Includes numerous problems. 192pp. 5% x 8%. 

64998-9 Pa. $8.95 


ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Indispensable 
reference for modern gear manufacture covers conjugate gear-tooth action, gear- 
tooth profiles of various gears, many other topics. 263 figures. 102 tables. 546pp. 
5% x BY. 65712-4 Pa. $14.95 


SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified 
theory of mathematical concepts. Set theory and logic seen as tools for conceptual 
understanding of real number system. 496pp. 5% x 84. 63829-4 Pa. $12.95 


A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Contributions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671 pp. 5% x 8%. 

65632-2 Pa. $14.95 


FAMOUS PROBLEMS OF GEOMETRY AND HOW TO SOLVE THEM, 
Benjamin Bold. Squaring the circle, trisecting the angle, duplicating the cube: 
learn their history, why they are impossible to solve, then solve them yourself, 
128pp. 5% * 8%, 24297-8 Pa. $4.95 


MECHANICAL VIBRATIONS, J.P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations toa variety of 
practical industrial engineering problems. Numerous figures. 233 problems, 
solutions. Appendix. Index. Preface. 436pp. 5% x 84. 64785-4 Pa. $10.95 


CURVATURE AND HOMOLOGY, Samuel L. Goldberg. Thorough treatment of 
specialized branch of differential geometry. Covers Riemannian manifolds, topol- 
ogy of differentiable manifolds, compact Lie groups, other topics. Exercises. 315pp. 
5% x BY. 64314-X Pa, $9.95 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excel- 
lent historical survey of the strength of materials with many references to the 
theories of elasticity and structure. 245 figures. 452pp. 5% x 84. 61187-6 Pa. $11.95 
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GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Uluminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% * 8%. 

63830-8 Pa. $8.95 


MECHANICS, J.P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5%* 8% 60754-2 Pa. $9.95 


TOPOLOGY, John G. Hocking and Gail S, Young. Superb one-year course in 
classical topology. Topological spaces and functions, point-set topology, much 
more. Examples and problems. Bibliography. Index, 384pp. 5% x 84. 

65676-4 Pa. $9.95 


STRENGTH OF MATERIALS, J.P. Den Hartog. Full, clear treatment of basic 
material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% * 84. 60755-0 Pa. $8.95 


ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, 

intuitive approach to topology from set-theoretic topology to Betti groups; how 

concepts of topology are useful in math and physics. 25 figures. 57pp. 5% x 8%. 
60747-X Pa. $3.50 


ADVANCED STRENGTH OF MATERIALS, J.P. Den Hartog, Superbly written 
advanced text covers torsion, rotating disks, membrane stresses in shells, much 
more. Many problems and answers. 388pp. 5% x 8%. 65407-9 Pa. $9.95 


COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of 
recurrent functions. New preface and appendix. 288pp. 5% x 8%. 61471-9 Pa. $7.95 


GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, 
statistical mechanics, thermodynamics correlated with descriptive chemistry. 
Problems, 992pp. 5% x 8%. 65622-5 Pa. $19.95 


AN INTRODUCTION TO MATRICES, SETS AND GROUPS FOR SCIENCE 
STUDENTS, G. Stephenson. Concise, readable text introduces sets, groups, and 
most importantly, matrices to undergraduate students of physics, chemistry, and 
engineering. Problems. 164pp. 5% x 8%. 65077-4 Pa. $6.95 


THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 
Evolution of ideas, not individual biography. Concentrates on formulation of a 
coherent set of chemical laws, 260pp. 5% x 8%. 61053-5 Pa. $6.95 


THE PHILOSOPHY OF MATHEMATICS: An Introductory Essay, Stephan 
Kérner. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning proposi- 
tions and theories of applied and pure mathematics. Inwoduction. Two appen- 
dices, Index. 198pp. 5% * 84. 25048-2 Pa. $7.95 


THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemists and their discoveries. 209 illustrations. 14 tables. Bibliog- 
raphies. Indices. Appendices, 851 pp. 5% x 8%. 64235-6 Pa. $18.95 
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DE RE METALLICA, Georgius Agricola. The famous Hooyer translation of 
greatest treatise on technological chemistry, engineering, geology, mining of early 
modern times (1556). All 289 original woodcuts, 638pp, 6% * 11. 

60006-8 Pa. $18.95 


SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory and design of sampling techniques for social scientists, industrial 
managers and others who find statistics increasingly important in their work. 6] 
tables. 90 figures. xvii + 602pp. 5% 8%. 64684-X Pa. $15.95 


THE VARIOUS AND INGENIOUS MACHINES OF AGOSTINO RAMELLI: A 
Classic Sixteenth-Century Illustrated Treatise on Technology, Agostino Ramelli, 
One of the most widely known and copied works on machinery in the 16th century. 
194 detailed plates of water pumps, grain mills, cranes, more, 608pp. 9 x 12, 
28180-9 Pa. $24.95 


LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare 
economics, Leontief input-output, more. 525pp. 5% x 8%. 65491-5 Pa. $14.95 


ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. Moses. 
Clear introduction to statistics and statistical theory covers data processing, 
probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 84. 65218-1 Pa. $9.95 


‘THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of 
Strategy, J.D. Williams. Highly entertaining classic describes, with many illus- 
trated examples, how to select best strategies in conflict situations. Prefaces. 
Appendices. 268pp. 5% * 8%. 25101-2 Pa. $7.95 


MATHEMATICAL METHODS OF OPERATIONS RESEARCH, Thomas L. 
Saaty. Classic graduate-level text covers historical background, classical methods of 
forming models, optimization, game theory, probability, queueing theory, much 
more. Exercises. Bibliography. 448pp. 5% x 84. 65703-5 Pa. $12.95 


CONSTRUCTIONS AND COMBINATORIAL PROBLEMS IN DESIGN OF 
EXPERIMENTS, Damaraju Raghavarao. In-depth reference work examines 
orthogonal Latin squares, incomplete block designs, tactical configuration, partial 
geometry, much more, Abundant explanations, examples. 416pp. 5% 84. 
65685-3 Pa. $10.95 


‘THE ABSOLUTE DIFFERENTIAL CALCULUS (CALCULUS OF TENSORS), 
Tullio Levi-Givita. Great 20th-century mathematician’s classic work on material 
necessary for mathematical grasp of theory of relativity. 452pp. 5% x 84. 

63401-9 Pa. $9.95 


VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A.I. Borisenko 
and I.E. Tarapov. Concise introduction. Worked-out problems, solutions, exer- 
cises, 257pp. 5% * 84. 63833-2 Pa. $7.95 
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THE FOUR-COLOR PROBLEM: Assaults and Conquest, Thomas L. Saaty and 
Paul G. Kainen. Engrossing, comprehensive account of the century-old combina- 
torial topological problem, its history and solution. Bibliographies. Index. 110 
figures. 228pp. 5% * 8%. 65092-8 Pa. $6.95 


CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks. 
Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous. 
solution, carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 
5K x 84. 65460-5 Pa. $19.95 


PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x 8% 65252-1 Pa. $8.95 


LIGHTNING, Martin A. Uman. Revised, updated edition of classic work on the 
physics of lightning. Phenomena, terminology, measurement, photography, 
spectroscopy, thunder, more. Reviews recent research. Bibliography. Indices. 
320pp. 5% x 8%. 64575-4 Pa. $8.95 


PROBABILITY THEORY: A Concise Course, Y.A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. Translation by Richard Silverman. 148pp. 5% x 84. 

63544-9 Pa. $5.95 


AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 
Problems with detailed solutions. 1970 edition. xv + 360pp. 5% x 8%. 

67597-1 Pa. $10.95 


STATISTICS MANUAL, Edwin L. Crow, et al. Comprehensive, practical 
collection of classical and modern methods prepared by U.S. Naval Ordnance Test 
Station. Stress on use. Basics of statistics assumed. 288pp. 5% x 8%, 

60599-X Pa. $6.95 


DICTIONARY/OUTLINE OF BASIC STATISTICS, John E. Freund and Frank 
J. Williams. A clear concise dictionary of over 1,000 statistical terms and an outline 
of statistical formulas covering probability, nonparametric tests, much more. 
208pp. 5% x 8H, 66796-0 Pa. $6.95 


STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses 
of statistical control to achieve quality control in industry, agriculture, other areas. 
192pp. 5% x 84. 65232-7 Pa. $7.95 


THE INTERPRETATION OF GEOLOGICAL PHASE DIAGRAMS, Ernest G. 
Ehlers. Clear, concise text emphasizes diagrams of systems under fluid or 
containing pressure; also coverage of complex binary systems, hydrothermal 
melting, more. 288pp. 64 x 94. 65389-7 Pa. $10.95 


STATISTICAL ADJUSTMENT OF DATA, W. Edwards Deming. Introduction to 
basicconcepts of statistics, curve fitting, least squares solution, conditions without 
parameter, conditions containing parameters. 26 exercises worked out, 271pp. 
5% x Bi. 64685-8 Pa. $8.95 
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TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text 
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 
spaces, etc. 324pp. 5% x 84. 63612-7 Pa. $8.95 


A CONCISE HISTORY OF MATHEMATICS, Dirk J, Struik. The best brief 
history of mathematics. Stresses origins and covers every major figure from ancient 
Near East to 19th century. 41 illustrations. 195pp. 5% x 8%. 60255-9 Pa. $7.95 


ASHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W.W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoeni- 
cians through 19th-century figures such as Grassman, Galois, Riemann. Fourth 
edition. 522pp. 5% x 8%. 20630-0 Pa. $10.95 


HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 8K. 20429-4, 20430-8 Pa., Two-vol. set $23.90 


THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry, Original French text, Descartes’ own diagrams, 
together with definitive Smith-Latham translation. 244pp. 5% x 84. 

60068-8 Pa. $7.95 


THE ORIGINS OF THE INFINITESIMAL CALCULUS, Margaret E. Baron. 
Only fully detailed and documented account of crucial discipline: origins; 
development by Galileo, Kepler, Cavalieri; contributions of Newton, Leibniz, 
more. 304pp. 5% x 8%. (Available in U.S. and Canada only) 65371-4 Pa. $9.95 


THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 

MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of 

Newton, Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% * 84. 
60509-4 Pa. $8.95 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with intoduc- 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and 
linguistic notes, mathematical analysis. 2,500 years of critical commentary. Not 
abridged. 1,414pp. 5%* 8%  60088-2, 60089-0, 60090-4 Pa., Three-vol. set $29.85 


GAMES AND DECISIONS; Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, 
decision-making, much more. Bibliography. 509pp. 5%* 8%.  65943-7 Pa. $12.95 


THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas 
N.H. Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of 
modern arithmetic, algebra, geometry and number systems derived from ancient 
civilizations. 320pp. 5% x 8%. 25563-8 Pa. $8.95 


CALCULUS REFRESHER FOR TECHNICAL PEOPLE, A. Albert Klaf. Covers 
important aspects of integral and differential calculus via 756 questions. 566 
problems, most answered. 431pp. 5% x 84. 20370-0 Pa. $8.95 
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CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 
SOLUTIONS, A.M, Yaglom and I.M, Yaglom. Over 170 challenging problems on 
probability theory, combinatorial analysis, points and lines, topology, convex 
polygons, many other topics. Solutions. Total of 445pp. 5% x 84. Two-vol. set. 
Vol. 1 65536-9 Pa. $7.95 
Vol. II 65537-7 Pa. $6.95 


FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLU- 
TIONS, Frederick Mosteller, Remarkable puzzlers, graded in difficulty, illustrate 
elementary and advanced aspects of probability. Detailed solutions. 88pp. 5% * 814, 

65355-2 Pa. $4.95 


EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of 
one of the byways of mathematics. Klein bottles, Moebius strips, projective planes, 
map coloring, problem of the Koenigsberg bridges, much more, described with 
clarity and wit. 48 figures. 210pp. 5% x 8% 25983-1 Pa. $5.95 


RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical 
treatment makes relativity more accessible than ever before. Over 60 drawings 
illustrate concepts more clearly than textalone. Only high school geometry needed, 
Bibliography. 128pp. 64 x 94. 25965-X Pa, $6.95 


AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 84. 65942-9 Pa. $8.95 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis, An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% x 8%. 65973-9 Pa. $9.95 


THE THEORY OF BRANCHING PROCESSES, Theodore E. Harris, First 
systematic, comprehensive treatment of branching (i.e. multiplicative) processes 
and their applications. Galton-Watson model, Markov branching processes, 
electron-photon cascade, many other topics. Rigorous proofs. Bibliography. 
240pp. 5% x 8%. 65952-6 Pa. $6.95 


AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. 
Superb self-contained text covers “abstract algebra’': sets and numbers, theory of 
groups, theory of rings, much more. Numerous well-chosen examples, exercises, 
247pp. 5% x BY, 65940-2 Pa. $7.95 


Prices subject to change without notice. 
Available at your book dealer or write for free Mathematics and Science Catalog to Dept. GI, 
Dover Publications, Inc., 31 East 2nd St, Mineola, N.Y. 11501. Dover publishes more than 175 
books each year on science, elementary and advanced mathematics, biology, music, art, 
literature, history, social sciences and other areas. 
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Maratces anp Linear ALcesrA, Hans Schneider and George Phillip 
Barker. (66014-1) $10.95 

Mopern Aucepra, Seth Warner. (66341-8) $17.95 

ApvANCcED CaLcuLus, David V. Widder. (66103-2) $11.95 

LingaR PROGRAMMING AND Economic ANaLysIs, Robert Dorfman, Paul A. 
Samuelson and Robert M. Solow, (65491-5) $14.95 

An InrropucTion ‘To THE CaLcuLus or Variations, Charles Fox. 
(65499-0) $7.95 

APPLIED ANALysIs, Cornelius Lanczos. (65656-X) $13.95 

Topotocy, George McCarty. (65633-0) $8.95 

Lectures on CLAssicAL DIFFERENTIAL GEOMETRY (SEconD Eprrion), Dirk 
J. Struik. (65609-8) $8.95 

(CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY SOLUTIONS, 
AM. Yaglom and LM. Yaglom. (65536-9, 65587-7) Two-volume 
set $14.90 

Asymptotic EXPANSIONS OF INTEGRALS, Norman Bleistein and Richard A. 
Handelsman. (65082-0) $12.95 

Some Turory or SaMptine, W, Edwards Deming. (64684-X) $15.95 

Statistica, ApsustMent or Data, W. Edwards Deming. (64685-8) $8.95 

Inrropuction To LINEAR ALGEBRA AND DiFFERENTIAL Equations, John W. 
Dettman, (65191-6) $10.95 

CaLcULUs oF VaRIATIONS wiTH AppLications, George M. Ewing. 
(64856-7) $8.95 

Inrropuction To DirrerENcE Equations, Samuel Goldberg. 
(65084-7) $7.95 

Propasitity: AN Inrropuction, Samuel Goldberg. (65252-1) $8.95 

Group Turory, W. R. Scott. (65377-3) $12.95 

An IntRobuCTION To LINEAR ALGEBRA AND TENsors, M.A. Akivis and V.V. 
Goldberg. (63545-7) $5.95 

Non-Eucuipean Geometry, Roberto Bonola. (60027-0) $10.95 

InrrobucTION To NonLINEAR DIFFERENTIAL AND INTEGRAL Equations,H.T. 
Davis. (60971-5) $11.95 

Founpations or Mopern Anatysis, Avner Friedman. (64062-0) $7,95 

DirrerenriaL Geometry, Heinrich W. Guggenheimer. (63433-7) $8.95 

Orprnary DIFFERENTIAL Equations, E.L. Ince. (60349-0) $12.95 

Li Aucesras, Nathan Jacobson. (63832-4) $8.95 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free catalogues 
to Dept. 23, Dover Publications, Inc., 31 East 2nd Street, Mineola, N-Y. 
11501. Please indicate field of interest. Each year Dover publishes over 
200 books on fine art, music, crafts and needlework, antiques, 
languages, literature, children’s books, chess, cookery, nature, 
anthropology, science, mathematics, and other areas. 
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COMPLEX 
VARIABLES 


Harmonic and Analytic Functions 
Francis J. Flanigan 


A caution to mathematics professors: Complex Variables does not follow conven- 
tional outlines of course material. One reviewer noting its originality wrote: “A 
standard text is often preferred [to a superior text like this] because the professor 
knows the order of topics and the problems, and doesn’t really have to pay atten- 
tion to the text. He can go to class without preparation.” Not so here—Dr. 
Flanigan treats this most important field of contemporary mathematics in a most 
unusual way. While all the material for an advanced undergraduate or first-year 
graduate course is covered, discussion.of complex algebra is delayed for 100 pages, 
until harmonic functions have been analyzed from a real variable viewpoint. 
Students who have forgotten or never dealt with this material will find it useful for 
the subsequent functions. In addition, analytic functions are defined in a way 
which simplifies the subsequent theory. Contents include: 


Calculus in the Plane 

Harmonic Functions in the Plane 

Complex Numbers and Complex Functions 
Integrals of Analytic Functions 

Analytic Functions and Power Series 

Singular Points and Laurent Series 

The Residue Theorem and the Argument Principle 
Analytic Functions as Conformal Mappings 


Those familiar with mathematics texts will note the fine illustrations throughout 
and large number of problems offered at the chapter ends. An answer section is 
provided. Students weary of plodding mathematical prose will find Professor 
Flanigan’s style as refreshing and stimulating as his approach. 


Unabridged Dover (1983) republication of the edition first published by Allyn 


and Bacon, Inc., Boston, 1972. Preface. Bibliography. 105 figures. xi + 353pp. 
5% x BY. 
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